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PREFACE TO THE SECOND EDITION 


The success of the first edition of Micromeritics has encouraged 
both me and my publishers to enlarge on the material so as to render the 
book more generally useful. As a matter of fact much of the material 
now offered was intended for the first edition but shortages created 
by the war made it imperative to limit the size of the text at the time 
Thus, many phases of the subject could only be mentioned 
briefly in that edition. We now feel that the time has come to revise 
the subject matter completely and to offer a text which we hope will be 
considered a standard reference in the field of fine-particle technology. 

The acceptance of the first edition, which went through two printings, 
has been gratifying. I feel that the science of micromeritics is now 
recognized and that the day will not be long in coming when certain 
portions of the subject will form part of the curricula in schools of engi- 
neering. I shall not dwell here on my concepts regarding the impor- 
tance of the subject. I have done this in another publication (1944). 
It is only necessary to point out that there is no phase of engineering or 
applied science where some knowledge of particulate technology is not 
required. 

As in the first edition, the symbols have given me much trouble. Ill 
a text covering so many diverse fields it is very difficult indeed to 
harmonize the symbols and at the same time avoid conflicts. Thus, S 
has been used to denote slope or grade and particle surface per unit 
volume. There are occasions where both may appear in the same equa- 
tion and the resulting confusion would be embarrassing. In such cases 
I have used the reciprocal of particle diameter or for the specific 
surface (volume) to avoid the difficulty. But there have been other 
more serious troubles with symbols, not so obvious as the one cited, 
and I have had to avoid the use of many symbols advocated by the 
American Standards Association. This has been done as sparingly as 
possible and on the whole the symbols in the text conform with those of 
the ASA. 

Failure to mention the electron microscope as a method of measuring 
very small particles may appear to some as a serious omission. 
However, the procedure for measurement is siimlar to that of the ordi- 
nary microscope using photographs instead of a micrometer eyepiece. 
There are, on the other hand, many useful applications of the electron 
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microscope which could have been mentioned, but unfortunately at 
the present time there is little definite information available about them. 
These concern the ability of the electron microscope to reveal the surface 
characteristics of very small particles. 

On the basis of work done with the ordinary microscope under high 
power we have assumed that as particles become finer in size they 
tend toward a greater degree of sphericity. Harkins and his associates 
at the University of Chicago have done much work on the subject, but 
it has been directed solely to the study of adsorption phenomena. 
While indications thus far sustain the belief that particles tend to become 
spherical as their size decreases, the evidence is of indirect nature, being 
based on the fact that diameters computed by various adsorption 
methods conform with those obtained by the electron microscope. Yet, 
in the first instance a diameter based on the surface per unit volume or 
weight is used, and in the case of the electron microscope the particles 
themselves are directly measured. There may be similarities in order 
of magnitude, but it is possible that on a size-frequency basis the 
differences will be significantly different. There is a need to examine 
this problem more closely than heretofore. 

Five new chapters have been added to this edition and a rather exten- 
sive rearrangement has been made of the text of the first edition. On the 
whole, I believe the material is better unified and is a more complete 
discussion of the physical behavior of fine particles. I sincerely hope 
that the usefulness of the book has been increased. 

A few words about the new subject matter are perhaps in order. The 
chapter on behavior of particles under pressure deals only with cohesion- 
less material. I have spent much time attempting to bring together per- 
tinent material on the subject. It might be presumed that the wide- 
spread applications of powder metallurgy would make a great mass of 
information available. However, such has not been the case, and for 
reasons hard to explain the information at hand is limited. I have 
relied a great deal on the contributions of soil mechanics, especially 
the work of Rankine (1857) ; but the whole subject, though indispensable 
to the design of earth foundations, is also complex and there are many 
diverse views regarding the nature of pressure distributions in cohesion- 
less soil. Therefore it seeiped best to restrict the presentation to the 
elements of the subject. The reader is referred to the extensive litera- 
ture on soil mechanics for a more complete and authoritative discussion. 

The subject of particle dispersion by eddy diffusion has been enlarged 
to a complete chapter, in order to lay the groundwork for a later chapter 
dealing with smoke clouds and sand storms. But entirely apart from 
this purpose is the importance of the subject by itself. Merdy to give 
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the dynamics of a particle without regard to the basis of its behavior in 
a flowing fluid would be as unfortunate as omitting any reference to 
particle size. The development I have given to eddy diffusion is as 
simple as it can possibly be made. Some confusion may result in inter- 
preting the significance of the root-mean-square and mean. The former 
is used to obtain a measure of intensity of forces or conditions which 
fluctuate with time or distance, the terms being squared so as to be 
proportional to energy; while the latter is usually an arithmetic average. 
The difference between the two is not great and they may be used inter- 
changeably in most circumstances. In the text a symbol with a bar 
above it signifies a root-mean-square value only when it is so identified. 
Otherwise, it signifies any average we choose which is a proper measure 
of the fluctuations. 

In Chapter 8 I have utilized the Poissonian distribution to arrive at 
the phase relationships which detennine the magnitude of an eddy. 
This seemed the simplest procedure consistent with Taylor’s concept of 
turbulence. As to the reasons for placing other material between the 
closely related Chapters 8 and 19, 1 have been motivated by the thought 
that theoretical material should form the first portion of the text and 
practical material the second portion. As I have stated, it has been diffi- 
cult to decide how to assemble so much apparently diverse material. The 
present arrangement is essentially one of personal appeal and I agree 
readily that there may be others which are better.’ In preparing 
Chapter 19, dealing with smoke clouds and sand storms, I have taken 
most of my material from the writings of British authors. The work of 
Bosanquet and Pearson with regard to the dispersion of smoke from 
chimneys has shown how fundamentally simple are the laws of behavior 
of what otherwise would be considered an overwhelming subject. We 
have not in this country utilized the basic information set forth by these 
authors, but unquestionably, as the problems of smoke pollution and 
pollution from stacks in general become more important, we will have to 
recognize the value of the contributions made 

The subject of sand storms and the fonnation of sand dunes and other 
land forms by wind has been treated in a remarkable manner by Bagnold 
(1943). I have been much influenced by Bagnold and the contribution 
he has made to a subject which bears on the whole history of mankind. 
The war undoubtedly reduced the amount of discussion that he would 
have given to many phases of the subject, but the clear style of his book 
more than compensates for the condensation. Bagnold’s treatment of 
sand storms and their effects is most interesting and his analysis so 
simple and direct that it is well within the comprehension of the non- 
mathematical layman. In reducing Bagnold's contribution to the 
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pages of a short chapter I have had to contend with what is akeady a 

brief and clear presentation. ^ ... 

Bagnold’s discussion of "‘singing sands” is an engrossing subject. 
The nature of the sounds experienced by desert travelers is, I think, 
susceptible of simpler explanation than surmised by Bagnold and others. 
I am of the opinion that the key to the problem lies in investigations of 
Buckingham (1904) with regard to barometric pressure waves in the soil. 
The movement of the barometric wave front alters the pressure equilib- 
rium in the layers and causes a release of air from the stratum below, 
and as the air moves out through the capillaries of the stratum it creates 
a sound whose nature is not unlike that of the reed of an organ pipe. 
The average pitch and intensity of the sound should be a function of the 
capillary diameters of the sand bed and these in turn are functions of 
the degree of packing and the size of the particles composing it. In 
other words, the previous history of the locale in which the singing 
sands are found has much to do with the occurrence of tlie sounds heard. 
The suddenness of their occurrence and their movement across a desert 
terrain as described by Bagnold seem to make for strong support of the 
Buckingham barometric wave front. 

The growing importance of adsorption phenomena has compelled me 
to devote more space to a discussion of surface energy, with which the 
subject is closely allied. The presentation which I have given i>s, I 
believe, for the most part new. As much as possible I have tried to 
unify the treatment and make it specific. I have avoided controversial 
subjects as, for example, the current discussion of mono- versus poly- 
molecular layer theories in adsorption. Involvement in problems of 
microcapillarity, while important, did not seem to me pertinent. The 
reader is referred to the writings of Langmuir, Harkins, and BnmaucT 
if he desires more complete information on prevailing theories. 

There is finally a chapter dealing with the theorj^ of sampling. I did 
not wish to present in the chapter more than the basic elements needed 
elsewhere in the text. For this reason a great deal of what might nor- 
mally be considered within the scope of sampling has been avoided. 
There are available many complete books on the subject, which in itself 
can be said to be as vast in its detail as any phase of engineering. Prac- 
tically every textbook on statistics deals with satnpling but as concerns 
the subject of micromeritics, the contributions of Landiy (1944) and 
Shewhart (1931) are outstanding. I believe Landry is tlie first to deal 
with the theory of sampling of particulate substances in its broader 
aspects, ^hewhart, on the other hand, is concerned with the significant 
measures of product control. 

In the chapter on sampling I have dealt at some length with the theoxy 
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of probes used for obtaining samples. This is a somewhat complicated 
subject and there is need for much more work than has been done thus 
far. Lapple and Shepherd (1940) have examined the basis of sampling 
particles in streamline motion and have deduced correction factors to 
allow for differences in the velocity of sampling and the velocity of the 
suspended solids. Unfortunately, the corrections do not apply generally. 
The developments which I present are, I think, wholly new and offer a 
means for re-examining the problem of probe sampling which I consider 
a most important subject. 

The subject matter of many chapters in the first edition has been 
revised and extended. I have almost completely rewritten Chapter 2 on 
dynamics. It is now much longer and includes a discussion of many 
special problems. In my treatment on the motion of a particle in a 
viscous medium I have attempted to utilize an empirical relation between 
the resistance factor Cj^ and Reynolds number. It has always seemed 
to me that such a procedure is as lo^cal and correct as the arbitrary 
assumption of the point where streamline motion ends and turbulent 
motion begins. In fact, there is a good deal of question regarding the 
exact curve relating the variables. My position is, of course, open to 
criticism by those who prefer an analytical treatment of each kind of 
motion, but the procedure I have adopted is, I believe, much the easier 
and the more convenient. 

I have expanded on the behavior of particles in an electric field. The 
growing importance of partide-sizing by use of an electrostatic field, 
such applications as cleaning particulate matter by utilizing dielectric 
differences in the various components, and dust removal from air have 
made the subject a very important one. The discussion contained in 
the text is probably more complete than is to be found in any other 
representative American text. 

There are other changes which are too numerous to mention and I 
sTiall dose by indicating my indebtedness to many who have written 
me about errors in context. I regret that even now there may be new 
errors of which I am not aware. Both editions have been prepared 
iindpr trying circumstances. I have often had to write parts of the 
text in places where adequate library and consultation facilities were 
lacking. 

I am especially obligated to Professor Charles F. Bonilla of Johns 
Hopkins University, who went over much of the text of the first edition 
critically, and I bdieve that all of the errors he indicated have been cor- 
rected. I would appreciate having errors in the present edition called 
to my attention. I am also indebted to Wm. Morrow & Co. for the use 
of material by Bagnold, induded in Chapter 19. 
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As in the first edition, my wife, Marion Clare DallaValle, has done 
most of the editorial work and the bibliography. She has constantly 
encouraged me from the time the first line was set on paper through 
the reading of the final proofs and preparation of the index. She is a 
co-author in every sense of the word. 

J. M. D. 

Bogota, Colombia 



PREFACE TO THE FIRST EDITION 


This text is intended as a guide to the general subject of the behavior 
and characteristics of small particles. It brings together a mass of 
widely scattered information on methods of particle-measurement, 
size-distributions, packing arrangements, and a general theory concern- 
ing the physical properties of finely divided substances. Industrial 
applications of the subject matter are also included and every attempt 
has been made to present the material in a useful form. 

Particular attention was given to the fundamental aspects of particle- 
measurement, and to physical and chemical behavior. Too little appre- 
ciation has been given the significance of methods used to measure par- 
ticles and their special properties. Therefore, it is hoped that by bring- 
ing together known and established facts concerning them some progress 
will be made to standardize procedures in the future. While a rich 
source of material has accumulated, much time and expense have been 
wasted through failure to recognize the need for appraising the significant 
developments made in particulate technology. For this reason I have 
endeavored to bring together all outstanding contributions in the bib- 
liography. Needless to say, much material had to be passed over, but an 
effort was made to include all original and pertinent contributions. 

As much as possible the symbols used in the text follow the recom- 
mended practice of the American Standards Association. However, 
special symbols had to be introduced, the idea of avoiding confusion 
being the criterion. In selecting the letter d to represent particle-size, 
rather than r the radius of a particle, I was motivated by considerations 
of particle-measurement. This step naturally resulted in some difficulty 
since it can be confused with the differential d. Wherever the two ap- 
pear together, their separate meanings have been denoted by writing 
particle-diameter as {d ) ; thus, d{d) means the differential of the par- 
ticle-diameter. The letter r for the radius of a particle was retained in 
only one instance, in order to conform to accepted procedure. 

I have refrained from using the term * ‘mechanical anal3rsis’^ except 
once or twice in the first part of the text. The use of this term to de- 
scribe a size-frequency distribution of particles is unfortunate and should 
be discouraged because its meaning is too limited. 

Some users of this text may feel that it touches upon too many appar- 
ently unrelated fields. This may be true, but the inclusion of such fields 
was made purposely to indicate the wide applications of a subject which 
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should receive recognition as deserving a special place in the engineering 
sciences. For this reason some thought was given to an all-embracing 
term, and at the suggestion of my friend Mr. Godfrey Schmidt, I am pro- 
posing the word Micromeritics as the science of small particles. This is 
derived from the Greek iiuphs meaning small and pkpos meaning part. 
I know that many will not welcome the proposal of another * ‘scientific” 
name in the engineering field, but I do so in anticipation that small- 
particle technology will soon attain greater importance because of its 
many practical applications. 

I am indebted to the following journals and firms for permission to 
reproduce certain figures and tables: Journal of the American Society 
for Testing Materials, Journal of the American Chemical Society, and 
The W. S. Tyler Company, Cleveland, Ohio. These are acknowledged 
in the text. Especial acknowledgment must be made to my wife, for 
her assistance and encouragement in the preparation of the text. 
Whatever success this book may achieve is in large measure due to her 
untiring efforts. 

I also desire to express my thanks to the editors of the Pitman Pub- 
lishing Corporation, for their kind interest and assistance. 


New York, N. Y. 


J. M. I) 
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MICROMERITICS: 

THE TECHNOLOGY OF FINE PARTICLES 




CHAPTER 1 


INTRODUCTION 


N ext to the molecule in order of dimension are those minute particles 
commonly called colloids. To some extent colloids obey the gas 
laws, but in general they follow other very specific laws. Colloid chem- 
istry attempts to explain the basis of ultramicroscopic particle-behavior. 
It includes the results of investigations on difiusivity, viscosity, optical 
and electrical properties, and other special properties of practical in- 
terest. But beyond the particulate sizes studied in colloid chemistry are 
those whose limits reach from microscopic resolution to visibility by the 
naked eye. The behavior of these particles is entirely different from 
that of molecules and colloids. Furthermore, these particles not only 
have wide industrial application but are related to natural phenomena 
of common experience as, for example, erosion of soils, silting of rivers, 
sandstorms, and the color of the sky at twilight. 

A great mass of literature on various phases of particles larger than 
colloids has accumulated, but unfortunately there has been no system- 
atic or comprehensive treatment of the subject as a whole. The laws 
governing behavior and physical properties of small particles are still 
not well known, and much research remains to be done on such elemen- 
tary matters as uniform methods for size-measurement and determination 
of surface. Even adequate descriptions of particle-shapes and mode of 
packing are lacking. While there are other equally important ‘angles 
for investigation, these are fundamental to all laws of particle-behavior, 
and until they are resolved progress is necessarily hampered. 

ORDER OF MAGNITUDE 

In the present work we consider only particles within a definite range 
of size. Using the micron (Iju =0.001 mm) as the unit, this text for the 
most part is limited to particles ranging from 10”^ to 10® microns. 
These include submicroscopic, microscdpic, and relatively macroscopic 
sizes. The particle-size range covered and its relation to molecular and 
colloid dimensions are shown in Figure 1. 

From this figure it is clear that we are considering a fairly wide range 
of particle-sizes. In fact, at one end of the scale we start with the range 
of colloid particles, and in the direction of increasing ^ize we include 
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particles up to an inch in diameter. Some concept of the differences in 
masses may be gained by considering the extremes in the size range. 
Thus, the volume of a cube with sides of 10”^ ix is 10“^ cu and that of a 
cube with sides of 10^ ji is 10^^ cu fx; or, 10“^® and 1.0 cu cm, respec- 
tively. This is indeed a wide span and, as might be expected, the particles 
within it behave according to different laws. The smallest particles, 
approximately the size of tobacco smoke, diffuse almost like a gas and 
settle under gravity according to Cunningham’s modification of Stokes’ 
law. Above this range of sizes and even within the range of microscopic 

visibility (0.2-50 /x) the particles settle ac- 
cording to Stokes’ law, without correction 
(that is, the force retarding them is due 
entirely to the viscous nature of the fluid). 
And finally, in the upper range of sizes 
viscosity is of less importance, the resist- 
ance encountered in falling being due al- 
most entirely to the density difference be- 
tween particle and fluid. Moreover, the 
rate of fall will no longer vary as the square 
of the particle-diameter as in the case of 
the smaller particles, but directly as the 
square root of the diameter. 

PARTICLE-SIZE MEASUREMENT 

After selecting the kind of particles 
with which we shall deal, it is natural 
to inquire into the methods used for their 
measurement. As a rule particles are 
irregular in shape, and certain distinctions 
must be made with regard to the mean- 
ing of particle-size. Obviously this must 
resolve itself into a matter of convention since from purely geometrical 
considerations we can deal only with regular shapes. Such conventions 
will be discussed in Chapters 3 and 4, and for the moment we shall confine 
ourselves to the implications of this difficult problem. Consider any 
fine granular material whose size-distribution is to be reproduced, and 
assume that it is the residue retained on the finer of two sieves. This 
is all that is known. If all the material originally came from a single 
source no difl5.culty would be experienced, but if some is from another 
source we may be dealing with grains of different shape, say, more needlc- 
like than the original. While this difference may not be readily appar- 
ent to the eye, the product, when screened, may have a size different 
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from that desired. The needle-like structure of the material would pre- 
vent it from passing through the interstices (apparently larger than the 
particles) with the result that the retained material would actually be 
somewhat different from that desired. Moreover, the properties of the 
material would be different. Without knowing the shape and size 
distribution of the two products concerned, we might be likely to 
consider them the same simply because they are chemically alike and 
otherwise handled similarly. While this case may seem an exaggeration, 
it does illustrate a situation of common occurrence. For instance, a 
certain food may possess different tastes depending upon the degree or 
size to which it is ground. One batch may grind in a certain way, while 
another will fracture differently. Both will be sieved alike, yet the 
products will differ in taste. In a measure the cause will be due to in- 
herent differences in composition, but dissimilarity in particle-shapes will 
often prove to be of equal importance. This and similar difficulties can 
be overcome if we know something of the size-distribution in the mate- 
rials concerned. As will be shown, sieves in themselves are not so selec- 
tive in sizing materials as might ordinarily be assumed. 

Unfortunately, no set procedure for measuring aggregates of particles 
has ever been developed; in fact, it is probable that no single general 
method can ever be developed. Considering the range of sizes involved 
— ^from the submicroscopic to the macroscopic — several methods must 
be used, each having virtues suited to the size-range studied. But even 
within a single size-range different approaches have been used by dif- 
ferent investigators. For instance, in the size-range 1 /x to 35 ai» which 
is relatively narrow, there are two methods worth considering, namely 
microscopic measurements and sedimentation analysis. In the first we 
deal with individual measurement of each particle in a random sample 
according to certain prescribed techniques, while in the second we utilize 
a gravimetric procedure based on sampling a suspension of particles at 
a set distance from the surface and at a given time. The amount deter- 
mined is then said to consist of particles less than a specified size de- 
pending on laws of settling. Whichever method is used, it is assumed 
that the particles are spherical. As far as can be determined no com- 
prehensive study of the difference between the two methods has been 
made, and consequently size-distributions determined by them are not 
strictly comparable even when equivalence to spheres is assumed. 
Thus, it is desirable to state not only the average size of a distribution, 
but also the method by which it has been derived. Whatever the 
method selected, it must give reproducible results on the same sample 
by different observers. 

It is important that the methods of particle-size analysis (frequently 
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called mechanical analysis) be thoroughly understood. Much more than 
accuracy and technique is involved. We must realize the manifold 
limitations of each method in order to appreciate the true significance of 
the measurements made. Unfortunately, this subject has never been 
studied critically and more information is sorely needed. The char- 
acterisiics and behavior of small particles can he understood satisfactorily 
only when the methods of determining size-distribution are placed on a 
firm basis. 

One aspect of particle-size distributions requires the special attention 
of the student. It is obvious that, gravimetrically, small particles in a 
distribution contribute little to the mass as a whole. One cubic parti- 
cle of a substance 0.1 cm to a side will have a volume of 0.001 cu cm, 
while another, just one-tenth the size (0.01 cm to a side), will have a 
volume 0.000001 cu cm. Hence, if the densities of both particles are 
the same, it will take 1000 of the smaller particles to equal the weight 
of the larger one. On the other hand, when particle-surface is considered, 
the amount of surface contained in the 1000 particles is ten times the 
surface of the single large particle of equivalent weight. This example 
brings out the important fact that different methods for calculating 
weight and surface in a mass of irregular particles must be used, so that 
in one case the largest particles forming the mass are credited, and in the 
other the smallest particles which contribute most to the total amount 
of surface are duly weighted. This is of great importance in pigment 
technology which is concerned primarily with particle-surface rather 
than particle-volume. 


FACKINGS 

Next in importance for a proper understanding of size-distribution 
and particle-measurement is the manner in which fine material packs. 
It is well known that a column filled with sand may be shaken so that 
it wiU occupy less space. Similarly, certain soils may be pressed or 
tamped to become denser. Compaction is achieved at the expense of 
the void space, which may vaiy from a theoretical minimum of 26 per- 
cent to as high as 48 percent for spheres. Unfortunately there is no ade- 
quate method of describing a packing in terms of particle-orientation. 
We can only deal with it in terms of the free space present or the ease 
with which a liquid flows through it. Except in a statistical sense it is 
never possible to make two packings precisely identical unless we make 
a systematic arrangement of spheres. 

The importance of packings is shown by the relative ease with 
which a liquid flows through them. In Chapter 13 it will be shown that a 
small change in void space greatly affects the permeability of the pack- 
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ing. Thus, if it is possible to predict simply in terms of voids what a 
packing will do under any stage of compaction, a great contribution 
will have been made to such important subjects as sand filtration of 
water, pressure-drop through blast furnaces, absorption towers com- 
posed of particulate matter, separation of dust from air, and capacities 
of ground water and oil fields. These are matters of practical impor- 
tance in many lines of endeavor. 

Packings are inherently very complex and there is still much to be 
learned about them. For example, we may pose the problem of how to 
select the proper sizes and the correct proportions of a given material 
so that the larger voids are filled with smaller particles, and these voids 
in turn filled with still smaller particles, and so on. Theoretically we 
should be able to obtain a very low percentage of voids in this way; 
nevertheless, both theoretically and practically this problem remains 
unsolved. 


APPLICATIONS 

Soil Physics — ^This subject concerns the behavior of soil — ^particu- 
late matter — as to mineral composition, moisture capacity, and plant 
growth. Only moisture capacity is of interest here. This comprises a 
number of interrelated variables including capillarity, infiltration, and 
evaporation. We are indebted to soil physicists not only for first ap- 
preciating the importance of particulate behavior, but also for making 
most of the contributions concerned in this text- The work of out- 
standing investigators as Atterberg in Sweden; Russell, Keene, and 
Haines in England; and Hilgard, Buckingham, and Briggs in this 
country cannot be overemphasized. 

If we delve deeply into the subject of soil physics, particularly into 
capillarity, infiltration, and evaporation, we discover that the funda- 
mentals set forth have far-reaching applications. Not only do they 
supply an explanation of why certain soils support growth, but indirectly 
they also explain the vastness and importance of the water beneath the 
surface, how it reaches the roots of plants, and eventually comes to the 
surface where it evaporates. We have barely begun to study the physi- 
cal aspects of soils and their influence on climate. Indeed, from a study 
of the soil and its granular elements we shall learn much concerning 
droughts and floods. While reliance should always be placed upon 
weather cycles as an explanation of climatic events, the cause of these 
cycles themselves maybe learned from an understanding of the soil 
structure and behavior. This requires a knowledge of soil temperature 
gradients and movement of moisture. In turn these are dependent 
upon soil structure itself— the behavior of the particles composing it. 
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A constant struggle for equilibrium exists between the soil and the upper 
elements. 

Mineral Physics— In few fields of engineering is a knowledge of the 
characteristics and behavior of small particles of greater importance than 
in mineral physics. Crushing, grinding, and separation of minerals 
must be done scientifically. Ores are crushed or ground to prescribed 
sizes, such that the rich and poor fractions are separate and clean-cut. 
By various methods of floating and settling, these fractions may be sepa- 
rated. In this way mines which once were uneconomical to operate 
because of poor grade ore are now quite valuable. Sizing and grading 
of ores may be said to constitute the foundations for treatment and 
benefaction of ores and minerals. 

The mining engineer must be familiar with all kinds of crushing and 
grinding, not only from the operating standpoint but also with regard 
to the character of product desired. Given a material to be ground, he 
must control the equipment in order to obtain the size fraction desired. 
Too many fines may be both undesirable and uneconomical. Thus, he 
must size and control the material so that the maximum amount of the 
required size range is obtained. Here again we stress the importance 
of fully appreciating the methods used to measure or size material. 

With the development of powder metallurgy a vast new field has 
recently been opened in which the value of particle-size measurements 
and packing behavior will play an important role. Selection of the 
proper combination of sizes and their relation to void structure will be 
fundamental considerations. A knowledge of the electrical and gas 
adsorption properties of fine powders should also prove of inestimable 
value in this field. 

Chemical Engineering — Powdered, crystalline, or granular ma- 
terials are encountered in almost every phase of chemical engineering. 
The sizin g and characteristics of every product are constantly matters 
of concern. How does a material bulk? Is it hygroscopic? Wliat 
makes it stick? These are all questions asked many times. Small 
particles behave in many peculiar ways, not often understood. They 
behave variously due to electric charge or heat. They may adsorb 
vapors and gases, or their surfaces may be such that they are highly 
active chemically. All these factors and many others affect the products 
made by the chemical engineer, who attempts to maintain uniformity 
under all types of conditions. 

The engineer is frequently called upon to de.sign special apparatus 
for handling gases, carrying out chemical reactions, or conve 3 dng slurries.. 
The first case concerns the desigpi of towers packed with irregularly 
shaped material for the purpose of transferring heat or adsorbing gases. 
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In such towers pumps for moving gases must be provided. Since power 
calculations are dependent upon moving a known volume of gas against 
the resistance of the tower, some basis must be provided for determining 
the latter in terms of constants of the packing. The capacity of a gas 
to transfer its heat to the packing or to receive heat is also determinable 
from packing constants so that the engineer is in a position to estimate 
the performance of a tower fairly closely from easily determined factors. 

The second topic within the scope of chemical engineering applica- 
tions concerns the relation of particle-size to chemical reaction — such 
as rates of solution and oxidation. This is a subject complicated by 
many indeterminate factors. In general, however, the main item con- 
cerned is particle-surface. As is well known, where solids are involved, 
reactions of a chemical nature are greatly influenced by the amount of 
surface exposed. 

Finally there is the third topic — ^muds and slurries. This includes 
not only their characteristics under static conditions but also their 
movement through pipes. Most muds and slurries act like plastic 
materials when flowing in pipes. The prediction of their flow properties 
in terms of readily determinable constants has important engineering 
applications. 

Although these three main topics were selected as coming within the 
scope of chemical engineering, obviously many others might also be 
considered. Nor can the fundamental physical and chemical properties 
of fine particles be forgotten. For example, it is not generally known 
that fine particles, when wetted, generate heat and because of their vast 
surface have the ability to adsorb large quantities of different gases. In 
the field of electrostatic separation particles react in various ways. 
These properties, together with many others, are useful in explaining 
many industrial phenomena. 

Geology — Ground Water and Petroleum — ^The science of sedimentary 
geology is founded for the most part on the study of consolidated and 
unconsolidated sands. In this text our attention will be directed only 
to the retentivity of unconsolidated sands in regard to water and oil. 
While consolidated sands are of great geological importance, we know 
very little concerning the sizes of the particles composing them. Meth- 
ods have been devised for crushing sandstone and measuring random 
samples, but it is never certain that all particles are distinct and separate. 
If thin sections are possible, random measurements can be made. 

In unconsolidated sands a relationship exists between the particles 
and the pore space where water may be stored. The classic works of 
King and Slichter in this country near the end of the Nineteenth Cen- 
tury form the basic information on this subject. The work on ground 
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water during the past forty years has followed along lines established 
by these workers. Incidental to determination of the laws of flow 
through sands was Slichter’s analysis of void construction by systematic 
pilin g of spheres. Considering the interesting geometrical aspects of the 
problem of sphere arrangement, it is difficult to understand why no at- 
tempt was made to study this subject before Slichter’s studies (lb99) . 
While his theoretical equation for the flow of fluids through packings is 
no longer used, Slichter was the first to appreciate the significance of 
particle diameter and voids, and to explain their interrelationship on a 
rational basis. His extensions into the field of ground water generaUy, 
and the variables involved in well drilling, did much to advance the 
practice of gauging ground water and oil supplies. 

Unfortunately, it is not possible to determine satisfactorily the com- 
position of the whole subsoil structure bearing water or oil. This can 
only be estimated indirectly from the behavior of wells, although some- 
thing concerning the extent and capacity of the field may be determined 
by borings and plug samples. The methods outlined in this text per- 
taining to the permeability of the subsoil structure indicate a means of 
checking on the void space, and are thus of value. Development of 
more extensive equations governing the continued behavior of a well is 
beyond the scope of this text. 

Hydrology— Silting of Streams— Each year the rivers of the world 
carry enormous quantities of silt into the sea. This silt may be dis- 
tributed over a wide area of the ocean bottom, or confined to relatively 
narrow areas, forming deltas. The best known deltas are those of the 
Mississippi and the Nile rivers. Every year when the Nile overflows 
its hanVs hundreds of square miles of lowland are covered with a deposit. 
After the river returns to its normal channels this silt forms one of the 
most fertile areas in the world. This is a definite attribute of silt-laden 
streams. But silting may also be detrimental ; streams blocked by dams 
may convey so much silt that the reservoirs they form become filled and 
their capacities lowered. Again, in navigation and irrigation canals, 
silting must be prevented if their usefulness is to be maintained. 

It should be remembered that silt carried by rivers is the product of 
soil erosion and scouring of their channels by the rivers themselves. The 
elements causing both conditions are well known; our greatest interest 
is to prevent the loss of valuable surface soils and minerals. This can- 
not be done scientifically unless we know the physical factors causing 
movement of small particles. Many notable contributions have been 
made in this fidd, here and abroad. Some concept of the magnitude 
of the engineering problems involved may be estimated from an excd- 
lent discussion of the Ydlow River Problem by Todd and Eliassen 
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(1938). The silt volume at Shanchow (624 miles above the mouth) 
amounted to almost 45,000,000,000 cu ft in 1934 alone. This is equiva- 
lent to a cube about 0.7 mile on each side. The authors state: 

“There is perhaps no important river in the world so intimately re- 
lated to every phase of conservancy work as the Yellow River. Whether 
it is flood control, irrigation, hydroelectric development, or navigation, 
the question as to how to overcome the evil effects of the silt overshadows 
all other technical considerations. This is due to the staggering pro- 
portions of the load carried. On other rivers a silt content of 1 percent or 
2 percent by weight is considered a heavy and obnoxious charge which 
causes much trouble; but where the Yellow River enters the plain 
the silt load reaches 40 percent by weight at times. On several of its 
tributaries as high as 50 percent by weight have been observed.’' 

As in the case of soil physics, we note that in comprehending this phe- 
nomenon we must learn the behavior of small particles in flowing media. 
What are the forces causing their movement, and what are their magni- 
tudes? These are questions bearing upon particle-dynamics, although 
considerably complicated. 

Wind Storms — ^While we have stressed the amount of silt moved 
by rivers, and the losses by water-erosion of land surface, the effect of 
wind movement on dry loose particles is of even greater importance in 
many respects. In recent times the great droughts of the Plains States 
have caused large shifts in surface contours and have raised dust storms 
of considerable proportions. The case of the Nubian and Libyan deserts, 
where sand storms are constantly shifting prominences almost 1000 ft 
in height as well as the whole surroxmding terrain, illustrates the mag- 
nitude of the forces at work. Moreover, the continuance of storms over 
loose surface grains not only results in an expansion of desert and 
drought areas, but may even alter weather conditions and the accompa- 
nying ecology of surrounding country. There is good reason to suppose 
that the great desert of North Africa is gradually extending itself by 
these methods. 

The author estimates that in any one day during the great droughts of 
the late .1930’s in the United States as much as 10’ tons of fine particles 
remained suspended in the air and were moved to areas far removed from 
the Dust Bowl of their origin. In the Dust Bowl itself, the estimated 
movement within a few inches of the surface probably ranged from 0.2 
to 0.5 ton per yd per hr across the direction of wind motion. Samples 
of settled dust taken in the Dust Bowl and analyzed as to composition 
and size frequency indicated a sharp differentiation as to the size of 
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organic and inorganic constituents, the former being much the finer.* 

In the paragraphs to follow we vShall borrow an observation from the 
studies on blown sand and desert dunes by Bagnold (I94o). His con- 
tributions cannot be overemphasized. Aside from presenting a compre- 
hensive theory of particle movement by wind, he has indicated the vast 
scope of a problem (only briefly dealt with in this section) and has 
staked out a field of research which will have a great bearing on the 
future of lands and peoples. Of the scope of the desert problem from 
the geomorphic point of view, Bagnold has written: 

“. . . it is possible to study in the further interiors of the great deserts 
the free interplay of wind and sand, uncomplicated by the effects of 
moisture, vegetation, or of fauna, and to observe the results of that inter- 
play extended over great periods of time. 

“Here, instead of finding chaos and disorder, the observer never fails 
to be amazed at a simplicity of form, an exactitude of repetition and a 
geometric order unknown in nature on a scale larger than that of crys- 
talline structure. In places vast accumulations of sand weighing mil- 
lions of tons move inexorably, in regular formation, over the surface of 
the country, growing, retaining their shape, even breeding, in a manner 
which, by its grotesque imitation of life, is vaguely disturbing to an 
imaginative mind. Elsewhere the dunes are cut to another pattern — 
lined up in parallel ranges, peak following peak in regular succession 
like the teeth of a monstrous saw for scores, even hundreds of miles, 
without a break and without a change of direction, over a landscape so 
flat that their formation cannot be influenced by any local geographical 
features. Or again we find smaller fonns, rare among the coastal sand 
hills, consisting of rows of coarse-grained ridges even more regular than 
the dunes. Over large areas of accumulated sand the loose, dry, un- 
cemented grains are so firmly packed that a loaded lorry driven across 
the surface makes tracks less than an inch in depth. Then, without the 
slightest visual indication of a change, the substance only a few inches 
ahead is found to be a dry quicksand through which no vehicle can force 
its way. At times, especially on a still evening after a windy day, the 
dunes emit, suddenly, spontaneously, and for matiy minutes, a low- 
pitched sound so penetrating that normal speech can be heard only with 
difficulty.’' 

Other Applications — A knowledge of the behavior and character- 
istics of small particles can find a field of application in almost any in- 
dustry, Particle-size distributions are important in pigment technology 

* Unpiiblished data. Atmospheric samples taken during the suinintT of 10:^0 after 
the dust clouds from the Dust Bowl reached Washington, D. C., showed concentra- 
tions as high as 250 ing per cu cm at breathing level. Sett led dust samples from vari- 
ous localities in Kansas and Nebraska were furnished the author by Dr. James I^cake 
of the U. S. Public Health >Servicc. The samples were air-elutriated and fractions 
submitted for both petrographic and chemical analysis. 
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in connection with covering power and other physical factors; in the 
manufacture of abrasives to produce wheels of various grinding capaci- 
ties; and the field of ceramics, including clay products and cement, is 
primarily concerned with small particles from the standpoint of product 
control. Certain physical properties, often highly desirable, are de- 
pendent upon size of the material used. As already mentioned, the 
methods used to measure particle-surface or particle- volume have great 
influence on the results achieved. 
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UNITS 

T ub funclaiiieiital units of dyuainics arc those of mass, length, and 
time. These units arc denoted by the symbols [M 1, [L], and I'l'l, 
respectively. The magnitude of these units may be fixed arbitrarily; 
but all other units are derived from them, and depend upon them alone. 
The various derivative units arc developed simply* For example, 
unit-density is unit-mass contained in a unit-volume. In terms of the 
fundamental units it is therefore [M/L®] or [ML"’^]. Again, unit- 
velocity is unit-distance divided by unit- time, or fL/T], By means 
of these units the terms in a given equation may be checked, inasmuch 
as all terms added to a given expression miust be of the same kind 
and therefore of the same dimensions. If, for illustration, it is de- 
sired to determine the units of surface tension, a, from the capillary 
equation 



the procedure is as follows: The units of the pressure P (force per 
unit-area) are [MLT^®][L""^] and for R (radius of curvature of the 
meniscus) simply [L]. Hence 

[cr] = [MLT-2]-[L-2].[L] « [MX-*] 

or the force per unit-length. However, results arc not always so easily 
interpreted, as may be seen in determining the units of the universal 
gravitational constant, G, in Newton’s equation 

G X mi X m 2 

F 

[MLT-*] = and [G] - 

These are the correct units for gravitation. However, owing to our ig- 
norance of the mechanism of gravitation, tlie units arc unintelligible. 
If it were possible to express Q in terms of some effect the difficulty 
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of interpretation would undoubtedly disappear. The dynamic units 
of frequent occurrence in this text are given in Table 1. 

Table 1 Units of Terms Frequently Occurring in Text 


Mass 

Lengtli 

Time 

Surface 

Volume 

Density 

Velocity 

Acceleration 

Force 

Pressure 

Viscosity 

Stnrface tension 

Work (energy) 

Power 


[M] 

[L] 

[T] 

[L»] 

[L»] 

[ML-*] 

[LT-i] 

[LT-*] 

[MLT-*] 

[ML->T-*] 

[ML-iT-J] 

[MT-*] 

[ML*T-*] 

[ML*T-»] 


DIMENSIONAL ANALYSIS 

Each term of an equation possesses specific units and these must be 
the same as the combined units of all the other terms (properly trans- 
posed). A use for dimension theory is to predetermine physical rela- 
tionships. Suppose, for example, it is desired to determine the resistance 
(Jl of a particle in motion, and that the resistance involves three independ- 
ent quantities: the diameter of the particle d, its velocity v, and the 
viscosity of the medium ju. 

(R = iV/i* 

where o, b, and c are undetermined exponents. In terms of units 

[MLT-*] = [L“] • [L»T-»] . [M‘L-*T-«] 

Equating indices of corresponding terms, since the equation must be di- 
mensionally correct, gives 

1 = c 

1 =s o + & — c 

-2 = -6 - c 

whence, c » 1, J =» 1, o » 1, and 

(R « dxn 
(R » bdvn 


Eq (2-1) 
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This is Stokes’ law for small particles or particles moving in streamline 
motion. The constant k for spheres has a value ',W. 

If the resistance is now assumed to vary as the density of the medium 
po rather than as the viscosity, and is proportional to the quantities eon- 
cemed 

(R oc dVpo* 

where r, s, and t are undetermined exponents. In tenns of the units of 
the variables 

[MLT-*] = [LT • [L’T-*] • 

Equating the indices of like quantities 

1 = t 

1 == f + j -3« 

—2 = —5 

Solving, we obtain / = 1, i = 2, and r = 2, or 

(R 0= dhi^po 

(R = kWpo Eq (2-2) 

This is Newton’s law for bodies in turbulent motion, h'or sj^heres the 
value of = rr/16, approximately. 

It is obvious that this procedure has many extensions in determining 
laws of physical phenomena. No difficulty is encountered us lotig as 
only three quantities are concerned. When four quantities or variables 
are involved explicitly, as for example, a particle whose resistance in 
motion depends on d, v, po, and /x simultaneously, there are three eciua- 
tions and four unknowns. Suppose that 

01 a d’"o"ju’’po'' 

[MLT-®] = [L-"] • [L-T-"] • [M'-L-n:-’’] • [M'L-**] 

then 


1 - p + g 

+ n — p — 3g 
-2= -n-p 

Hence, solving for m, p, and g in terms of n 

(R - ^ Eq (2-31 

Note that when » = 1, this equation is the same as Rq (2-1) and when 
» s= 2 it is identical with Eq (2-2). 

Similar relations containing four or more tenns result in much confu- 
sion and one must resort to a theorem due to Buckinghtun (l92lo), 
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which can best be illustrated by utilizing the material previously 
developed. 

We note first that Eq (2-1) and Eq (2-2) when tlirown into the forms 

[£] - ® 


are dimensionless. For the present we desire to develop Eq (2-3) in a 
similar dimensionless form, without undetermined exponents. Take 
M == constant and we have 


or as in Eq (2-2) 


dl = dVpt 
(R a 


Now, make ffl constant, and we have 


n oc d^fn- 

which by previously established procedures gives 


fe] - 

a dimensionless quantity. 

Since (R and ft may vary at the same time, both [K'] and [K"\ must be 
dimensionless simultaneously. This reasoning may be extended so that 
if there are n different quantities involved in any physical relationship 
there must be (» — 3) dimensionless quantities, [jKi] , [ 1 ^ 2 ] , [iSis] . . . 

and these quantities must all be dimensionless simultaneously. 
Thus for n, physical quantities, we have the implicit relation 

[iTd, [K,] Iis:„_a]} = 1 

or explicitly 

M [Xa]....[i!:n-,]} 

where and p are functions whose forms must be determined experi- 
mentally. 

For the equation in question we have the fiive quantities at, u r.v. nt.- 
so that (» — 3) = 2. Hence 


or 
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where v is written for ju/po. the kinematic viscosity. The importance of 
putting the equation in this form lies in the fact that if the form of func- 
tion i/' or (p is such that the bracketed terras arc connected by a single re- 
lation, then this relation will be independent of the units of iuea.surenient, 
and will apply to any scale model. 

MODELS 

Models are simply miniatures of the prototypes they represent. The 
physical parts of the model are in an arbitrary fixed ratio to correspond- 
ing parts of the prototype. In so far as statical problems are eoneerneil, 
the ratio between corrcvSponding parts is all that is desired. Ihit if we 
consider a fluid flowing in an open channel, the depths of flow at corre 
sponding points of the model and prototype will not necessarily be in 
the same ratio as the other dimensions. The moment we establish the 
depths of flow in two different points of a channel we also establish the 
flow itself and in addition to geometric simiUurity we require an account- 
ing of the forces affecting the flow. This being the case it becomes 
necessary to set up within the model the forces acting on a given portion 
of the liquid and to observe that the same ratio exists for each corre- 
sponding force in the prototype. This amounts to a force similarity, 
usually referred to as “dynamic” similarity, since the corre.sponding 
force polygons in the model and prototype are similar. 

The forces dealt with in flow problems arc more complicated than tho.se 
usually encountered in statical problems. Idow is affected by inertial, 
gravitational, frictional, and capillary forces. The inertial forces arc 
characteristic of any kind of flow, as are also frictional forces; gravita- 
tional forces are always present but affect the flow only when thiTc is a 
free surface such as a channel or canal; capillary forces do nt)t find ex- 
tensive use in hydrodynamic problems except when dealing witli a thin 
sheet of water flow. All these force.s have the same dimension [MT/I'" ®j 
but do not affect flow in the same manner. Thus, with a change of ve- 
locity, gravitational and capillary forces do not change at all, but inertial 
and frictional forces change according to two different laws. If we ajre 
to build a model dynamically similar to the prototype it is necessary to 
express these forces in terms of the variables characteristic of them. Ex ■ 
pressions for the various forces mentioned, in terms characteristic of 
them, are as follows: 


inertial forces => p^v^/L 
frictional forces « ia)/L^ 
gravitational forces — 
capillary forces =■ c/A* 
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where v is the velocity, L is any deQuite linear dimension, fi the coefB- 
cicnt of viscosity, g the acceleration of gravity, c the capillary constant, 
po the density and L a linear dimension. Observe that all the above are 
forces and possess the same units; hence, if we establish ratios of these 
forces they will be dimensionless. Let us take the following ratios: 

inertial forces _ p^f _ p,JLv _ „ 

frictional forces i / p ^ 

inertial forces poO* / „ , , 

gravitational forces L/^ ~ ^ ~ ^ 


inertial forces _ p,^ _ .m- 

capillary forces ~ L / l} ^ 


Eq (2-6) 


The letters R, F, and W stand for so-called Reynolds, Froude, and Weber 
numbers, respectively; these are dimensionless numbers, as indicated. 
For example, if we make the Reynolds number the same in model and 
prototype, using the same fluid, the dimension of length is smaller in the 
model and hence the velocity v will have to be greater. In other words, 
the water would have to flow faster in the model. If we now consider 
the Froude number as the same in model and prototype, and that the 
same fluid is used in both, we see that the velocity would have to be less 
in the model than in the prototype. This may be regarded as two con- 
tradictory demands on the model. Theoretically, by using a different 
fluid in the model (thus changing po and p), it is possible to eliminate the 
difficulty. The root of the difficulty is the fact that the numbers are 
derived for two entirely different kinds of flow. In a fluid system without 
a free surface, dynamic similarity requires only that the Reynolds number 
be the same in model and prototype; the Froude number does not 
enter into the problem. If we consider the flow in an open channel, 
then the Froude number must be the same in model and prototype. 

Note that Eqs (2-4), (2-5), and (2-6) are expressions of the frictional 
forces considered above. 

In previous paragraphs, we obtained groups of dimensionless variables 
by means of Buckingham’s theorem. In the development of Rejmolds, 
Froude, and Weber numbers we utilized the concept of force ratios 
although the same numbers can be produced by means of Buckingham’s 
theorem. 


BEJSAVIOR OF PARTICLES IN A FLUID 

Resistance to Motion — ^It has been demonstrated experimentally 
that Eq (2-3) represents fairly accurately the general law of resistance of 
bodies to motion. R^istance in the case of streamline or turbulent mo- 
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tion is dctemined by the exponent n, which in the first case is etiinil to 1, 
and in the second case equal to 2. 

No sharp boundaiy exists between streamline and turbulent flow. 
In fact there is a rather extensive region where resistance to motion is a 
function of both the density and viscosity of the medium. For this in- 
termediate region Allen (1900) found the value of n in Eq (2-2) to be "/.t. 
giving 

( 1 ! = 

= Eq (2-7) 


where do is written for i since, as will be explained in another parugrajih, 
the particle-diameter includes a constant defining its lower region of ap- 
plicability. 

Terminal Velocities — If the density of the particle and fluid are 
p and po, respectively, and if the diameter of the particle is sonu‘ arbitrary 
linear measurement, the gravitational pull F on the particle is 

F=a^»(p-po)g Eq(2.8) 


where measures the volume of the pailicle and g is the acceleration 
due to gravitation. When the particle has reached its maximum or 
“terminal” velocity, (g = F, so that for 


streamline motion, = Kfi - 


\ 

PO / 

turbulent motion, Vm = kJ- 


\ 

Po / 

intermediate region, Vm = Ki{^ 

s PO / 


Eej (2-9) 
E(1 (2-10) 
Eq (2-11) 


where the K’s are constants. Values of Kg and are given in Table 2 
for spheres, crushed quartz, atid coke. The data for crushed quartz 


Table 2— Terminal-Velocity Constants or Difrkrknt-Hhapuo Pariicles in 
Streamline and Turdulent Motion 


Shape 

Kh 

Kt 

Sphere 

54.5 

24.5 

Irregular (quartz) 

8(3,0 

50,0 

Irregular (coke) 

35.0 

4K 0 


are those obtained by G. Martin (1926-1 927a), and those for coke by 
Burke and Plummer (1928). The constants are in cgs units. 



DYNAMICS OF SMALL PARTICLES 


21 


The value of in Eq (2-11) is composed of a true diameter d and a 
diameter d which is the uppermost limit of size to which Stokes’ equa- 
tion applies, 

do = d — f d 

where d is the true diameter, d the limiting diameter to which Stokes’ 
equation applies, and f is a constant depending upon the shape of the 
particle. The value of d was obtained by Allen. 


d « 




3G 


gPo(p - p{j) 


Using cgs units the value of f for spheres is 0.4, and for irregular quartz 
particles as determined by Alartin is 0.279. In general, it is worth not- 
ing that the terminal velocities of a particle as given by Eqs (2-9) to 
(2-11) is as the square, the first power, and the square root of the particle 
diameter depending on the 
motion. If quartz is used as 
an example, it is found that 
the terminal velocities are ac- 
cording to Stokes’ equation 
for particles below 85 ju in 
diameter. Between 85 /x and 
approximately 2000 ix the ter- 
minal velocities vaiy directly 
as the diameter, and above this 
diameter particles of quartz 
follow Newton’s parabolic law* 

The nature of the relationships 
existing between terminal ve- 
locity and average diameter is 
shown in Figure 2. 

Lifting Velocities — The velocities required to’ lift particles are 
identical with those given by Eqs (2-9) to (2-11). Thus, for particles 
of various sizes, the velocity required to lift and convey all of them must 
exceed the velocity required for the largest particle. More general 
formulas for lifting velocities are given in a later section of this chapter. 
As has been pointed out, there are three formulas to consider since 
the size of the particle, its speed, and the properties of the fluid determine 
the nature of the motion. Often it is difficult to determine precisely the 
boundary that distinguishes one type of movement from another, so that 
if a single curve could be drawn through the whole range of sizes, from 
bouldens to clay and silt, and an equation derived for it, some labor would 



PARTICLE DIAMETER 
Figure 2. Laws op Free-falling Par- 
ticles. 
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be saved. ThivS, in fact, was done by Rubey wliosc^ prooedtire 

was as follows: Tlic total force holding a vSphencal (or other) particle 
in suspension at a constant height in a rising current of a given (luid may 
be conceived as the suni of two forces - viscous resistance and lluid im- 
pact, 

TTil^ f s 5> 

(P PojH = + --j- pi)V^ 

Solving for v, we obtain a quadratic wdiicli, on retaining the positive root, 
becomes 



Rubey states that this eciuatiou closely fits the entire range of particle- 
size. For quartz in water at Hi deg C 

I' = T~l' - l) 

Cunningham's Correction— In addition to the u])per limit of par- 
ticle si'^e, Stokes’ equation also has a lower limit* When the particles 
are small compared with the mean free, path of the molecules, the par- 
ticles may slip between the molecules. Thus, less resistance is en- 
countered and the particles develop a higher v(docily. h'or diameters of 
0.1 At and less we mUvSt apply a correction to the velocity (hdenuined by 
Stokes’ equation, Eq (2-9), which is due to Cunningham (1910) 

where \ is the mean free path of the luolecules, and k a consUint, which 
for air is approximately O.RO. 

Ladejiburg's Correction for Falling Spheres Wlien a sphere falls in 
a cylinder whose dimensions arc of the .same order of masniUidt* as the 
sphere, Stokes’ equation must be modified to take account of the wall 
and bottom effects. This is neccs.sary since the* displacemicnt aid ion of 
the sphere interferes with its motion. Ladenbur}? (1007) supplied the 
necessary corrections. For the wall-effect, Ladenburg gave tlu; correc- 
tion as 

'(' + 2 - 4 ) ■ 

where d/P is the ratio of the diametcar of the sphere to that of the cylin- 
der, V the velocity of the sphere, and v » the velocity for which Stokes' 
equation applies (that is, the velocity of the sphere in an infinite me- 
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dium). The correction is only approximate for large values of iJD. 
Ladenburg’s second correction, for end-effect, is 

®(i 

where L is the height of the liquid through which the sphere moves. 
The corrected Stokes’ equation is therefore 

2, Po) 

18m( 1 + 2.4d/Z))(l + 1.7d/i) 

Reldtioii between Resistance ciiid Reynolds Numher — ^The terminal ve- 
locity varies with the shape of the particle, its mass, and with Reynolds 
number, Wadell (1034^, h) collated existing data for spheres. His 
results are shown in Figure 3 where coefBcient of resistance is plotted 
against Reynolds number. Reynolds number R has been shown to 
be nondiniensional and equal to pqJz^/ju, where d is the diameter of the 
sphere. The coefficient of resistance Cn is by definition contained in 
the equation 

CR = |po®*C*A Eq (2-12) 

where A is the cross-sectional area of the particle. 

Reference to Figure 3 shows that in the streamline region 

where A is a constant of proportionality and is equal to 24. Also we note 
that in the turbulent region = constant == 0.4 roughly. 

The complete span of the curve is represented to a fair degree of ac- 
curacy by the expres.sion 

y/Cit = 0.(S3 -b . Eq (2-14) 

This equation will be used to obtain a general solution in the case of a 
particle moving in +he absence of a gravitational field, i.e., for horizontal 
motion. For a particle moving in a gravitational field (for vertical 
motion), we shall use three equations which cover the span of the curve 
given in Figure 3. Thus, for 

24 

(a) streamline motion 10~* < R < 2, = =■ 

IV 

(5) intermediate motion 2 < R < 600, C® = 0.4 -f- ^ (2-15) 

(c) turbulent, motion 500 < R < lO"*, C* » 0.44 
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These relations offer considerable simplification of the I'ciiuition for 
vertical motion, as we shall see. However, note that H(i (2- M) approxi 
mates closely the expressions given by Eq (2-15) in the speeided ranges 
of Reynolds numbers. 

The importance of the relationship between Cn and R, given by the 
above equations and Figure 3, is readily apparent when we consider that 
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particles in motion accelerate, decclmite, or reach constant terniimil 
velocities depending on the forces iniiiosi'd and tin- nature of the motion. 
Therefore a particle may cover a ralluT largi,- span of Reynolds numbers 
and be subjected to different types of res-istance to motion depemling on 
its speed in relation to tlie medium. In the case of a particle projected 
in a nongravitational field, it may jiass through turbulent, intermediate, 
and streamline motions. The exact solution of the problem is far more 
difficult than solving a simple eciuation to the effect, that the resistance 
encountered by a particle tlirough its entire motion varies simply as the 
square of tlie velocity. In utilizing Reynolds number we take into con- 
sideration the density and viscosity of the medium. 

EQUATIONS OF MOTION 

Two-dimensional Motkjn 

Becau.se it is easier to develop special cases for i>artiele motion from the 
equations covering two-diraeusioual motion, we shall begin by discusiting 
the motion of a particle in a plane with rectangular WKmlinate axes x, v. 
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We shall consider that motion to the right of the origin, horizontally, is 
positive, and that motion upward and parallel to the 3;-axis is negative. 
Wc follow the latter procedure since we deal generally with the fall 
rather than with the rise of particles. Let the particle possess a mass m 
and density p, and assume that tlie resisting force CR along the path of 
motion makes an ang^'e ol with the tangent to the path at any particular 
time / and position y. Denote horizontal and vertical velocities by 
the symbols and v^. Then 

dVr 

^ a Eq (2-16) 


m 


djy 

dt 



(R sin a 


Eq (2-17) 


where po is the density of the fluid and g is the gravitational acceleration 
constant. Also we have 


cos a ^ — 

V 

V,/ 

sin a ^ - 

V 


81 = ^ Po eji 


Substituting these values in the above, we obtain 

djz ^ ^ss CuAm^ 
dt 2m 

^ gf A _ poC]fAvv„ 

(it ^ \ P / 

These arc the equations for two-dimensional motion. We see that 
the acceleration along either axis comprises the actual vector velocity 
along the corresponding axis and the actual velocity along the tangent 
to the point d, Eqs (2-lcS) and (2-19) cannot be solved explicitly and we 
must resort to a method of approximations, an example of which will be 
given. Write the equation in incremental form, as follows: 


Eq (2-18) 
Eq (2-19) 


Av. 


p^CrAw^ 

2m 


At 



poCrA^I 

2m 


and assume that we are dealing with heavy spherical particles in air. 
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Thus if p >> po, ^ = 7r(/-/4 and m = mPp/i) 


AVr = 


:\puC,tw 
' Iptf 


' At. 


Since air is tlie fluid tnodium, let po = O.OflT lb per eu ft and p - ho X 
1^0-5 lb per ft sec; and for the particle, let — (),()() 1 ft, and p 200 lb per 
cu ft. Since g == 82.2 we have, on inserting these vahtes: 


AVj; = —0.25 \ 

AV// = (82.2 — 0.25 CifVV,,) A/ 1 


b:(l (2-20) 


We have shown that Cu is determinable from Reynolds ninnber, R 
povd/fif in each case corrCvSponding to v. Hence, 


0.0(>7 X 0.00 

''l. 8 ‘x 10 


5e» 


The last three equatioUvS, together with Ik] (2-M) comprise all that is 
required for calculating the motion. If the partieU^ is given nu initial 
horizontal velocity of (kS ft per sec (Vj. = OH), we may proceed with tlu* 
calculations by assuming sticccvssive increments of time, d'he complete 
procedure is outlined in Table 8. ft will be vSet^n that an initial value of 
V is computed; then R, Cu (from Kq 2-M), aiul the otlur variables are 


DISTANCE FROM PROJECTION POINT (FT) 



Figure 4. Tiiroretical Trajrctorv or a pARTfcr.w 
0.001 Ft in IDxametbr IIavino Initial Velocity ok 
68 Ft per 8ec. Broken Curve GiviCvS TRAjneroKY 
When No Air Resistance U Encountered. (See 
Text.) 


as indicated. From the incremented velocities AV;*, and AVy the first 
approximations to the velocities at the end of tlie time interval arc made 
( Aif = 0.01 sec). The average of the incremented velocities at the start 
and end of the time interval is then obtained and is used tr> make a second 
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approximation to velocities at the end of the same time interval. This 
procedure is repeated until the differences between calculated average 
incremental velocities approximate zeio. 


Tablr 3 Computation of Particlr Trajectory from Eq (2-20) 


( 

A / 

Vc 

Vv 

V 

R 

Cr 

2fVt 


— AVx 

I'Vy 

AVy 

0.00 

0 01 

08 

0 

08 

,340 

0.70 

4020 


9 13 

0 

0 32 



00 

0 82 

00 

800 

0.8,5 

8000 


7 05 

19 2 

0 28 

0 01 


50 0 

0.80 

59 0 

298 

0 85 

3560 


7 58 

17 9 

0 23 


0.01 

52 

0 58 

52 

200 

0 87 

2700 


6 85 

30 0 

0.26 



40 1 

0 58 

40 1 

280 

0.90 

2180 


4 8 

20 8 

0 26 

0.02 


40 7 

0 58 

40 7 

282 

0 90 

2100 


4 9 

27 1 

0 26 


0 01 

42 

0 81 

42 

210 

0 92 

1700 


4.1 

35 3 

0,24 

0 ();i 


12 0 

1) 84 

42 0 

218 

0.92 

1820 


4 2 

35 8 

0 23 


0.01 

OS 

1 1 

88 

190 

0.90 

1440 


3 5 

41 8 

0 22 

0.01 


00 

l.l 

89 

19.5 

0.90 

1520 


3 0 

43 

0 22 


0 01 

1 

1 .8 

85.4 

177 

1 00 

1250 


3 1 

46 

0 21 


0 01 

22 

1.5 

82 

100 

1 00 

1020 


2 0 

48 

0 20 

0.00 


88 

1.5 

83 

105 

1 00 

1090 


2 7 

50 

0.20 

0 07 

0.01 

80 

1.7 

30 

1.50 

1.02 

902 


2 3 

51 

0 19 


0.02 

27 

2.0 

27 

185 

1 08 

729 


3 8 

54 

0 36 

0.01) 


20 . 5 

2 1 

20.5 

182 

1.08 

704 


3 6 

56 

0 34 


0.02 

22.8 

2 5 

22.8 

in 

1 17 

520 


3 2 

57 

0 31 

0.11 


28 . 8 

2 4 

28 8 

no 

1.17 

.544 


3 3 

56 

0 32 

0 10 

0.02 

20 

2 7 

20 

too 

1 28 

400 


2 5 

54 

0.31 


0 02 

17 n 

8 0 

17 7 

89 

1.80 

810 


2.0 

54 

0 29 

0 15 


18 

8 0 

18.2 

91 

1 80 

328 


2.2 

.55 

0 29 


0.05 

15.7 

8.8 

10 

80 

1 87 

251 


4 8 

53 

0.70 

0.2 


M 

3.7 

14.7 

71 

1 42 

200 


3.7 

54 

0 65 


0.05 

10 

4,5 

11 

55 

1.04 

no 


2 8 

50 

0.59 



11.7 

4.5 

12.0 

08 

1.54 

145 


2 8 

57 

0 51 

0.25 


n 

4.8 

ll.H 

59 

1,57 

180 


2 0 

51 

0.61 


0.05 

8.4 

4.0 

9 7 

49 

1 78 

82 


L 9 

47.5 

0 56 

0.2 


0 

4 .U 

10 2 

51 

1.72 

92 


2 0 

50 

0 51 


0.05 

7 

5 5 

8.9 

45 

1 70 

02 


1.5 

49 

0.48 

0.25 


7.5 

5.8 

9.8 

47 

1.77 

70 


1 0 

49 

0.51 

0.4 

0.05 

5 0 

5,8 

8.8 

42 

1 88 

49 


L 2 

48 

0.48 

0.5 

O.l 

4.7 

0.8 

7 9 

40 

1.03 

37 


1.8 

60 

0 8 

0.6 


4.1 

0.0 

7.7 

39 

1.94 

32 


1.6 

51 

0.72 


0.1 

2.4 

7.4 

7.7 

39 

1.04 

18.5 

0.0 

57 

0 45 

0.7 


3.2 

7.1 

7.8 

39 

1.04 

25 


1.2 

56 

0.50 



3.0 

7.1 

7.7 

89 

1.04 

23 


1.1 

55 

9 50 


0,1 

1.0 

7,7 

7.9 

40 

1,93 

16 


0,7 

59 

0.37 

U.b 


2.3 

8.1 

8.4 

83 

1,88 

19 


0.45 

08 

0.0 



t 

At 

Asa 

Sd ASy 

8]/ 





(» ec ) 

( sec ) 

( ft ) 

( ft ) ( ft ) 

( ft ) 





0.00 

0 

0 

. 

0 








0.03 

0.03 

1,52 

1.52 O.Oll 

o.on 





0.00 

0.03 

1.31 

2.83 0 034 

0.046 





0,10 

0.04 

1.14 

3.97 0.071 

0.12 





0.20 

0,1 

1.82 

; 6.70 0,27 

0.39 





0.30 

O.l 

I.IO 

1 6.89 0,43 

0.82 





0.40 

O.l 

0.78 

7.62 0.63 

1 36 





0.50 

0.1 

0 54 

8.10 0.61 

1,96 





0.60 

0.1 

0.41 

8.67 0,69 

2.65 





0.70 

O.l 

0.32 

1 $.80 0.76 

3.40 
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When the velocity-time data have been obtained it is a sini])le matter 
to plot them and obtain distance-lime values by ,i]jraphical intej^Tation, 
and hence the trajectory of the particle. This procc^dure has used 
to compile Table 3 and Fip^ure 4, and the result is compared with the 
trajectory obtained by considering the motion of the ])arlicles as if they 
were moved in a frictionless fluid, i.e., Cr = 0. The e<iuations for this 
condition are 

Vi = 

s* == 


V„ = 



where the subscripts ox and oy denote initial velocity conditions. 


Horizontal Motion 


When Vi is large as compared to which corresponds lo niolion in the 
absence of a gravitational field, we have only lo deal with a solnt ton for 
Eq (2-18). For this case v* = v = », so that the eciuation simplifies to 


dv 

d} ~ ini 


hki (2-21) 


Substituting Reynolds number for », i.e., v — Rju/pof/) and transposing 
terms, we get 


r/R 

6'/,R^ 


2md 


dt 


Ihl (2 '22J 


Wlien we substitute Cb as a function of Reynolds number as given in 
Eq (2-14), and integrate between the limits Ro and R (Ro > R) and t « 0 
and i = i, Eq (2-22) becomes 


J 0.90 -b (0.80 VR., f-(')“J 


ij At 

2md 


K(| (2 -2:i) 


where Cg and Cbo are written for values of C« corresponding to Reynolds 
numbers R and Ro, and 

RC/i =» 0.4R -|- 0\/R + 22 


Bq (2-21) 
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Over the usual range of Reynolds numbers met in practice (R < IO4) 

tan- ‘ =, 0.71 -y/Rn - \/r 

0.90 + (O.SO VRo + (i)^ 0.90 + (0.80 VlTo + 

If we deal with spherical particles, the last term of Eq (2-23) reduces to 

liAt ^ 

Ymd 4pd- ■ 

since .4 = xdY4andOT = ird^p/iS. 

Eq (2-23) covers the whole range of Cr and R. If the motion is 
known to be streamline or turbulent, it is easy to obtain simple expres- 
sions, since for the former Cr = 24/R and for the latter Cr = 0.44. If 
these values of Cr are inserted in Eq (2-22) we have, for streamline 
motion 


or 


md 

12pA 


ln^» 


Also, since v 


V == ooexp (—l2iJLAt/md) Eq (2-25) 

ds/dt, the path traversed from time / = 0 to time < = Hs 


■mvod r , 

I3mL‘ 


/ 24M^ y 

V ‘'J^d /_ 


Eq (2-20) 


From this equation we note that for infinite values of t, s = mv^/\2\iA, 
which is the total distance a particle can traverse if its motion is con- 
stantly viscous. 

For turbulent motion, Cr — 0.44, the equations for t and s are 


^ _ 5.5w? / 1 _ IN 
PoA\v vj 

5.5m/, 0.22viipAt , , 

j = — j-f In — H 1 

poA \ m 


Eq (2-27) 
Eq (2-28) 


Vertical Motion 


When the motion of the particle is strictly vertical, possessing no 
horizontal component, as in the case of a particle falling under gravity 
in still air, we have = v == 0 and we are required to solve Eq (2-19). 
However, before proceeding, we must realize that our equations were 
devebped vectorially and hence a reversal in the direction of motion 
involves a change of sign. Using Eq (2-19), and substituting for the 
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v’s tlic expression in terms of Reynolds niunber {v = ’R/j./ptd), we obluin 
for turbulent conditions, / = (),/ = /, and R = Rn, R — R. 


lici (2 -:!()) 


when the motion is downward. In this equalioti, 

Pfi-A 

This equation is the maximum value of which a particle of diame- 
ter d can attain when falling in a gravitational fit^ld. h^)r vSj>herical 
particles 

tepn(^-pnV/» ,.5,^ 

.ifi- 

Eq (2-29) is easily integrated for both streamline, intermediate, and 
turbulent motions by using the expressions contained in lit] (2-15). E(| 

(2-14) can be used for the whole, range but the residtant expression is 
quite complicated. Thus, for streamline motion downward, E<i (2-28) 
gives after substitution of Eq (2- 1 5a) 


2md 24 


f<t> - 24R„\ 

W - ii lR/ 


15(1 (2-82) 


This is easily converted in terms of the initial and terminal veIocitie,s. 
Since ^ = CijR„,® = 24R,„, = '2-\pnVmd/p, where R,„ aufl v,„ are niaxinmm 
Reynolds number and velocity corresponding to <l>, we obtain from Kq 
(2-24) 


g(p - pdntd 

"lippA 


and from Eq (2-20) 


\Vm - V / 


hkj (2-88) 


The distance traveled by the particle in the time t is 


.9 = Vj - {Vm - V(i, 




If the motion is upward and streamline, so tliat v is negative, we have 
the integral 


(jR 

'R “h 24R' 


, Ro > R 
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for which the solution is 



In terms of n, and v 


t = 


\llxA \Vm + v; 


Eq (2-34) 


Eq (2-35) 


and 


5 = Vmt + 


md 

'iW 


il'm + Va) 



12 fiAt \ ■ 
tnd ) 


Eq (2-36) 


Substituting the value of t in Eq (2-35) in this expression we obtain, 
on setting v — 0, the maximum height to which the particle will rise if 
the motion is streamline, or 


^max — 



Eq (2-37) 


Considering now the region of intermediate motion, it seems simplest 
to utilize the expression given by Eq (2-15b). This region is not well 
defined and the expression we use is as good a fit as any available at the 
present time. It results in considerable simplification and undoubtedly 
is much easier to use than the methods of graphical integration so often 
employed. 

Using Eq (2- 15b), we have for downward motion 

JR 

2md r® dR 

A [(^ - 40) - 0.4R]R 


2md r(<i> - 40 - 0.4R)R1 
lxAi<l>~ 40) lid> - 40 - 0.4R)RoJ 


Eq (2-3S) 


and for upward motion, Ro > R 

2md {<!> + 40 + 0.4Ro)R 
' 'uA(^ + rk)) “ {4> + 40 + 0.4R)Ru 


Eq (2-39) 


These equations may be used in the range of 2 < R < 500, a very im- 
portant range in many practical investigations. No simplification is 
gained in solving in terms of v, which is easier to do directly from the 
Reynolds number identity, R = pnvd/ n. The calculation of the distance 
traveled by a particle in intermediate motbn is somewhat involved, but 
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offers no serious difficulties in so far as an explicit rt'Iation Iietwoen s 
and t is concerned. 

We come finally to the solutkni of the case of vertical motion in the 
turbulent region. Here Cr = 0.44, and on integrating for dmouward 
motion and development in terms of the values involved, ICcj (,2-20) be- 


comes 


^ Ifmid 
t — — r7^-=:In 


~( Y ie. -t 3>\i 

- v)\v,a + !'o/ J 


4.5w, 

5 = — ^In 


pAs/ Cji^ 

{Vm + fo) exp + (I’m - I’o) 


2l»„ 


1C(1 (2-ltl) 
- v„t Eq (2-11) 


Integrating for negative (upward) motion and reducing as before gives 


, 4.5W , r (so - 

t = — -i — tan ^ ; r 

PoAa« L w + J 


Kq (2-12) 


4.5w r am cos (0.44 p(,Av,„t/2m) + I'n sin (().'14 M/tr,„^/2w')X., 

P(A L I'm J ' “ ' 


In Eqs (2-40) to (2-43) the value of a,,, is obtained from <j> by setting it 
equal to 0.44R‘-* = 0.44 poVmd/p, so that 


I'm = 


V f(p - Pll)/« 
0.22 ppnA 


The maximum height of rise can be determined from ICqs (2 42) and 
(2-43), by setting a = 0 whence 


^mar — 



Kq CJ-ll) 


Let us discuss one other case. vSuppo.se a ])artide has attained its 
terminal velocity and is then suddenly subjected to a horizontal flow of 
fluid, the particle first having fallen through relatively motionless fluid. 
If tlie particles are large and if the horizontal velocity of fluid after the 
particle has reached its terminal velocity is much less than the hori- 
zontal velocity pf t he fluid (for air » , < a „/ 3) , then Eris (2-18) and (2- 1 0) 
may be integrated, so that 




Vj 


KpoCuAVm) . 


1 


— I’m^ 



pCiftAVtttl 

~'2m 


)] 


Centrifugal Motion 


The force acting on a particle moving in a circle about a fixed ixjint is 
F “ tt,d^(p — po)i2<i)* 
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where R is the radius of the circular path and co the angular velocity of 
the particle expressed in radians per unit time. Equating this to the re- 
sistance of particles obeying Stokes’ equation, Eq (2-1), we obtain 
the centrifugal settling velocity in the streamline zone, v„ 

= f ((~^) ^ (2-45) 

The ratio of this equation to Eq (2-6), which is the settling velocity 
under gravity, gives the following result: 

Vc = V 

g 

Since w = V,/ R where is the tangential velocity, we obtain 

^ w Eq (2-46) 

The term Vt^/Rg is called the “separation factor,” It indicates the 
amount of increase in settling obtained by centrifugal action as against 
gravity. Eq (2-46) indicates that for a given velocity of fluid the sepa- 
ration factor increases with decreasing radius of path. 

If we are concerned with the position of the particle at any point 
R from the axis of spin, then 

— po)w®i? “ kyd ^ 

For spheres, = ?r/6 and k = Stt. Hence, we have 

JL ^ _ avd^ (p — po)ctf^ 

R dt ky 

Integrating between and 

1„«; . Eq(2^7) 

where Ri and Rt are the initial and extreme positions of the particle. This 
gives a method for computing diameters of exceedingly small particles 
and is fundamental to the theory of the ultracentrifuge. 

The above equations apply to motion in a frictionless fluid. The 
complete equations describing the motion of a particle moving about a 
fixed center are easily determined by vector analy^. Referring to 
Figure 5, let v, be a unit vector along the tangent and v, the unit vector 
directed along the radius R. Then 

V = v,o 
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and 


dv (iv , (Iv, 

,» - ,7/ + 7// " 

Referring to the figure, we note that dvi has the direction of v, and magni- 
tude do, so that 


dv 

dt 



+ v,v 


do 

dt 


The distance traveled by the particle in the tinic dt is vdt] hence 

RdO = vdt 


and, substituting above, 


dv 

It 



+ v. 


'R 


Since the motion is everywhere tangential, v = v,, 



<ht 

dt 


+ 


V, 


R 


Kq (2-lK) 


If the particle moves with a fluid having a tangential velocity vi,„ then 
the relative velocity of the particle with respect to the fluid is = v, 


Vt 



Figure 6. Relation op VBLocrrsr Vectors 
FOR Centrifugal Motion. 


=* Of Hence, since we consider v^f constant, the last equation above 
becomes 


(h 

dt 


dVt , t)(“ 

'■S + ^'R 


The s^popd tf rp op t}i^ right is not reduced relative to the fluid since the 
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radial acceleration depends only upon the absolute tangential velocity 
ol the particle. But = Vrd^ldt = —x^Vt/R and 



where the terms in parentheses denote the accelerations in the direction 
of the corresponding unit vectors. 

If we now take into account the resistance of the fluid to the motion 
of the particle, remembering that the relative velocity of the particle 
with respect to the fluid is contained in the relation 

= v/ + {ut - \,y 


we obtain for the equations of circular motion of a particle resolved along 
the radius and tangent: 


_ pCsAv/Vr 

dt R \ pvi^ ) 2m 

= _ III' 4. - V,) 

dl R '2nt 


Eq (2-49) 


Eq (2-50) 


For streamline motion and for spherical particles the above equations 
reduce to 


dVr 

dt 

dvt 
dt 

These equations as well as Eqs (2-49) and (2-50) are difficult to solve, 
but following Lapple and Shepherd (1940) we may obtain a solution for a 
special case by asstuning that the particle moves at the same speed as 
the fluid {V( = V( = %<) and that the radial acceleration dyr,Jdt = 0. 
Thus Vf — Vr and Eq (2-49) reduces to 

- _ 2 mv,^(j> - po) 

~ ppoRCiA 

In the case of streamline motion, for a spherical particle this e(^uation 
becomes 




R.\ pv? 


pd^ 


VjVr l,Siu(Uo, - V,) 

R ■ ' p(P 


Eq (2-51) 
Eq (2-52) 


„ - po)d® 



which is Stokes’ law for a constant settling rate in a centrifugal Add. 
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If CO represents the angular velocity, then for the last cciinUion we may 
write 


^C0^(p — (H))(P 
IHjji 


K<i (2 53) 


PARTICLE P- 


which is identical to Eq (2-45). 

Continuous Centrifuge — Let us consider the motion of ])arlide 8 in a 

long vertical rotating cylinder constantly fed from the lK)ttom with a. 

sUvSpeUvSion of tinc‘ particles. As 

the cylinder s]>ius at high speeds, 

EXIT the vsuspension moves so as to 

j 2 zzzz!| 1^273 form a layer next to the cylinder 

; : wall, leaving an air column of 

-Jr, ; radius R formed along the axis. 

:\ ^ : Dimensional and other details of 

' \ , ... 

; \ ; such a rotating cylinder, con* 

— •R2-^; stituting what is essentially a 

1 I ; Sluuides su])ercentrifuge, are 

PARTICLE P--.. : \ I ; sllOWU iu I^'igurc (). 

I ; Particles entering at the bot- 

' I I ; tom will in general follow an 

I I : expimding helical path ; the 

: 1 j 1 : heavier particles are. separated 

; 1 j I : near the inlet to the rotating 

j; ri 1 1 1 I cylinder and the finer ones 

graded in smallness until the 
suspension reaches the overflow 
^1^ — FEED NOZZLE wctr at the top. At this point 
Jr B fltics are cut off which have not 

■feed ^ws<i^Axis OF ROTATION had thiic to roach the cylinder 

FiGtmE 6. SECTION or a Suteroentri- 

jjugb. outlet especially pr(ivick>(l for 

them alouff the wall. 

If the upward motion of the suspension is very slow and the radial 
motion of the particles is streamline, the equations governing the Ik-Iiuv- 
ior of particles in the suspension can be derived by a method due to 
Hauser and Lynn (1940). Since the particles are distributed over a 
thickness of jRa — Ri, our problem is somewhat complicated with regard 
to the initial location of any particle and its absolute path through the 
concentric ring of suspension. However, while shaiqi fractionation by 
size as determined by a measured position in the cylinder (all particles 
assumed of the same density) cannot be obtained, positions along the 


SU SPENSION 

FEED 


•FEED NOZZLE 


AXIS OF ROTATION 


Figure 6. Section op a Supbrcbntri- 
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y-axis designated by Ai and may well represent the paths of identical 
particles. For practical purposes we shall regard the size dispersion as 
limited to narrower extremes, a condition possible to obtain by mechani- 
cal means. 

The vertical motion of a suspended particle for a volumetric feed of Q 
is determined by the equation* 


dy 

dt 


Tr(Ri 


M ( 

? - R,^)\ 


7?i^lnf + 
A.2 


R . R^- Ry 


Eq (2-54) 


where dimensions correspond to those shown in Figure 6, and if is a 
function of the bowl and is represented by the relation 


K = 


Ri^ - Rx^ 




R{^Ri^ - In § 

jfCo 


The radial motion of the suspended particle is that given by Eq (2-53) 
that is, 


dR ^ uHi {p - po)d^ 
dt ' ' ISp 


Eq (2-55) 


where the terms are as defined elsewhere in this chapter. 
Dividing Eq (2-54) by Eq (2-65), we obtain 


(iy 

dx 


mKQn 


T{Ri^ - Ri^)d'^(^^R{j> 


J? , R,-R?\ 


For constant values of Q, w, p, and p — po, we have, on integrating be- 
tween the limits y = 0 when R = Ro, and y = y when R = Ri, 


mKQp 




Ri^)dW{p 


r 122 RiV. RA , Ro^ - -Ran 

— In ^ - -^(^In Jj + ^ J 


Eq (2-56) 


In this equation J?o may be regarded as that position at entrance, meas- 
ured from the axis of rotation, such that all particles of diameter d will 
reach the point A on the cylinder. Note that while y = f{Ra, d), it is 
clear that d is itself not an independent variable, but is also a function of 
J?o. Hence 

If we denote the bracketed term in Eq (2-56) by x (called the centrifuge 
factor), and let 


t - *•" R\^)<^^(fi — Po ) 

• ^ Lamb, H., Hydrodynamics, 34 ed., Camb. Utdvl Press, 1^.’ 


Eq (2-57) 
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which may be called the modulus of seditnenlalioii. IC(| thou 

becomes 

y == 

Also, since Q oc d^, 

Q 2 4 “ 

Qi dr 

That is, for separating a given size at a fixed y-position of the cylinder 
allthatisrequiredisto vary the flow of suspeuvsioii through the cylinder, 
Hauser and Lynn developed the curves showing the relation betwc^en 
y and x and y and Rq, Thus, for any value of y, we may calculate the 
diameter of a particle separated : 

d = VxJiy 

Motion op Particles in a Vibrating Fiui-d 

This problem is encountered in the theory of coagulnUon of purlteles 
in sonic fields. 

Consider a stationary sound wave. It is composed of a progressive 
wave traveling from right to left, and a reflected wave tniveliiig in the 
reverse direction. Let the amplitude of the wave be A, n its frcciuency, 
a any point along the horizontal axis connecting two nodes, X the wave 
length, and t any instant of time for which a displacement .v is to be 
measured. Then for the first wave, 

X = A cos 2T(nt a/\) 

and for the reflected wave, 

X = —A cos 2ir(;nf. — a/K) 

Hence, combining the two waves, the resultant displacement is 

2x = A cos 2ir(nt + «/X) — A cos 27r(M/ — a/K) 

= —2 A sin 2ir nt -Hin Attg/X litl (2-59) 

The rate of change of this displacement will then be. (in an absolute 
sense) 

^ = 2rAn cos 27mf'siu-^^^ li<l (2-00) 

Now considcar a particle having a diameter d and vibrating with an 
amplitude equal to that of the stationary wave; let its motion be in ac- 
cordance wi& Stokes’ law. The resistance to motion will tlien be 

(51 == Sr/juiAv Bq (2-01) 

where An denotes the relative velocity between the wave and the patiicks. 
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If dXp/(It denotes the velocity of a particle of mass m, then from Eq (2-60) 
and Eq (2-61), 

~ cos 27rw/,sin 

Considering a spherical particle, m == 7 rpia./ 6 , and solving for we ob- 
tain 


A sin (27ra/X) sin (2 t nt — (/>) 
a/ - f 1 


Eq (2-62) 


where 4> is the phase relation between the particle and the gas element. 
Hence, combining Eq (2-59) in a positive sense with Eq (2-62), and as- 
suming 0 = 0 , that is, the motions of gas and particle are in phase 


Thus we see that the ratio amplitudes for the particle and the sound wave 
(or gas element), for constant values of p and ju, depend upon the term 
nd!^ ^ so that for a particle having a diameter d the ratio corresponds to 
one and only one frequency n. Therefore, we conclude that riA? is a 
critical function determining the behavior of a particle in a vibrating 
field. 

In passing it is of interest to point out that Reynolds’ criterion for 
turbulent motion of vibrating particles has been found by Andrade 
(1936) to occur when 


2imAdii.l > 4.6 

where the terms are as before defined. Andrade states that this equa- 
tion has been checked experimentally for spheres above 0*25 mm in 
diameter, and for frequencies of almost 1200 cycles per sec. He also 
gives reasons why the expression is valid at higher frequencies including 
the supersonic, provided the dl’s are consistent with the equation pro- 
posed. 


Relative Motion 

An interesting situation arises with reference to the application of 
particle dynamics to fluids and may be stated as follows: Suppose a 
fluid moves with a velocity ?; in a duct; the motion of this fluid is deter- 
mined in accordance with the variables stated in Eq (2-4) ; now inject 
into this moving fluid a particle of diameter d having an initial velocity 
What is the motion of the particle? 

We observe that Reynolds’ criterion for pipes which distinguishes 



40 


MICROMKRITICvS 


turbulent from streamline flow has a value of 2500, wliereUvS tlu' valu(‘ of 
the criterioti for particles is about 1.0, as may be seen in W^un‘ Hut 
we must not be led astray by such criteria. Turbulent motion of a 
particle in a still fluid is a localized condition, while turbuUmoe iti a fluid 
in motion is general. As we have shown, turbulence denolCvS a devStruc- 
tion of parallel shearing elements in the fluid so that motion becomes a 
function of fluid density only. Hence, a particle injected into a, turbu- 
lent fluid behaves as though its Reynolds niuuber, R^,, is greater than 1 .0, 
even though its true value may actually be less. 

In general we may summarize the above in two statements as follows: 

(1) If a fluid is in streamline motion, the motion of a i>article injected 
into it may be streamline or turbulent, depending upon whether the 
relative velocity between the fluid and the particle is greater or less 
than 1.0. Thus, 

for streamline motion R^, = < 1 .() 

Po 

for turbulent motion R;, = > I .() 

po 

A?; = 1^;, - v\ 

(2) If the fluid is in turbulent motion, the motion of a particle in 
jected into it will be turbulent, regardlcvss of the relative velocity l>etween 
the particle and fluid. 


Problems 

1. A particle of sand (p « 2.05) having a diameter 0.1 cm is dropped frotn rest at 
the surface of a flume of water moving at a velocity of 300 cju per min. Assuming 
that the flume is of great depth and the velocity of the water is uniform throughout, 
describe the path of the particle. 

2. Show that particles of sand having diameters of 0.1, 0.2, and 0.3 cm, which enter 
the flume in the above problem at a fxxed point, have different paths attd that they 
can be separated according to size at moderate depths below the surface. 

3. A sphere 0.7 cm in diameter having a density of 11,0 h projected into air in a 
horizontal direction from a nozzle with an initial velocity of 1000 ft per sec. Calcu- 
late the distance required for the sphere to conic to rest. 

4. A spherical particle having a diameter of 200 fjt and a specific gravity of 2 0 is 
placed in a suitable horizontal screen. Air is blown through the screen vertically. 
Assuming a temperature of 20 deg C, calculate the velocity required to just lift the 
particle. 

5. Calculate the settling rates for particles having diameters of 0.01, 0,03. and 
0.05 n with and without Cunningham^s correction. Assume settling in air at 20 deg 
C and a specific gravity relative to air of 8.3. 

6. Discuss the application of models in the study of the behavior of particles in a 
fluid stream. See paper by Kenneth D. Nichols, '^Observed Eflfects of Geometric 
Distortion in Hydraulic Models, Trans. Am. Soc. Civil Em.* i;04i 1488-1509 (1939). 



CHAPTER 3 


SHAPE AND SIZE-DISTRIBUTION 
OF PARTICLES 


V OLUMES and surface-areas of regular geometrical solids are readily 
determinable. It is only when we are required to consider irregular 
particles that our problem becomes difficult. Indeed, no known method 
is available for defining an irregular particle in geometric terms. We 
cannot assign to it length, bread^, and thickness in a manner permitting 
accurate determination of volume or surface-area, as in the case of a 
regular parallelepiped. 

The problem of volume and surface measurement would seem to be 
even more formidable in the case of an aggregate of irregular particles. 
However, this is not necessarily true, since statistical methods are avail- 
able for evaluating the surface-area and volume of aggregates. These 
methods are based on the measurement of a single dimension, referred 
to as the ‘ 'diameter* * of the particle. If this diameter is measured in a con- 
sistent manner for a large number of particles, the values obtained may 
be averaged in several ways. The surface-area and volume of the aggre- 
gate are based on the number or weight of particles having the “average 
diameter** thus determined. The theory of dimensions requires that the 
surface-area be proportional to the square, and the volume proportional 
to the cube, of the dimension used. 

EQUIVALENT PARTICLE^SHAPES 

Characteristics of Single Irregular Particles — For any irregular 
particle we may substitute an equivalent particle: a cube, a sphere, or 
other geometrical figure having the same volume or surface. For 
statistical purposes and for reasons of convenience it is customary to re- 
duce a particle to an equivalent sphere, using a single parameter — ^the 
distance between the extreme limits of a particle along a fixed direction. 
Determination of the nominal sphere is as follows: the volume is deter- 
mined by displacement in water, and this volume is equated to the vol- 
ume of a hypothetical sphere having an equivalent diameter. 

The volume of a sphere is known to be hence the nominal or 

equivalent diameter, of the particle is that given by the equation 

41 
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6 X volume of particleWs 


Eq (3-1) 


In other words the nominal diameter of any particle is the diameter of a 
sphere having the same volume. If there are N particles per gram, atid 
the density of the particles is p, then 




Eq (3-2) 


where dn is the nominal diameter of the particles. 

An indirect method may also be utilized in obtaining a measure of the 
particle-diameter. This method may be btxscd either on Stokes’ law 
of a falling body, Eq (2-9), or upon Newton’s law, E(i (2-10), depending 
upon whether the particle is large or small. The pi-oeedure for obtaining 
the average diameter by this method is as follows: The time required 
for the particle to pass two fixed points in a suitable liquid modiuni is 
observed. This permits computation of the average velocity of the 
particle between the fixed points. Since Newton’s or Stokes’ laws relate 
the diameter of the particle to its velocity in any given medium, we may 
af once obtain a so-caUed “effective” diameter for the particle. Tlu.s 
diameter is the diameter of a sphere which takes the .same length of time 
to fall between two fixed points in the malium as docs the irregular 
particle. The effective diameter has become increasingly important 
through development of the Oddn balance and sedimentation studies, 
discussed in later chapters of this text. In addition to diHicultics in its 
determination, the effective diameter is influenced not only by the den- 
sity and size of the particle, but also by its configuration and the condi- 
tion of its surface. Thus, two particles having tlic same nominal diame- 
ter and density may have different effective diameters. 

The “nominal” and “effective” diameters described above are widely 
used. However, many other diameters arc also possible. Ik>r example, 
we may outline the configuration of the particle with ii camera Incida. 
The area of the configuration may then be obtained by a planimeter or 
other device, and the diameter of a circle having an equivalent area de- 
termined. This diameter may be applied to the pJirticle witli suitable 
corrections for magnification. The precise value of this approach is dif- 
ficult to determine. Again, we may take the average of tire longest and 
shortest dimensions of the particle with a camera lucida, or the geo- 
ihetric mean of these dimensions. In fact the parameters possible for 
expressing the diameter of a particle arc and must be a matter of choice 
since any suitable consistent procedure of measurement is related to the 
volume or surface of the particle. An irregular sand particle does not 
possess a definite diameter; it merely possesses a definite volume and a 
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definite surface-area which, in accordance with the theory of dimension^ 
vary, respectively, as the cube and as the square of the dimension, 
thus we are required only to choose some consistent method of selecting 
a diameter. 

Circularity and Sphericity — It is only natural that some measure- 
ment of circularity or sphericity should have been evolved for classifying 
particles as to shape. Wadell (1934c) developed measurements for 
sphericity and circularity which proved to have valuable hydrodynamic 
characteristics. He defined the degree of true sphericity as 

S^JS = ^ degree of true sphericity 

where 5' is the surface-area of a sphere having the same volume as the 
particle, and 5 the actual surface-area of the particle; the limiting 
value for p is 1.0, which occurs when the particle is a sphere. Since 
measurement of sphericity is exceedingly difficult, Wadell developed a 
closely correlated measurement which he called circularity, that is, 

C V C — ^ — degree of circularity 

where C' is the circumference of a circle having the same cross-sectional 
area as the particle (a camera-lucida image), and C is the actual perime- 
ter of the cross section. Wadell then proceeded to show that when 
movement of irregular shapes through a fluid medium is considered, the 
circularity of these figures (as above defined) can be correlated with re- 
sistance to flow and Reynolds number. Wadell found that measure- 
ment of circularity or sphericity could be obtained by dividing the nomi- 
nal diameter dn by the diameter dsm of the smallest sphere circumscribing 
the particle. By putting ^ = dn/dsm> Wadell determined experimen- 
tally that for values of djdsm > 0.8, ^ ^ approximately, and that for 

values of djdsn < 0.8, p = lir + 0.1. To a close degree of approxima- 
tion \p may be replaced by ji. 


DETERMINATION OF MEAN DIAMETERS 


Average Diameter — ^The arithmetic average of various particle- 
diameters is simply the sum of the diameters of the separate particle^ 
divided by the number of particles. Let wi, etc., be the number df 
particles having diameters di, d^y ds, etc., respectivdy, then 


nidi + fhdn + — + nndn 
Wl + W2 + .... + ^» 


l>{nd) 


Eq (3-3) 


where 2) denotes the sum of the terms indicated. The method for com^ 
puting the arithmetic average of a group of measured particles is showU 
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in Table 4. The computation method is sclfrcvidcnt. The sizc-p^roups 
are in intervals of one /i (Column 1) ; the average mid-size of the group 
is given in the second column; the third column gives the number of 
particles within the size-groups shown in the first column. 

Table 4 — Method of Determining the Average Diameter of 245 Particles 
Measured by Means of an Optical Micrometer 


SijBC- group 
(microns) 

(1) 

Mean of 
size-group (d) 
(microns) 

(2) 

Number of 
partices in 
each size 
(3) 

Value of 
nd 

(2) X (3) 

0- 4.9 

2.5 

2 

6.0 

5- 9.9 

7.5 

10 

75.0 

10-^14.9 

12.5 

56 

700.0 

15-19.9 

17.5 

82 

1435,0 

20-24.9 

22.5 

35 

787.5 

25-29.9 

27.5 

22 

005.0 

30-34.9 

32.5 

26 

845.0 

35-39.9 

37.5 

7 

262,5 

40-44,9 

42.5 

5 

212.5 


^ 4927.6 

“ 245 

245 

(2n) 

« 20.1 M 

4927.6 

( Snd ) 


Geometric Mean—'lh.t geometric mean d, is the «th root of the prod- 
uct of the n particles measured 

dg ™ did^di • . • . d'H 
or in logarithmic form to the base 10 

intr A = ^og log da + + «» log d„ _ X (n log d) 

^ ' ni + » 2 + .... +n„ Wn 

Eq (3-4) 

where the «’s are as previously defined. The geoinetric mean is tilways 
less than the arithmetic mean. The method for computing the logarith- 
niic mean is similar to that used for the arithmetic mean. The data 
given in Columns (1) to (3) of Table 4 are again presented in Table 5, 
for computing the geometric mean. 

Harmonic Mean — ^Another average of some usefulness is the har- 
monic mean. This mean is the reciprocal of the diameters measured, 
and is given by the equation 

” « 1 4. 1 J. -L 1 
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where is called the harmonic mean diameter. If there are n\, wa, , . . 
K„ particles corresponding to the diameters di, di, . d^, then the 
equation takes the general form 


1 ^ 

d^J^ d 


Eq (3-5) 


Mean values determined by this equation are always lower than the 
geometric mean (and hence the arithmetic mean) of the same quantities. 


Table 5 — Method of Determining the Geometric Mean Diameter of 245 
Particles Measured by Means of an Optical Micrometer 


Size-group 

(microns) 

(1) 

Mean of 
size- group (d) 
(microns) 

(2) 

Number of 
particles in 
each, size 
(3) 


Log d 
(4) 

« log d 
(3) X (4) 

0- 4.9 

2.5 

2 


0.3979 

0.80 

5- 9.9 

7.5 

10 


0.8751 

8.75 

10-14.9 

12.5 

56 


1.0969 

61 43 

15-19 9 

17.5 

82 


1 2430 

101.93 

20-24.9 

22.5 

35 


1 3522 

47 33 

25-29.9 

27.5 

22 


1.4393 

31 Cfi 

30-34.9 

32.5 

26 


1.6119 

39 31 

35-39.9 

37.5 

7 


1.6740 

11 02 

40-44.9 

42.5 

5 


1.6385 

8.10 



245 



310.42 


log dg 

310,42 

245 

1.267 




antilog 1.267 ^ d„ ^ 

18.5 

M 



The harmonic mean is related to the specific surface. Thus, if N is 
the number of particles per unit-weight considered as spheres, p the 
density of the particles, and d their mean diameter, 

= 1 

and since the specific surface (surface of the particles per unit-weight) is 
Nxd^ = Swf substituting this value of in the above equation we have 

(3-6) 

Median Diameter — ^The median is that diameter for which 50 per- 
cent of the particles measurwi are less than stated size. The median 
may be determined approximately by reference to Column 3 of Table 4. 
It will be. noted that 123 particles are smaller 20 jU) and that the 
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precise 50 percent value is between 15.0 and 20 /x. The exact value may 
be determined by summation as shown in Table G, or by plotting the 
data as in Figure 7. The 50 percent value is then easily interpolated, 



Figxtrb 7. Determination of Median Size. 


and is 16.8 jx, which compares favorably with the value obtained in 
Table 6. 

Table 6 — Method of Summation for Determining the Median Diameter of 
245 Particles Measured by Means op an Optical Micrometer 

Size-group 

(microns) 

Number of 
particle.*} In 
each size 

Number 
less than 
maximum size 
of groups 

I^crcent of 
particles in 
each size- 
group 

Percent less 
than maximum 
size of group 

0- 4.9 

2 

2 

0.8 

0.8 

5- 9.9 

10 

12 

4.1 

4.9 

10-14.9 

56 

68 

22.9 

27.8 

15-19.9 

82 

160 

33.6 

01.3 

20-24.9 

35 

185 

14.2 

76.6 

25-29.9 

22 

207 

9.0 

84.6 

30-34.9 

26 

233 

10.6 

96.1 

35-39.9 

7 

240 

3.0 

98.1 

40-44.9 

5 

245 

1.9 

100.0 


245 


100.0 


Interpolating: 






CL3 - 50 

20 — 




61.3 “ 

20 * **^*^*^ 

1 w 16.3 M 
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Statistical Diameters — In calculating the average size of measured 
particles attention should always be given to their ultimate use. The 
arithmetic or geometric mean and the median have no physical sig- 
nificance. It is desirable to devise other averages relating to definite 
physical properties, such as surface or volume. For example, if the sur- 
face of an aggregate of particles is to be determined, more weight should 
be given to finer particles than would be the case if the arithmetic- 
average size were used. The surface of a unit-weight of material in- 
creases as the particle-size decreases; hence the surface offered by each 
size-group must be given due weight. Similarly, if the volume of par- 
ticles is a primary consideration, the average diameter must be based on 
the volume of particles in each size-group. The use of other kinds of 
average diameters for the computation of a specific property is of great 
practical importance in the study of pigments, fillers, and other industrial 
materials. 

Perrott and Klinney (1923) and Henry Green (1927) stressed the im- 
portance of the above factors in determining average size, and gave suit- 
able formulas for this purpose. Their formulas follow: 

mean diameter (length) = Eq (3-7) 


mean volume diameter 
mean surface diameter 




2n 

2 « 


mean volume-surface diameter = dL, = 




weight mean diameter = = 


2nd* 

2nd* 


Eq (3-8) 
Eq (3-9) 
Eq (3-10) 
Eq (3-11) 


Eq (3-7) represents the summation of the smface-areas divided by the 
summation of the diameters. It gives a mean based on the surface ob- 
served, and the volume or total surface of the particle does not enter into 
the calculation. As an average it is comparable to the arithmetic and 
geometric means. ■ 

Eq (3-8) is based on the average volume and may be said to be that 
diameter whose corresponding volume divided into the total volume 
gives the total number of’particles. Thus, if d is the particle diam- 
eter, and V — the total voluipe, then 


V - 2nd* 
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Now r/j® is a measure of the volume of an average particle, and S« is the 
total number of particles. Hence 

= -d/ 

^ ® I'End^ 


The value of thus determined is larger than the average diameter com- 
puted with Eq (3-7). 

The diameter ds of a hypothetical particle having an average surface- 
area is given by Eq (3-10). The total surface is measured by Xnd^ 
where, as before, n is the number of particles having a diameter d. 
Since is the total number of particles, then 


=vi 


On the other hand, if the total surface of a unit-weight of the material 
(i.e., specific surface) is desired, we may utilize the average diameter as 
calculated by Eq (3-11). If the particles are regarded as spheres or 
rectangular parallelopipecls, then the diameter may be detennined by 
means of Eq (3-G). 


If y is the weight percent of particles of diameter d and specific surface 


= sy5/ 


±td^ 


If d., is the average diameter, as in Eq (3-10) 

^ „ 6 ^ 6 6 / 1 \ 

\ -Znd^ J 

where n is the number of particles of diameter d. Hence, substituting 
for Sv, its value C/ip, we obtain 


4 . =- 


p j 'Siitd^’Qldp 

V 
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Ihus, since the average diameter is a linear dimension independent of 
weight and specific gravity, the average diameter calculated by Eq (3-10) 
may be considered as based on specific surface per unit-volume. The 
average diameter obtained by this method, in the opinion of Perrott and 
Kinney, represents the diameter which should be used in the computa- 
tion of specific volume-surface. Thus, if we are concerned with estimat- 
ing the particle-surface of a given volume of particulate material we 
should use the average diameter obtained by application of Eq (3-10). 

The formula given by Eq (3-11) is based on the surface of a unit- weight 
of the particles and gives an average diameter larger than those calcu- 
lated by other methods. The basis of the equation follows: if y is the 
percent of particles having a diameter figured as a percentage of the 
total volume, we have 

~ hyd 
nd^ 

^ 'Lnd? 

SO that, substituting the value of y, 



In the computation, the fourth moment of each diameter is multiplied 
by the number of particles corresponding to it, and the cube of each 
diameter is multiplied by the number of particles corresponding to it. 

The computations entailed in determining the average statistical 
diameters just discussed are given in Table 7. The computations are for 
a distribution of sizes given in Table 4. It is obvious from this table 
that values of are more than twice as great as the next largest statis- 
tical diameter d^* The use of a correct diameter giving proper weight 
to the physical property to be measured is apparent. 

With uniform particles the difference between the statistical diameters 
diminishes. When all particles are the same size, the statistical diame- 
ters are the same. 

Correction for Thickness of Particles — ^Weigel (1924) indicated 
certain corrections which must be applied for flat or tubular material. 
He assumed that the particles under consideration were cubes having 
a side d and surface If the cube is split one way, the surface be- 
comes + 2d®, and if split three ways the surface becomes 6d® + 6d®, 
or 12d®, Thus, if the cube is cut by a number of planes parallel to the 
observed side, the increased surface is equal to twice the number of re- 
sulting paraielopipeds less one, multiplied by the square of the diameter. 
If the average thickness of the particles is expressed as a percentage of 
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Table 7 — Computation op Statistical Diameters of a Distribution op 246 
Particles Measured by Means op an Optical Micrometer 


Mean 
of size 
|:roup (fi) 

Number of 
particles in 
each size 
in) 

ind) 

indi) 

ind*) 

indi) 

2.5 

2 

5.0 

12.5 

30.3 

75.6 

7.5 

10 

75.0 

562.5 

4,218.8 

31,640.6 

12.5 

56 

700.0 

8,760.0 

109,375.0 

1,367,187.6 

17.5 

82 

1435.0 

25,112.5 

439,488.8 

7,691,063.1 

22.5 

35 

787.5 

17,718.8 

398,071.9 

8,970,117.2 

27.5 

22 

605.0 

16,647.5 

457,806.3 

12,589,072.0 

32,5 

26 

846.0 

27,462.5 

892,531.3 

29,007,205.6 

37.5 

7 

262.5 

9,843.8 

369,140.6 

13,842,773.4 

42.5 

5 

212.5 

9,031.3 

383,828. 1 

10,312,096.2 


245 

5127.5 

115,141.4 

3,055,091.1 

89,782,481.2 


(2w) 

{Snd) 

(2nd^) 

{2nd^) 

(Snd*) 

, 2nd 

20.9 iu 

Eq (3-3) 

d, « 

- 21.7 

\ 

M Eq (3-9) 

, StkJ* 

22.2 M 

Eq (3-7) 

d%% 


Eq (3-1(1) 

d. = = 23.0 m 

Eq (3-8) 

dxD 

on A 

2nd^ “ 

Eq (3-11) 


the observed diameter, the cube so subdivided will have a new surface, as 
follows; 

- 

where S is the thickness of the particles in percent of the observed diame- 
ter. If 100/8 be represented by c 

surface = d* (4 -f 2c) 

and the ratio of the new surface to the old is (4 + 2c) /O. The new 
specific surface then becomes 

e 4 + 2c G 

and the corrected diameter, is 

^ 6p(4 + 2c) “ T+Wc 

6dp 

In practice the average diameter is calculated in the usual way (see 
Table 4). Then the thickness of enough particles to provide a fair 


surface = 6d* -f 2 
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average from the smallest to the largest is measured. The thickness of 
each size is calculated as a percentage for that size, and the resulting per- 
centages are averaged and used in Eq (3-12). 

This method of taking into account the thickness of particles can only 
be regarded as approximate. It depends on careful focusing from the 
top to the bottom of the particle. If the particles are fairly large, good 
results may be obtained, but if they are small and exceedingly thin the 
results may be seriously in error. Thus far no satisfactory method has 
been developed for the study of flat or fibrous particles. Indeed, it is 
questionable whether the methods for measuring particles outlined above 
can be applied to conditions other than those in which the particles are 
more or less uniform as to sphericity, or to length, breadth, and width. 

SIZE-FREQUENCY CURVES 

When the percent frequencies of various particles are plotted against 
the mean of size-groups, we obtain what is called the * ‘size-frequency^^ 
curve. Figure 8 shows the size-frequency curve for the particular ex- 
ampl'e given in previous tables. This curve was obtained by plotting 
the frequencies given in the fourth column of Table 6 against the mid- 
group diameters given in the second column of Table 4. It will be seen 
from the figure that the curve is triangular in shape and somewhat 
asymmetrical. The arithmetic mean and median are indicated. Note 
that the arithmetic mean divides the curve into two areas of equal size. 

It is evident that the median and average particle-size are influenced 
by the shape of the size-frequency curve. Two widely differing types 
of distribution may have the same average size or the same median. 
In fact there is an infinite variety of size-frequency curves having a given 
mean or median. Thus, it is clear that parameters other than the 
median or average are necessary to define a size-distribution.* 

It is to be noted that the curves of Figures 7 and 8 are closely related. 
The summation curve of Figure 7 is the sum of frequencies below a 
stated diameter d. Mathematically, the relation may be expressed as 
follows: 

where F{d) is a function defining the frequency distribution of particles 
having diameters di, ck, d,, etc., the successive differences being infinitesi- 
mal. The term q is defined as the sum of particles greater or smaller 
than a stated size d, for which the proper sign is applied. If g(d) is the 


* Chapter 23. 
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function ckTining the smumation curve, then between any two particles 
with (Hamclcrs di and (k we have* 


q{c!i) - q{d';^ 




F{d) d{d) 


Eq (3-13) 


Extendiii ^ tliese defniitions we have further that F{d) denotes the ordi- 
nates of the distribution function, and F{d)*d{d) the number of particlCvS 
in the interval d% — d\ — Ad. If the data include a wide range of sixes, 



Figure 8. Size-frequency Distribution for Examples 
IN Text. 


it is often best to plot frequency against the logarithm of size. The 
term d now becomes In d and 

dq = F{d)-did) = ^^F{d)-d-d{d) = d{\n i)‘d-Fid) 

SO that 

It is usual to plot d^F{d) against In d, instead of F{d) against d, for dis- 
tributions extending over a wide range of sizes. 

No restrictions are placed on the form of F{d), but for most particle- 

In order to avoid confusion between the differmUal of d and the dhmekf d, 
the latter is enclosed in parentheses. 
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size detcniiinations the size-frequency curves obtained follow the proba- 
bility law. The usual normal-probability equation applies only to 
distributions which are symmetrical about a vertical axis. Since most 



SIZE OF PARTICLE 

Figure {). Normal- and Skewed-probability 
F uNcnoNs. 


distributions are asymmetrical or “skewed/^ the normal law does not 
apply. Nonnal and asymmetric probability curves are shown in Figure 
9. Fortunately, in most instances the asymmetrical frequency curves 


can be made symmetrical and 
thus follow the normal-proba- 
bility law, if the logarithms of the 
sizes are substituted for the sizes. 
This means simply that if frequen- 
cies are plotted arithmetically, 
and the corresponding sizes loga- 
rithmically, the resulting curve 
is syrometrical. The importance 
of this fact was shown by Hatch 
and Choate (1929) who adapted 
the normal-probability curve and 
utilized its parameters to define 
the most common types of 
partide-size distributions. The 
data plotted in Figure 8 are shown 
replotted in logarithmic grid in 



SIZE OF PARTICLE (MICRONS) 

Figurb 10. Logarithmic Plot or Data 
Shown in Figurb 8. 


Figure 10. It is seen that this method of plotting results in a symmetrical 


curve. 


The equation of the nomaal-probability curve, as applied to size- 
frequency distributions, is 
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F(d) = = 


z,n 

r\^27r 


•exp 


(d - 40 


Kq (3-15) 


where F((Z) is here defined as the frequency of observations of diameter 
df Hn the total number of observations, d^^ the arithmetic average of ob- 
servations (Eq 3-3) and o* the standard deviation, given by the following 
expression 


<r 


V 


^ mn{d - davY\ 




Eq (3-16) 


The constants dav and <y therefore couipletely define the frequency-dis- 
tribution of a series of observations. 

If we now consider an asyninietrical distribution, and for and a 
substitute the logarithms of their measurements, we have 


F(A) = 


'2n 

log 2ir 


•exp 


(log d - log d;)^~ 
2 log- 0 -, 


Eq (3-17) 


where d, now refers to tire geometric mean, Eq (3-4), and ff, is obtained 
from the equation 

log <r, = Eq (3-18) 

T 2!» 

The terms log dg and log <r, are called log-geometric mean diameter and 
log-geometric standard deviation, respectively. 

One other parameter regarding size-distribution may be mentioned, 
namely the mode, or the value of d for which the size-frequency curve is a 
maximum. For example, in Figure 8, this value occurs for d = 17.5. 
If the distribution were symmetrical, that is, if the frequencies were 
evenly distributed about a line passing vertically through the mode (see 
Figure 9), the mode, mean, and median of the size-frequency distribu- 
tion would be the same. If the distribution were moderately asym- 
metrical or skewed, then the relation between these averages would be 
given by the equation (see Yule, 1927) 


mode s= mean — 3(mean — median) 


This equation applies to a smooth curve tlirough the points, and is there- 
fore more accurate when applied to data obtained with small size- 
intervals. 

Other Size-Frequency Distribviims — Since it is conceivable that 
there is a smallest particle below which no other particles are found, and 
also a largest particle above which no larger particles are found, the 
size-distribution curve is limited at two extremes. It is probable that 
a most general type of particle-distribution occurring in nature is a 
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combination of what may be termed the hyperbolic and the skew-proba- 
bility distributions denoted by A and B in Figure 11. In general, a 
random sample of particles measured along a single direction by means 



Figure 11. General Type of Size-frequency Distribution. 


of a microscope follows a probability distribution. There will be one 
size which occurs more frequently than any other, and as we proceed to 
sizes right or left of this maximum the frequencies decrease. 

It will be shown in another chapter that a possible type of distribution 
generated by certain processes is of the hyperbolic type (see Chapter 22), 
The number of particles increases with decreasing size until we reach 
the dimensions of molecules, atoms, and electrons. There appears to 
be no definite limit to which material may be subdivided. As the par- 
ticles increase in size they become relatively fewer in number. The 
hyperbolic curve is a close approximation of the subdivision , of matter 
in the universe. 

PLOTTING OF SIZE-FREQUENCY DATA 

Hazen (1914) developed a special grid for plotting size-frequency data 
so that the resulting curve is a straight line. This grid consists of a sys- 
tem of coordinates based on a probability scale, that is, a scale based on 
the probability integral. On this scale, which may be considered as the 
ordinate of the system, ate plotted the cumulative percent oversize or 
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undersize. The abscissas consist of either an arithmetic or logaritlimic 
scale on which arc plotted the diameters of the particles measured. 
Thus the coordinates of a point P(x, v) denote the total percentage of 
the number or weight of particles (y) above or below the diameter (ac). 
Whether the ordinates are plotted as larger or smaller than a stated size 
is a matter of choice. 

If the size-frequency data fit Eq (3-15) and arc plotted on aritlinietic- 
probability grid, the resulting summation curve is a straight line. 
Similarly, if the curve is asymmetric so that Eq (3-17) applies, then the 
data plot as a straight line on log-probability grid. As an example of 
this method the data of Figure 7 are shown replottcd in Figure 12. 



PERCENT LESS THAN STATED SIZE 

Figure 12. Loo PROBAinurY Re-plot op Data Illustrated in Figure 7. 

Now, it has been found that most particles of a sample measured at 
random obey either of the two probability laws given. However, one 
matter of some importance must be held in mind. When plots arc made 
on either probability grid, the distributions must be asymptotic on both 
extremes. For practical reasons the particles measured have a smallest 
particle and a largest particle. Therefore, the distribution is not asymp- 
totic and plots on probability grid often depart from the straight line at 
the extremes. This would be of some concern if it were not for the fact 
that the areas extending from the extremes to infinity are negligible com- 
pared with the area contained under the distribution curve between the 
largest and smallest particles measured. Altliough Eqs (3-15) and 
(3-17) apply only to asymptotic distributions, they represent fairly well 
most conditions encountered in practice. 

The amount of labor involved in computing mean diameter and 
standard deviation is reduced by using probability grids. The mean 
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value for both types of grid is obtained by reading the size corresponding 
to the value of 50 percent on the probability scale. In the case of an 
arithmetic-probability plot, the mean is a simple arithmetic average, 
davi while from a log-probability plot the 50 percent size is the geometric 
mean, 

The standard deviations may also be obtained easily from the grids 
based on relationships derivable from the probability equation. Thus 
for arithmetic-probability plots 

0 * = 84.13 percent size — 50 percent size 
= 50 percent size ~ 15.87 percent size 

and 


<r s=: 84.13 percent size _ 50 percent size 

^ 50 percent size 15.87 percent size 

UNIFORMITY 

The standard deviation of a distribution of particle-sizes is a measure 
of particle-uniformity. This measure does not pertain to the shape of 
the particles themselves, but only to the fact that the particles are 
closely or openly sized; that is, whether the particles are more or less 
of the same size, or have widely different sizes. It may be shown by 
statistical theory that approximately 68 percent of the observations fall 
between dav cr, and approximately 95 percent of the observations fall 
between d^^ =*= 2<r. 

This method of obtaining the measure of uniformity is generally 
useful when particles are measured with an ocular micrometer. While 
there are many different methods of expressing uniformity, we shall con- 
fine ourselves to the three most widely used. 

(I) Uniformity Coefficient — ^The uniformity coefficient is used in 
sieving aggregates, and is determined by dividing the size opening which 
will pass 60 percent of a sample being screened by the size which will 
just pass 10 percent. Both the CO percent size and the 10 percent size 
may be estimated by plotting a summation curve. When the uniform- 
ity coefficient is low, particles are more or less uniform in size. On the 
other hand, when the uniformity coefficient is high the sizes are widely 
distributed. The ‘^effective’' size,*^ which has been defined as the open- 
ing which will just pass 10 percent of the particles (by weight), is often 
taken in the same sense as the median or average. A great amount of 
experience has accumulated on the use of effective size since the idea 

Not to be confused with the effective diameter determined by Stokea* law dis- 
cussed earlier. 
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was developed by Hazen (1892). It is generally applied to water-filtra- 
tion practice. 

(II) Measure of Asymmetry — A. measure of the asymmetry of a 
distribution (its departure from the normal-probability curve) is widely 
used among statisticians. This measure is as follows; 

. mean — mode 

asymmetry - ,ta..dmd deviation 

Thus, when the mean and mode coincide, asymmetry is zero and the 
curves are symmetrical. There is no upper limit to the ratio, but for 
most particle-size distributions ordinarily encountered in practice the 
value does not exceed unity. The mode may be replaced by its approxi- 
mate value, mean — Ziynean — median), if desired. 

(III) Kramer’s Modulus — Kramer (1985), in studies on tractive 
forces involved in model channels, developed an expression for measuring 
uniformity which depends on the ratio of the areas above and below the 
50 percent line, as indicated in Figure 18. Kramer's uniformity modu- 
lus is the ratio of the area below to the area above this line. The modu- 



FIGURB 13. SCHEMATIC-SUMMaXIOH CTOVB SHOWIMO 
Mexhod of Dbxbrminino Krambr's Modulus. 

lus possesses the following characteristics; (1) for a unifonn grain size 
its value is 1 ; (2) for a unifonn distribution V»1 (3) the addition of fine 
or coarse materials to a given mixture tends to reduce its value. 
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The modulus is also said to be a measure of the voids ratio. It has a 
maximum value of 1 for uniform material, and smaller values if finer or 
coarser materials are added. When the voids between the large particles 
are filled with smaller particles the modulus decreases. However, it is 
hard to conceive that Klramer’s modulus is any more suited to such repre- 
sentation than the standard deviation. 

For any general curve of the type shown in Figure 13 and when the 
percentages less than stated size are expressed on a weight basis, we 
have 

w*100 

2 dAw 

mean grain diameter = — 

S w 

W wO 

and 

w«50 

S dhw 

Kramer’s modulus = K = 

S dLw 

w — 60 


PARAMETERS FOR DETERMINATION OF AVERAGE 
PARTICLE-SIZE 


Ilatch-Choate Equations — It was shown that the usual types of size- 
frequency distributions may be summed and plotted on log-probability 
grid. The mathematical relationships applying to such distributions 
were shown to be given by Eqs (3-15) and (3-17). Furthermore, we 
indicated how an average diameter of a distribution may be obtained, 
and demonstrated that there are many other kinds of averages to suit 
the different pjxysical properties to be measured. However, following 
Hatch and Choate (1929) we now show how Eqs (3-3), (3-8), and (3-9) 
may be combined with Eq (3-17) (for an asymmetrical distribution) to 
obtain diameters indicative of (a) a theoretical particle having an aver- 
age linear dimension, (6) a theoretical particle having an average sur- 
face area, and (c) a theoretical particle having an average volume; thus 


j _ SM 
^ ~Zn 


S« i 

^ CO 

r d-exp 

n ^ 

(log d - 

-logW 

d log d 

S»>log(r,'N/27r 1 

2 lOg^ (fg J 

%/ 

U 


Eq (3-19) 

2n 1 

X* 00 

f <i*'exp 

n 

(log<f - 

-Iogrf,)»1 

d log d 

2»-Iog <r,\/2w I 

2 log* <r, J 

•/ 

V 


Eq (3-20) 
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rf,.' 


Ijnd^) _ 


^ 5 !_ r_ (!2s4^zMion,„„gj 

S»-log<r,\/2x / L 2 1og*<r„ J 

Eq (3-21) 

These expressions may be integrated and the following equations ob- 


tained: 


^nd) 


= exp (log dg 4- 0.5 log- <Tg) 
^ = exp (2 log d, + 2 log* o„) 


2n 


zn 


= exp (3 log + 4.3 log* <t„) 


Eq (3-22) 
Eq (3-23) 
Eq (3-24) 


Reduced to log base 10, we have 

log da. = log dt + 1.151 log* cr„ Eq (3-25) 

log 4* = log d/ -1- 4.605 log* cr, Eq (3-26) 

log d.* = log dj* -f 10.362 log* a, Eq (3-27) 

From these equations we see that once the geouietric-nicun size and the 
standard deviation are determined, we arc in position to compute the 
diameter of a particle having an average surface area and an average 
volume.* Hatch and Choate tested these equations and found gen- 
eral agreement with laboratory measurements. 

We note in passing that Eq (3-23) and Eq (3-24) may be cotubined, 
giving 

do + 2.5 log* or^) Eq (3-28) 

Taking logs to the base 10 

log d.. = log d, + 5.757 log* <r, Eq (3-29) 

which is the surface per uuit-voluinc. It may also be shown that the 
harmonic mean 

dft = - log d, - 1.151 log* Eq (3-30) 

Rollefs Equations — Roller (19376) recently developed a law of size- 


If the frequency curve follows the normal-probability law, Bq (3-15) may be de- 
veloped in the same manner as for the asymmetric case. The results are more com- 
plicated. Thus 

ds* dap* 4 <yS + 4crda»/V2ir 
d^* « dap* 4 CdapW'S/S^ + 3<r*datf 4 
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distribution which relates the weight percent and the size of finely di- 
vided materials. He developed the following equation: 

w = aV^-exp (- b/d) Eq (3-31) 

where w is the weight percent of all material having diameters less than 
dy and d and b axe constants. Eq (3-31) may be differentiated with re- 
spect to d to obtain the frequencies in weight percent per unit of diameter. 

dw /I b \ 

2® ■ “ (5V3 vs) ^ 

The equation may also be written as a number-frequency law by noting 
the relation between weight and number, as follows: 

dw ~ pd^-dn 

where n is the number of particles, p the density, and d the diameter 
of the particles. By substituting dw from this equation into Eq (3-32) 
the frequency distribution is obtained. 

The equation for mass distribution, Eq (3-32), represents a bell- 
shaped curve which has a maximum at a diameter d = The value 
of dm may be determined analytically by differentiating Eq (3-32) and 
setting the derivative equal to 0. The value of dm so determined is 
dm — 0.828&. Eq (3-33) may also be differentiated and set equal to 0, 
and we find that dm' = 0.228&. The values of the constants a and 5 
may be determined graphically from the experimental data. Thus, Eq 
(3-31) may be written in the form 

Bq(3-34) 

If wf'\/d is plotted on a log-scale against 1/d, the resulting curve is 
called the characteristic line. The intercept of the curve (assuming it is 
a straight line on semi-log grid) is log a, while the slope is equal to 
6/2.303, 

Roller extended his basic equation to determine the specific surface 
and the number of particles per gram. He has shown that the specific 
surface is given by tiie equation 




1064 a 
P y/b 



Eq (3-36) 
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where a and h are determined as defined above. Roller’s etination for 
the number of particles N per gram is as follows: 

^ = - -7.1 X K)«> Eq (3-36) 

Roller obtained good agreement with an extensive amount of experi- 
mental data. However, the application of his equation is dependent on 
straight-line plots between log w/'\/d atid \/d in order that a and b 
may be determined. Roller’s equations appear to have no distinct 
advantage over the Hatch-Choate equations. 

Rosin-Rammler Equation — Rosin and Rammler (19310 proposed an 
equation which in some respects is similar to Roller’s basic equation, Eq 
(3-32). Their equation fits size-frequency data of friable material such 
as coal, but otherwise does not have the wide application of the Hatch- 
Choate and Roller equations. The Rosin-Rammlcr equation is 

M = 100-exp Eq (3-37) 

where n is the number percent of particles having a diameter less than 
df and c and b are constants. This equation obviously plots as a straight 
line when n is plotted on a log-log scale, and the size of the particle d on 
a log-scale. It should be noted that when dinBq (3-37) , n =« 100/ exp 
— 36.8 'percent. If the data arc plotted so that n is the percent of par- 
ticles having a diameter d^ then the value of n corresi)ou(ling to c ^ d is 
(100 — 36.8) = 63.2 percent. The value of d corresponding to this 
value of n on the plotted data gives the value of c. The constant b 
is analogous to the standard deviation. In other words, if b is large the 
particles are closely grouped, and if b is small the particles are dis- 
tributed over a relatively wide range. The constant b, of course, is the 
slope of the curve plotted as outlined above. 

Eq (3-37) may be written in a different form. Let n/lOO — and 
(1/cy ^ a, so that 

uq = exp (•— ad^) 

and 

^ - oW^-i-exp (- ad'-) 


which gives the frequency-distribution. The constant a is easily de- 
rived. If, for example, the weighted average diameter of a sieve 
analysis is da„ we have 


dua “ 




aW*-exp (- ad^)-d(d) 
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Integrating and solving for a. 



Substituting above 



and 


a/IAY ^ 


•exp 




which give the summation and distribution equations in terms of the 
weighted diameter. 

Comhination of Distributions — ^Frequently two size-distributions 
are given from which it is necessary to determine the average size of the 
combination and the standard deviation. The procedure for obtaining 
the new parameters consists in weighting the arithmetic average of the 
means. Thus if and dy denote the average diameters of two distribu- 
tions, and <Tx and <ry the corresponding standard deviations, then the 
average diameters and standard deviations of the combined distribu- 
tions are 


Eq (3-39) 

I «* + w, 

where «* and % are the number of particles in each distribution. 

Spedal-Distribuiion Equations — There are many other types of 
equations to fit the asymmetric distributions of the type discussed above. 
Slade (1936) developed a special type of asymmetric probability func- 
tion which is very general. His developments have since been extended 
by A. Fisher (1936). In addition there are frequency curves developed 
by Pearson and other statisticians, and the reader is referred to other 
sources for information pertaining to them. (See Elderton, 1938.) 
These functions are involved and form a subject of considerable in- 
tricacy. For the general purposes of obtaining information on the 
parameters determining size-distribution, it will be found that the best 
distribution is one which gives the simplest equation. , If the distribu- 
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tion is similar to the type shown in Figure <S, we may utilize either arith- 
metic-probability or log-probability grid to determine the nature of the 
distribution. If the curve is symmetrical about its maximum then we 
may use a simple arithmetic-probability grid. The equations developed 
in this chapter have the widest application and are most useful in deter- 
mining simple parameters. 

PARTICLE-SHAPE FACTORS 

Henry Green (1927) andG. Martin e/fl/ (1923) have shown that in irregu- 
larly shaped particles of a material having a statistical diameter and a 
volume F, F/d/ = a constant. The various particles of the sample to 
which dif applies will possess different individual volumes but the total 
sum of the individual volumes for a distribution of particles having the 
same average diameter will be constant. If the particles arc indi- 
vidual spheres of different sizes, the value of the constant will be tt/G. 
However, as Martin and others have shown, the value of this constant is 
less than tt/G. This reasoning may also be extended to surfaces, so 
that if S is the aggregate surface-area of a group of particles possessing 
an average diameter then S/d^^ = constant. The value of this con- 
stant for irregular particles will be less than tt. If the volume constant 
be denoted by and the surface constant by a.?, then 

F = aA* Eq (3-40) 

S = Eq (3-41) 

The terms and are called volume and surface shape-factors, respec- 
tively. Some interesting derivations to which the Hutch-Choate 
equations may be applied are dcducible from these relatiotiships. Let 
iVbe the number of particles per unit-weight of material having a density 
p. Then 

F ^ — adv^ Eq (3-42) 

If Sto is the specific surface, that is, the surface area per uxxit-weight of 
material 

S--SN- a; Eq (3-43) 

Values of of*, have been obtained for several materials by different investi- 

* Berg (1940) criticized this procedure and proposed a multiparameter distri- 
bution function. Berg's equation is more general, but computation of the param- 
eters is laborious. 
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gators and are shown in Table 8. Because of the irregularity of par- 
ticles and the use of statistical diameters, the value of and a.^ may vary 
with different samples of the same material It has been shown by 


Table 8 — Values of Volume Shape-Factor for Different Materials 


Material 

Mean 

diameter 

Shape- 

factor 

(at) 

Source 

Quartz 

1.7-64.2“ 

0.140 

Hatch and Choate (1929') 

Calcite 

1.2-69.0* 

0.135 

Hatch and Choate (1929) 

Granite 

1.5-72.0” 

0.140 

Hatch and Choate (1929) 

Crushed quartz 

0.089‘ 

0.15 

DallaValle and Goldman (1939) 

Crushed quartz 

0.19‘ 

0.17 

Martin (1923) 

Crushed quartz 

0 22* 

0.28 

Martin (1923) 

Crushed quartz 

0.26' 

0.28 

Martin G923) 

Crushed quartz 

0.30' 

0.27 

Martin (1923) 

Crushed quartz 

0.36' 

0.27 

Martin (1923) 


® Geometric mean in microns. 

^ Geometric mean in centimeters. 


Average volume diameter, =* '^'Znd^J'Ln. 


DallaVaUe and Goldman (1939) that for representative samples having 
the same size-distribution the probable error of may exceed 10 per- 
cent. 

Applying the Hatch-Choate equations for and to Eqs (3-42) and 
(3-43) we obtain 

log = log — - log - 10.362 log* a, Eq (3-44) 

P^tt 

log = log - log d, - 5.757 log* Eq (3-45) 

fiOtf) 

If now we write S, to represent the surface of a unit-volume of particles, 
then by means of Eq (3-30) it may be shown that 

log S, = log -* - log d, - 1,151 log* <r, Eq (3-46) 
«« 

Thus, the surface-area and volume of irregular particles are seen to be 
functions of the statistical parameters d, and <r,. The relationships 
established are particularly important since they take into account the 
shape of the size-frequency curve. 

The ratio of surface to volume factors is a useful measure of partide- 
shape, as shown by Fair and Hatch (1933). Thus, for rounded partides 
Of/ a, is approximately 6.1; for worn partides, 6.4; for sharp partides 
7.0; and for angular partides 7.7. (For spheres a,/ a, = 6.) A similar 
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and almost identical classification for sand particles was also obtained 
by the Corps of Engineers (1935a). Its classification was as follows: 
well-rounded, rounded, sub-rounded, sub-angular, and angular. It may 
be assumed that as a close approximation the well-rounded and rounded 
particles correspond to the factor 6.1 given by Fair and Hatch. The 
classification “sub-rounded,” developed by the Corps of Engineers, 
corresponds to the Fair and Hatch classification of “worn.” 

Specific Shape-Factor—Tlio: shape-factor may be defined in another 
way. Let there be N particles of weight w, and density p. Then the 
diameter of the particles is 


d - 



Va 


The surface will be so that 


surface = 




Eq (3-47) 


The term in brackets is also a measure of particle-shape and may be 
termed the specific shape-factor of a particle. For spheres (a, — tt, 
= 7r/6), we have = 4.85, and for a cube = 6. llie specific 
shape-factor for irregular particles is usually greater than (LO. 


Problems 

1. The following is a size-frequency distribuliou of fiy-ash: 


Size microns 

Frequency 

Size microns 

Frequency 

40 

3 

180 

24 

00 

n 

200 

13 

<S0 

20 

220 

0 

100 

22 

240 

5 

120 

29 

200 

0 

140 

41 

280 

3 

100 

25 




From this distribuliou calculate the average diameter Plot the wsize-frequetiey 
curve. 

2. From the distribution given in Problem 1 determine the median size. 

3. What is the skewness factor of the distribution in Problem 1? 

4. Plot the summation curve of the data given in Problem 1 on log-probability grid 
and obtain the logarithmic standard deviation. What is the value of the uniformity 
modulus? 

5. Using the distribution given in Problem 1, calculate the diameters dp, 
dp, and dvs. 

6. What is the shape-factor for a regular dodecahedron, otie of whose faces is 
units in size? 

7. Two samples are taken from two bins containing fine material. Four hundred 
particles are measured from the sample taken from one bin* and the average size and 
standard deviation found to be 5.16 p and >^1.23 p, respectively; from the otdim; bin, 
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j 275 particles are measured, the mean being 6.72 ju and the standard deviation =*=1.06 
fi. The products contained in the two bins are then mixed. What will be the aver- 
age diameter and standard deviation of the mixture, assuming that the number of 
particles in each bin is approximately as. the number represented by the samples? 

From the data of the above problem calculate the standard error of the difference 
of their means. Note: The standard error of the difference of the means is given by 
the equation 

fii m 

where and <ti are the number of particles and standard deviation of the sample from 
the first bin, and and crz the same for the second bin. This equation shows whether 
the two universes from which samples were drawn differ in their means, apart from 
any difference in dispersion. 

8. Given a sample of particles of different mineral composition. A representa- 
tive portion of these particles is placed under a petrographic microscope and each indi- 
vidual grain in a number of fields is identified and measured. If the densities of each 
of the components is known, as well as the shape-factor of one of them, indicate the 
method to be used in obtaining the percentage by weight of each component. (See 
Goldman and DallaValle, 1939.) 

9, Several of the important distribution functions are special cases of the formula 

F{d)‘d{d) = ud"^-cxp {-hd^)-d{d) 

whore F{d) denotes a distribution by weight. Some of these special cases are known 
by the names of the investigators who first studied them. 

Thus: 

Whm exponents are: The equation^ is known as 


m 

n 


3 

1 

Martin’s law 

3 

n 

Heywood’s law 

m 

2 

Weinig’s law 

n 1 

n 

Rosin-Rammler’s law 

m 

0 

Gaudin’s law 


Discuss these possible distributions as they relate to the example given in the text 
of this chapter. 

10. Fagerholt (1945) gives as a general parameter for the size distribution of 
ground products 

/(d) ^ a-ln d + bd c (^) 

an equation which involves the determination of three parameters, a, b, and c. 
Corresponding to this arc the weight and surface distribution. 

m •«« - 0 + ») • ;^ op (S, 

the functions F(d) and dS applying to a size interval d + d(d) — the integrated value 
of the last equation being the surface per gram of material. 

Differentiate equation (B) and show that two maxima are possible for the distribu* 
tiem curve. 



CHAPTER 4 


METHODS OF PARTICLE-SIZE 
MEASUREMENT 


V ARIOUS methods are available for dctenniuatioii of average size. 

The method selected depends upon the kind of material to be meas- 
ured. If particles arc confined to narrow limits of size, screens or micro- 
scopic methods of direct measurement may be used. When particles 
are distributed over a wide range of sizes we must choose indirect meth- 
ods such as sedimentation or centrifuging. There is no simple method 
of measurement in either case, and the results arc not always susceptible 
of interpretation unless the composition of the material is known. This 
will be even more evident when we consider sedimentation methods 
applied to particles varying widely not only in size but also in density. 

DIRECT METHODS OF PARTICLE-MFASURKMENT 

Sieves — ^The simplest method of measuring average size of particles 
is to use standard sieves. These sieves arc composed of wire-mesh 
cloth with openings of known size. By passing a sami)le of the material 
to be measured through two sieves, the particles retained on the second 
sieve are said to have a diameter equal to the arithmetic or geometric 
average of openings in the two sieves. If three successive statidard sieve 
sizes are used, the size of the material contained on the second sieve is 
said to be the arithmetic or geometric average of the first and third 
sieves. However, this is not generally the preferred procedure. It is 
customary to use as many sieves of a standard series as are necessary to 
size all the particles; this is explained in Chapter 5. The average size of 
sieved material thus obtained may be determined by any of the meth- 
ods given in Chapter 5. 

Microscopic Measurements — The average size or diameter of a dis- 
tribution of particles may be obtained by measuring the particles at 
random along a given fixed line. With large particles this procedure 
may be followed with dividers or a rule. Fine particles require the use 
of a microscope having an eyepiece fitted with a filar micrometer. The 
sample to be measured is mounted on a glass slide and examined under 
ordinary magnifications or under oil immersion. It is placed under the 
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objective of the microscope, and each particle in the field of vision meas- 
ured by an optical micrometer. 


The optical micrometer for direct measurement of particles consists of 
a movable cross-hair built into a standard ocular. This cross-hair is 
actuated by a calibrated micrometer drum. In use, the hair is moved 
until it touches one edge of a particle. The reading on the micrometer 
drum scale is noted. The hair is next moved across the particle to its 
other extreme, and the micrometer reading again noted. The difference 
between the two micrometer readings is a measure of the particle-length. 
Since the micrometer drum may be cali- 
brated with a stage micrometer the read- 
ings may be expressed in any units desired. 

In actual practice it is usually simpler to 
work in terms of the divisions of the drum 
rather than in microns or millimeters. 

The constants of the distribution curve, 
which are the only items concerned here, 
may ultimately be converted into the 
units desired. In using the filar microme- 
ter all the particles in a field are meas- 
ured and counted. Figure 14 illustrates 
the method of measuring particles. The 
distance measured is that traversed by 
the moving hair or filar in the micrometer 

from one extreme edge of the particle to the other. The significance 
of this type of measurement, which is termed statistical, has been 
explained by Martin et al (1923) : 



Figure 14 . 

TICLB-SIZB 


Method op Par- 
Measurement. 


* 'Suppose we select at random out of all these particles, say 1000 of 
precisely the same apparent diameter cf, and then place them in a box. 
Then these 1000 particles thus sorted out would form a grade whose 
statistical diameter is called d. 

"As the 1000 particles lie in all sorts of haphazard directions, their 
diameters are measured in the long run with ecjual frequency in every 
direction and therefore .... they may be considered as replaceable by 
1000 spherical particles of the same diameter d,** 

As a general rule 1000 particles are not required to obtain a statistical 
distribution unless the range of sizes varies over wide limits. For most 
measurements 200 particles are sufficient. The use of the filar mi- 
crometer is tedious and incurs serious eye-strain. To overcome this diffi- 
culty particles may be projected on a large ruled screen or grid. The 
particles will then be sufficiently large to be measured by eye. The use 
of photographs is also c^uite common. 
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For many types of granular material the camera luoida has been found 
useful. This device consists of a prism arrangement on the eyepiece of 


a microscope so that the particles 



PiGtJsB 16. Forms of Graticolbs 
Pb^ignbd by Fairs (1943). 


are projected downward to one side 
of the table on which tlic microscope 
rests. By means of the camera lu- 
cida the observer obtains an enlarge- 
ment of the particles so each may 
be outlined with pencil and pai)er. 
Of the various methods thus far 
developed, a projector has proved 
most satisfactory, unless very high 
magnifications are used. In tlie 
latter instance the outline of the 
particles is blurred since resolution of 
the lens system may be such that 
sharp focus of the boundaries of the 
particle cannot be obtained. 

Fairs (1943) has criticized the 
metliod of linear measurements 
above described. He points out tliat 
the didmetcr so measured does not 
correspond with the Stokes or effec- 
tive diameter dt, but is usually 
greater. The importance of avoid- 
ing some “shape” factor to convert 
d to dt is obvious; but over and 
above this lies the fact that a linear 
measure is of statistical interest only, 
as already inferred. A diameter, to 
be useful must be related to mcjas- 
ures of mass or surface. Schweyer 
(15)42) in his comprehensive analysis 
of particle size techniques (about 
which more will be said later) hai 
dealt with tins subject in detail. 

Fairs’ investigation of microscopic 
measurement consisted of two partst 
(1) Type of illumination for improv* 
ing the resolution of the microscope 
^stem, and (2) the development of , 
a series of grattculee for the direqj; 
oomparisoiKtf the projected 
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areas. In the first instance it was found that the use of a sodium- 
vapor lamp gave better definition to the finer particles, so that sizes 
as small as 0.5 fx could be measured. Fairs also found that more 
particles less than 1 // in size could be observed with sodium-vapor 
illumination than with ordinary light and that the eyestrain was 
lessened. Other experiments using a zinc- vapor lamp improved the res- 
olution to 0.36 /i, but in this case the eyestrain was severe and further 
experiments were abandoned. 

The second part of Fairs^ study consisted of an improvement in the 
graticule system first used by Patterson and Cawood (1936). Instead 
of a single graticule (inserted in a X 10-eyepiece of the microscope), 
Fairs developed three such graticules. In this way, using different ob- 
jectives but retaining the XI 0-eyepiece, he was able to examine a wide 
range of particle sizes. The circles of the three graticules arranged as 
shown in Figure 15 covered a range 128:1, The size intervals between 
the various circles, except for the two lowest, were arranged in '\/2 pro- 
gression. Such an interval between successive circle diameters is highly 
desirable and there is little to be gained by decreasing it. 

It will be noted that rectangles are provided with each graticule. 
These are subdivided in a convenient manner so as to simplify coverage 
of the field. Thus, in measuring, the particles in each rectangle are com- 
pared visually with the graticule system and the number of the circle 
which best fits it is recorded. Fairs recommends a special procedure for 
estimating the number of areas which should be used to obtain a repre- 
sentative size distribution. This procedure is important when the 
magnification is changed, although if the size range is such that change 
is not necessary, good size distributions should be obtainable with com- 
parison of about 250 particles, provided that all particles in the rectangle 
are measured. Otherwise the following procedure is used : Suppose the 
-graticule is used with a 24-mm objective and that for the moment we 
are concerned with the number of particles fitting the [ll]-circle in n 
areas examined. Let the number be N. Then the frequency per sq mm 
is iV/a24 where ctfn denotes the area of the rectangle. If now the diameter 
of the [U]-circle corresponds to the [16]-circle when a 16-mm objective 
is used, and if N' is the count of particles fitting this circle in n' areas, 

N ^ N' 
a%n aiflw' 

where Cxe is the area of the rectangle when the 16-mm objective is used. 
Placing N » N\ the number of areas to be used with the 16-mm ob- 
jective is 
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U = 

( If. 

This procedure should be followed in cases where a change of magnifica- 
tion is required to cover the size range. Table 9 illustrates the overlap- 
ping of the B-graticule with different objectives. 


Tabi.e 9 — Effect of Magnification on Size of Circles and Rr^CTANOxrr.AR Areas 
OP Fairs' /^-Graticule, Fi(iURE 15 


Area of 

Objective: rectangle Circle ilosignation and diameter of circles (microusl" 

(mm) (aqram) [Kil HU 18] ir.71 HI [81 |l| 


24 0.33 03 43 32 22 10 8 4 

16 0 13 40 , 28 20 14 10 5 1.5 

4 0.005 8 5.5 4 3 2 1 0.5 


“ Calibration made with a stage micrometer. 


Fairs’ technique appears best suited to suspensions, although reason- 
able success should be achieved with dried specimens. Hemocytomatic 
cells are preferable in the former instance because of the thinness of the 
field examined, thus permitting a sharper focus on the plane of the 
particles. 

A comparison of the procedure outlined for determining particle-size 
indicates that the diameters so obtained correspond with the de diameters 
of sedimentation procedures. Fairs attributes this coixesiiondeucc to 
areal matching inherent in his technique. However, agreement with 
surface diameters determined by turbidimeter was not wholly satisfac- 
tory. 

As compared with the linear microscopic technique, two facts stand 
out with regard to Fairs’ contribution : (1) That a uniform dispersion of 
particles is necessary, and (2) that complete fields should be examined 
rather than random particles. Usually, linear measurements are made 
on dry samples, which do not have a uniform dispersion of particulate 
matter and are also quite dense. The use of the filar, of course, tends 
to cause the technician to be selective, thus favoring the larger particles. 

INDIRECT METHODS 

The indirect methods depend upon the use of sedimentation, elutria- 
tion, or centrifuging. The sedimentation method can be applied in 
numerous ways to the determination of average particle-iameter. 
These will be developed in subsequent paragraphs. far the elutria* 
tion method has not been used extensively as a method of particle-size 
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measurement, although it has been applied industrially in many ways. 
Centrifuging was developed in recent years for the separation of particles 
of extremely small size. For particles of the order of 0.5 ix it has been 
used successfully in a number of instances. 

(I) Sedimentation Methods 

• Theory of Sedimentation Methods — Development of the sedimenta- 
tion method and generalization of all possible techniques was done by 
Od4n (1915, 1921-1922, 1925). Sedimentation techniques depend on 
Stokes' law, as developed in Chapter 2, Eq (2-9). It will be noted that 
for a given density and viscosity of fluid the equation reduces to 

d, = KVv = Eq (4-1) 

where v is the velocity of the particle at a point x, at a given time L 
Thus to solve this equation we need only observe the time required for a 
particle to move a given distance. However, this procedure becomes ex- 
ceedingly tedious when applied to a large number of particles, especially 
if the particles are fine. The mathematical developments given here- 
after may be explained as follows : Suppose the particles to be measured 
are evenly distributed at the start of the experiment and have the same 
density. Assume further that the fall of each particle is independent of 
the others — a condition which will hold true if the concentration of the 
particles is not high. (It is customary to utilize concentrations which 
are not greater than 2 percent, although as much as 5 percent is fre- 
quently used.) If concentrations are too high, the particles begin to 
interfere with each other and some coalescence and coagulation may take 
place. Now if all the particles were of the same vsize they would sink 
with the same velocity, and the particle-concentration in the medium 
would be constant at any point x until the top layer of particles began 
moving past this point. This takes place when particles having a ve- 
locity V = x/t (which at the start were in the top layer) have passed the 
point X, When the particles are not uniform but of various sizes, they 
fall ,with different velocities. The size-distribution of particles varies 
all along the length of the suspension and the concentration decreases as 
the sedimentation process continues. Fixing our attention on such a 
suspension of particles at a distance x from the surface, at a given time t 
from the beginning of sedimentation, some of the particles will have 
passed below this level and approached the bottom. These particles 
have a velocity greater than x/t. Our problem is to develop a suitable 
equation which will determine the precise size-distribution of the par- 
ticles at any point and at any time. If F(d) defines a frequency function 
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(weight frequency of particles having a diameter d), the value of the 
summation function q is then determined by the equation 

w - - ^ 

The sign in the present instance is negative if we regard g as the num- 
ber of particles greater than a given diameter d. We are not concerned 
with the form of either g or F{d) for the time being. The technique in- 
volved requires only that we determine the size-distribution graphically. 
With sedimentation methods the form of frequency function is important 
mathematically only in so far as it explains the relationships of the vari- 
ables measured. 

From the discussion previously given we have that at a depth x and 
a time t all particles whose velocity v is greater than x/t will be descend- 
ing through this layer and will be in the same concentration as at the 
time L Let p be the density of the solid material, po the density of the 
fluid, and Co the initial concentration of the suspension (weight of par- 
ticles per unit-volume of liquid) ; the density of the suspension at any 
point X and any time t is then given by the equation* 


0 = PO + Co ^ ^ r Fid) -did) Eq (4-2) 
f> Jo 

where ^ is the density of the suspension and d is defined by Stokes’ equa- 
tion, Eq (4-1). From these two equations may be derived the possible 
methods for determining particle-size distribution. 

Pipette Method — A. widely used method for determining size- 
distribution consists in drawing samples of tlie suspension at various 
times from a fixed depth or from different depths at a fixed time.f Such 
samples may be drawn with a calibrated pipette. The samples are then 
evaporated to dryness and the residue weighed. Of the two possible 
methods for using the pipette, the one based on a fixed depth is used. 
The basic equations involved in the final computations of the data col- 
lected are given below. 

Assume it is desired to find the variation of specific gravity and con- 
centration with time at a given distance from the surface. In Eq (4-2) 
we have t variable and x constant. Hence, substituting the value of 
d as given in Eq (4-1) 


d(p 

dt 




.Fid) 


* For the analysis of this equation, as it applies to various techniques of particle- 
size measurements, I am indebted to the writings of Sven Od^n. 

t The effect of pipette tube on the representatives of the sample drawn is discussed 
in Chapter 23, 
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From Eq (4-]) 

jKa/S = : 

so that substituting this value of in the above equation and solving 
for F{d) 


F{d) = - 

2p 1 t d<p 


p — Po Co d^ dt 


when / — 0, Eq (4-2) becomes 



<pQ = Po 

+ a 

P 

Eq (4-3) 

so that 



F(d) == - 

2 t d<p 

Eq (4-4) 

Po — Po df dt 


where is the initial density of the suspension. 

Now if C denotes the average concentration at the point in question 
at a stated time and (pt is the density of the suspension at that time, that 
is 


I P ““ Po 

<pt ^ po + L 

P 

then combining this equation with Eq (4-3), we obtain 

~ = £ = $ 

<P0 ~ PO Co 


Hence Eq (4-2) becomes 


2/ ^ 

“ d,'dt 


Eq (4-5) 


If the pipette sample is now taken at different depths of the suspension 
at a definite time / (/ = constant) Eq (4-2) becomes 




Co 


Po 


Fii) 


or substituting d,l’s/x for and the value of Co in Eq (4-3) 

F(<i) = — 1 

ipO --- po de dX 

As in the previous analysis, if now 


Eq(4-6) 


<Pt — PO + 
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defines the density of the suspension at x, and C is the corrcspondin^cf 
concentration, so that 

<Px Po ^ ^ ^ 

<PQ — Po Co 

then 

= if-f 

We present here two procedures for applying the pipette method: 
The first used by the IT. S. Department of Agriculture (Ohnstcad et al, 
1930), and the other described by Keen (1931). Both of these methods 
pertain to the determination of silt and colloids in soil suspeusions, rather 
than to a size-distribution. However, the descriptions given indicate 
the manner of using the pipette. 

In the Department of Agriculture method, the sedimentation chamber 
contains only fine material with low settling velocities. The suspension 
in the sedimentation chamber is stirred and an aliquot is quickly taken 
with a 25-cu cm automatic pipette. After the suspension has stood 77 
min at 20 deg C and again after 8 hrs, aliquots are taken at a depth of 10 
cm, the material in the chamber being stirred thoroughly each time at 
the beginning of the sedimentation period. The portion drawn at the 
end of 77 min represents particles of less than 0.05 mm and consists of 
what is known as the silt-and-clay portion. The size determined after 
8 hrs represents particles of clay having diameters less than 0.005 mm. 
The difference between these quantities gives the amount of silt which, 
according to the Department of Agriculture classification,* ranges from 
0.05 to 0.005 mm in diameter. 

The method widely used in England and described by Keen is as foh 
lows: A cylinder of suspension equivalent to 2 pcrccxit of the sample is 
carefully stirred. The first pipette sample is taken at a 10-cm depth 
after 4 min 48 sec. The pipette with top closed is lowered about 20 
sec before this time and 20 cu cm of suspension arc drawn off and put 
into a suitable tared dish. The sample is evaporated to dryness in a 
water bath, oven-dried at 105 deg C, and weighed. The weight of the 
material times five gives the concentration in the suspension at the point 
sampled. Let this concentration be C. Since the original concentration 
was 2percent, the percentageof material having a velocity less than 10/288 
= 0.0347 cm per sec is given by 100 X C/2. As a percentage, this repre- 
sents the sura of clay plus silt. The contents of the cylinder are again 
shaken for about 1 min and allowed to settle 8 hrs. Sampling is again 

* See the newer classification explained later in this chapter. 
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made at 10 cm below the new level and we proceed as before. In this 
way we obtain the percentage of clay. Thus, in the first step we ob- 
tained the percentage of clay plus silt, and in the second step the per- 
centage of clay. The percentage of silt is obtained by subtraction. 
The size-fractions as determined by this method are: Silt 0.04-0.002 
mm, and clay < 0.002 mm. 

Pressure-Change Method — As in the previous case, this method may 
be used to measure the change in pressure at a definite distance from the 
surface at varying times, or at varying distances at a fixed time. If h 
denotes the pressure at a point x (fixed) at a time t, it may be shown that 
the size-function varies with time in accordance with the following 
equation: 


m = 


2p I P m 

P — Po Co xd^ dt^ 


Also, if h(i is the initial pressure at ic (/ = 0) 


Eq (4-8) 


ho = px -f- CqX‘- ^ \ 

" ( 

h = PX + Cx ^ 

but when / = oo the pressure at x at this time 

ho == px 


Hence combining Eqs (4-9) and (4-10) 


hi ho __ C 

Hq ho Cq 


Eq (4-9) 


Eq (4-10) 


and 


F{d) = 


37 dF 


Eq (4-11) 


The corresponding equation giving the variation in pressure at a defi- 
nite time is 

~T,'dx^ 

where n is defined as follows: 

n = ^-±_; 

p — po P 

Methods based upon the measurement of pressures at various poin^, at 
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a definite time, have never proved successful because of the expcriinetital 
difficulties involved. 

On the other hand many methods have been devised for measuring 
pressure changes with time at a given point in the sedimentation tube. 
These methods are based on the so-called Wiegner (1918) sedimentation 
tube. This tube consists of a cylinder with relatively large diameter. 
At a point ic-distant from the top is attached a smaller tube provided 
with a stopcock. This tube is bent upward parallel to the sedituenta- 
tion tube. The smaller lube is filled with sedi- 
mentation fluid, free of particles, to the level of 
the suspension itself in the sedimentation tube. 
When the stopcock is opened the licpiid in the 
smaller tube rises; as sedimentation progreswses, 
the liquid in the smaller tube decreases. 

A variation of the Wiegner sedimentation 
tube, producing greater sensitivity, was devel- 
oped by Goodhue and Smith ( 1 980) and is shown 
in Figure 10. The chief dilTerence between the 
Goodhue and Smith apparatus and that of 
Wiegner cotisists in the use of a differential 
manometer utilizing immiscible Hciuids. By 
means of the former, differences in pressure may 
be increased from 50 to 100 times that of 
Wiegneris original apparatus, (“ioodhue and 
Smith’s apparatus consists of a large tube -4, 50 
cm in length and 4.5 cm in diameter, fitted to a 
smaller tube C approximately 40 cm in length 
and 2.5 cm in diameter. The manometer tube B 
has a 4-mm inside diameter and is joined through 
a 3-mm bore stopcock D, 18 cm from the bottom 
of the large tube, and through a similar stopcock 
jE, 12 mm from the top of the apparatus. The 
scale S is inserted behind the upper half of the 
manometer tube inside the jacket. The manometer is jacketed 
and evacuated in order to reduce temperature effects. In use, a 
7-g sample is mixed to a thick paste with 50 percent alcohol until smooth* 
The manometer tube is carefully cleaned and rinsed with alcohol, 
filled to the stopcock F with the sedimentation medium (about 600 
cu cm) and from 3 to 6 drops of concentrated ammonium hydroxide 
are added. After thorough mixing the manometo is filled by tilting. 

The level in the manometer is adjusted by adding a sufficient quantity 
of dilute alcohol so as to overflow at F. The stopcocks are then closdi. 



Figurb 16 . Good- 
hub AND Smith Sedi- 
mentation Tube for 
Particle - size De- 
termination. 
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The suspension is stirred with a plunger and placed in a water bath 
until it reaches a temperature of 25 deg C. The suspension is stirred 
again after 20 min and a second liquid consisting of decahydronaphtha- 
lene is added by permitting it to run down the inside wall of C. 
(The decahydronaphthalene is adjusted to a density of 0.9000 by add- 
ing trichlorobenzene.) A colored oil-soluble dye is added and the mix- 
ture is extracted three times with a slightly ammoniacal 60 percent 
alcohol solution. This extraction process is necessary in order to re- 
move soluble substances in the liquid and to saturate it with dilute 
alcohol. This same liquid may be used as often as desired and the 
density adjusted by suitable addition of either component. 

When the second liquid is 
added, care should be taken to 
have it at the same temperature 
as the suspension medium. 

The stop watch, which was 
started after the last stirring, is 
returned, to zero after 30 sec, 
because settling does not start 
until all eddying has stopped. 

With practice, less than a min- 
ute is required to introduce the 
top liquid. The two stopcocks 
connected to the manometer at 
E and D are then opened. The 
upper liquid rapidly replaces 

the dilute alcohol contained in part of the manometer tube and equi- 
librium is reached in approximately 2 min. The zero point, or point 
denoting complete settling, is obtained either at the end of the experi- 
ment or by running a blank determination. However, this zero point is 
not necessary for routine work. Figure 17 shows a typical set of dis- 
tributions for three different substances obtained by this technique. 
Computation of various physical constants with this device is not diffi- 
cult. Let the density of the suspension be 9 ?, that of the suspending 
medium po, that of the top liquid po', and assume the settling height to 
be x» The rise produced in the manometer by the suspension of the 
particles is therefore 

(y — pq)x 



Figure 17. Settling Curves Ob- 
tained With Goodhue and Smith Ap- 
paratus: (i) Calcium Carbonate; (2) 
Georgia Clay; (3) Sulfur. 


£Ji 


and 


Pq Pq 


Ah 


Po + — (po Po') 
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by which the density of the suspension may be calonUilcd. Attain if Co 
denotes the initial concentration of the particles and the initial density 
of the sUvSpension, then the density of these particles p is obtained from 
the simple expression 

Co 

^ Co — (^0 Po) 


Th so far as the nature of the frequency function p^iven by Ii)q (*1-11) 
is concerned, it is to be noted that 11 = A/z/AAo, where A//o is the 
observed initial rise of the liquid in the manometer. 

With practice much may be learned from the shape of the sedimenta- 
tion curves shown in Figure 17. Thus, a curve with a rapidly changing 
slope indicates a poly-dispersed sample, while a curve approaching a 
straight line indicates mono-dispersion. Two samples have approxi- 
mately the same particle-size distribution when their slopes at corre- 
sponding times are the same. The curves are also valuable since they 
give a graphical comparison of the density. The relalivc densities of 
various materials sized in this manner arc in accordance with the point 
of ordinate interception. 

Hydrometer Method — ^l^he constant variation in density of a suspen- 
sion permits the use of sensitive hydrometens for size* analysis. A 
hydrometer device was used by Pratolongo ( 1917) ; Rouyoucos (1927^/, h) 
made extensive experiments with a special hydrometer and found it to 
be a valuable and convenient device for sizing soil particles. The form 
of frequency function for the hydrometer is closely analogous to Eq 
(4-11). If 0)0 is the original reading of the hydrometer, w the rcaditig at 
the time /, and oj « the reading when t is infinite, we have 


so that 


0) — 0)0 __ C ^ ^ 

V — 


0)0 


Co 


F(d) = 


d, dt^ 


In using the hydrometer, it must be remembered that the change of 
density recorded by the hydrometer is not of a particular cross section of 
the sedimentation cylinder, but depends upon the depth t(j which the 
hydrometer is immersed. I'he hydrometer method can bo applied only 
to suspensions which 'are of very small size since rapid changes in density 
of the suspension cannot be read on the hydrometer.* 

The procedure for using a hydrometer consists in measuring the den- 


♦ See also A.S.T.M. Designation D 422 - 39. 
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sity of the suspension contained in a graduate at stated intervals of time. 
The usual time intervals are 1, 3, 10, and 30 min, and 1, 2, 5, and 24 hrs. 
A 3 to 5 percent suspension is made up. Higher concentrations alter 
the viscosity of the fluid and the necessary computations are somewhat 
complicated. From 10 to 20 sec before each reading, the hydrometer is 
lowered carefully into the suspension to minimize turbulence. The 
density is read on the hydrometer scale immediately after it comes to 
rest. The hydrometer is not permitted to remain in the suspension 
since particles of the suspended 
material settle on it and affect 
its accuracy. After removal, 
the hydrometer is wiped clean 
and immersed in a graduate of 
distilled water. It is preferable 
to keep both the graduate con- 
taining the suspension and that 
containing distilled water in a 
constant-temperature bath. 

If relatively high concentra- 
tions of suspended material are 
used, the viscosity of the sus- 
pension should be determined 
by an appropriate viscosimeter. 

Care should also be taken to 
reduce the effect of the suspen- 
sion’s solubility since this m.ay 
affect the final results seriously. 

Note that the hydronieter method of particle-size determination is useful 
for sizes usually below 200 U. S.-sieve sizes. Above this range the ma- 
terial may be sized by sieves, although certainty should be made that 
agglomerations do not exist. 

The accuracy of the hydrometer method for partide-size measurement 
is obviously dependent upon some mean distance along its bulb which is 
taken as a reference point. Along the entire submerged stem and bulb 
the density of the concentration and the size-distribution of partides 
are constantly changing. Their reference point may be determined as 
follows: Let L be the distance from the surface of the suspension to the 
volume center of the hydrometer; then if the submerged part of the stem 
is neglected 



Figurb 18. Relations for Comput- 
ing Effective-depth Formula. 


L 


+ 5 



Eq (4-13) 
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where L is the distance from the top of the suspension to the top of the 
hydrometer bulb, the length of the hydrometer bulb, Vb the volume 
of the hydrometer bulb, and A the cross-sectional area of the graduate. 
The significance of these terms is shown in Figure 18. Note that Li 
is the distance from the top of the hydrometer bulb to the bottom of the 
specific-gravity scale plus the length of the submerged portion of the 
scale. Thus, we have 


U 


distance from ) 
top of bulb to > 
the bottom of ) 
scale (cm) 


length of scale (cm) 
+ specific gravity 
range of hydrometer 


“maximum ) 
reading — 
^possible ) 


'specific * 
gravity 
I of sus- 
.pension - 


a — b<po 


where a and b are constants, and <po the specific gravity of the suspension. 
Hence after substituting this value of Li in Eq (4 -IS) we obtain a new 
equation of the form 

a' - b<po Eq (4-14) 

where a' is a new constant. This value of L is called the “effective’' 
depth of the hydrometer. 

In Chapter 3 there is a discussion of the equivalent diameter of a par- 
ticle. This is the diameter as obtained by application of Stokes' law. 
In cgs units the equivalent diameter adjusted to the conditions of the 
present problem is 

d. = O.mJ-JL Eq (4-16) 

* P — po T < 


This is a form of Eq (4-1). The terms have the followitig meanings. 
The term dg is the equivalent diameter in mm, p tlie viscosity of the 
suspension in poises, p and po the density of particles and fluid, respec- 
tively, t the time in min, and L a function of the density of the suspension 
as given by Eq (4-14). 

If it is desired to obtain the weight percent of solids remaining in sus- 
pension at the effective depth L after t min, we have 

<90 =“ C ■+ po ^1 — 

where C is the weight concentration of particles per unit-volume; hence 





Eq (4-16) 


p — PO 


(v>o — po) 
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Thus, if W represents the amount of solids in the original sample and the 
various densities are expressed in g per cu cm, then the percentage of 
solids C' at depth L at time f for a l-liter graduate is 

C' _ 1000 P , , ^ 

100 W ■ P - po ~ 

In using the hydrometer method for determining particle-size, special 
care should be taken to make due provision for temperature change. 
The amount of labor involved may be reduced by compiling tables of 
the constant term in Eq (4-15) and the term p/(p - po) in Eq (4-16). 
Tables of p/ (p — po) and ^ for water are given in the appendix. 

For accurate work it is necessary to take into account certain correc- 
tion factors, namely the meniscus correction and the change in 
Hydrometers arc usually calibrated at the bottom of the meniscus. In 
practice, because of the presence of suspended material, it is necessary 
to make readings at the top of the meniscus. Hence, there must be added 
to the latter a small quantity to correct for the procedure. In the case 
of water suspensions this correction is about 0.0003, and this figure is 
generally used. 

The second correction involves a correction for temperature. If po^ 
denotes the density of water at calibration temperature, Tc (20 deg C as 
a rule), and h is the hydrometer reading at any temperature T, then it 
may be shown that the value of at this temperature is 

» = 1 + ( t '- r.)x 

where X is the coefRcient of cubical expansion of glass, values for which 
are to be found in the appendix. 

In order to illustrate the method of using the above equations, we here 
give the following example; 

A hydrometer and graduate having the dimensions given below are 
used to determine the particle size of a suspension consisting of 45 g dry 
weight of particulate matter. 

Length of hydrometer bulb 17 . 5 cm 

Volume of hydrometer bulb 40 . 3 cu cm 

Distance from top of bulb to maximum reading of scale 2 . 6 cm 

Len^h of specific gravity scale 6 . 9 cm 

Specific gravity range 1 . 050-1 . 002 

Cross-sectional area of graduate 28 sq cm 

Volume of graduate 1000 cu cm 

If the hydrojtieter is used in a room having a temperature of 27 deg C, 
and partides in the above suspension have a specific gravity of 2.65 g 
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per cu cm, compute the particle size for the followin,t( limes tuul corre- 
sponding hydrometer readings, no meniscus correction having been 
applied. 

Time of sedimentation 

{min) Hydrometer reading 

Va * 1.0200 

S 1.0225 

120 1.0075 

1440 1.0025 

The computations proceed as follows: (1) Add the meniscus correc- 
tion 0.0003; (2) compute the value of in Eq (4-18); (2) compute cor- 
responding values of C in Eq (4-17); calculate the corre.sponditig L in 
Eq (4-13); and (4) calculate the corresponding diameter, if necessary, 
from Eq (4-15). 

Let us note at once that the values of m and pn for water at 27 deg C 
(see appendix) are 0.008545 poises and 0.9005451 g per cu cm, respec- 
tively. Hence 



Vi 


0.0085 


2.05 - 0.900 


= 0.072 


Po 


2.05 

1.65 


= 1.01 {nearly) 


Arranging our computations in tabular form, we finally obtain : 


Time of 
sedimenla^ 
tion, t 
(min) 

Original 

hydrometer 

reading® 

Hydrometer 
reading with 
metitscus cor- 
rection, h' 
(+0.0(K)H) 

Value of i/n 
Kq (4-18), at 
27 deg C 

0.000(725) 

Value of C', 
Bq (4-17) 
(percent) 

lOlTectivc 
depth L, 
Kq (4 !;i) 
(cm) 

Diuintqer 
of purl ides, 
(/«, Kq 
(■145) (cm) 

V2 

1.0200 

1.0203 

1.0180 

(u.r> 

14.12 

0.0720 

8 

1,0135 

1.0138 

1.0110 

39.8 

15.02 

0,0188 

120 

1.0075 

1.0078 

1.0050 

17.9 

10.00 

0.0188 

1440 

1.0035 

1.0038 

1.0010 

;hf>8 

10,55 

0.0047 


“ Calibration reading at 20 deg C Is p. « “ 0.9982. 


Odin Balance Method — ^This method consists of a tray which fits 
closely inside a sedimentation flask and is suspended from one arm of a 
delicate balance. The change of weight due to particles accumulating 
on the pan may be determined in various ways. Many difficulties are 
encountered ■ in the use of the Od4n balance. The particles do not 
appear to distribute themselves evenly on the pan. Many different 
designs of the pan were used by Od4n to overcome this difficulty, without 
success. 



METHODS OF PARTICLE-SIZE MEASUREMENT 


85 


The frequcney distribution is again of the same form as in previous 
equations. Let ^ be the accumulation weighed in water and the 
weight accimiulated after complete sedimentation. If As is the area 
of the pan and the other variables are as previously defined, 

jS — jSfio Ajj(7j pax) 

Hence 

^ . (m 

Substituting in Eq (4-8) 


But 


F{d) = 


2p _]_ 

P — Pd Co Aed^ dt^ 


, 3 , = ^ ^-CoAhX 

P 

and if jS/d „ = B 

Cummings Sedimentation Method — Cummings (1929) developed a 
method which is useful for obtaining size-fractions of particulate sub- 
stances. This method consists of the following: The sample of small 
particles is thoroughly dried and then passed through suitable sieves for 
separating particles larger than the upper limit of size desired. Twenty- 
five grams of the material are then spread evenly over the bottom of a 
large glass bacteriological culture dish 22 cm in diameter and 8 cm deep. 
Then 125 cu cm of 95 percent alcohol are diluted to 250 cu cm and this 
mixture is slowly poured into the dish. The particles are carefully 
worked into a smooth paste. To this suspension is added a liter of water 
and stirring is continued until a uniform suspension is obtained. At the 
moment agitation stops the time is observed and the particles allowed 
to settle for Vi Diin- The supernatant liquid is carefully but quickly 
decanted into a second container of the same size. The time is noted 
when this decantation is completed, and the suspension is allowed to 
settle for 1 min. The process is repeated by decanting the suspension 
into a third container and allowing it to settle for 2 min. Successive 
decantations are made following settling periods of 4, 8, 16, 32, etc., min. 
The process may be discontinued after any decantation, depending 
upon the size-distribution desired. Particles remaining in suspension 
after a period of four days will generally be in Brownian motion and re- 
main suspended for an indefinite period. 
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Each fraction must be cleared of fines, which may be accomplished by 
an “ashing” process. The various decantations are brought into sus- 
pension in a liter of water-alcohol mixture and the process above de- 
scribed repeated for each fraction. The supernatant liquid of the first 
decantation, which settled for IV 2 min, is included witli the material 
which had been obtained after settling out for 1 min. The supernatant 
liquid of each fraction is passed on to the next succeeding fraction, and 
the process may be repeated as often as necessary to obtain a clear super- 
natant fluid in the settling interval. For best results the sedimentation 
vessels should be kept free from temperature and vibration changes. 
This method is only approximate but capable of producing fractions of 
material having a limited range of sizes. It differs from the technique 
and analysis developed by Od6n, which may be classed as cumulative, 
in that it gives a weight-size distribution directly. Cummings found 
that the theoretical sizes calculated by Stokes’ law for the various frac- 
tions do not agree with those obtained by direct measurement. 

Graphical Determination of Size-Frequency Curves — ^The usual sedi- 
mentation curves may be said to be historical in the sense that they pic- 
ture the state of the suspension at any time t. However, by graphical 
means we may obtain the distribution function F(d) wliich gives the 
relation between the percentage weights of the suspended material and 
the corresponding diameters. Let be the particular sedimentation 
parameter observed. Note that 

dt t% /i 

Thus, by taking h and as dose together as desired we obtain the shape 
of the sedimentation curve at any point between h and Since we are 
interested in the second derivative of this function, let us take d^jdt, 
set it equal to and plot values of ^ against t. Then 

dt dF h- h 

That is, by taking h as dose to h as we choose, we obtain from the second 
curve the second derivative of ^ with respect to t at any time t. Since 
d is defined by Eq (4-1) the value of F(d) for the sedimentation equations 
previously given is completely determined. 

(II) Elutriation Method 

Sizing by elutriation is the reverse of the technique used for sedimenta- 
tion. While any fluid may be used for dubriating particles, air has been 
found most satisfactory thus far. The basis of dutriation methods is 
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the provision of velocities capable of supporting only particles smaller 
than a given size. Size-distributions obtained by elutriation are there- 
fore cumulative in character, as was the case for sedimentation. How- 
ever, one exception must be noted. In the use of sedimentation methods 




Figure 19. Elutriator for Sizing Small Particles. 

we plot the weight or frequency of particles larger than a stated size, 
whereas in elutriation we plot frequencies of partides less than a stated 
size. However, this entails no difficulties in so far as ultimate interpreta- 
tion of the data is concerned. The bases of dutriation techniques are 
induded in the various equations devdoped in thesecond chapter, namely 
Eqs (2-9) and (2-10). To obtain partide-size distributions in practice, 
recourse may be had to the Roller (1931) dutriator or to a design devd- 
oped by the author. Roller’s dutriator consists of a U-tube in which 
is placed a small amount of the material to be sized. Near this material 
is placed an air jet. The U-tube connects with a cylinder which may 
vary in hdght, but which has a known cross-sectional area. The extreme 
end of the cylinder, which is vertical, is connected to a suitable filter for 
arresting the material. In use, the volume of air supplied by the jet is 
measured, and with the knovra area of the vertical cylinder it is possible 
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to compute the velocity of the moving air. P''racti()iis of the sized ma- 
terial may be obtained by varying the quantity of air passed through 
the jet or by altering the size of the cylinder, as desired. The author’s 
method* is shown diagrammatioally in Figure 10. A known volume of 
air is introduced by tangential jets at the bottom of a cone, 'i'lie pur- 
pose of this cone is to permit the material always to come in contact with 
the jets. The cycloning action causes a spiral flow of air to the lower part 
of the cylinder. This tends to centrifuge the larger particles and to 
create a uniform velocity distribution across the cylinder. The Uiaterial 
is collected in a manner similar to that of the Roller elutriator. 

The essential differences between the two types of clutriators arc as 
follows: Roller’s type requires a small quantity of dust which must be 
vibrated continually in the U-tube so as to bring it in contact with the 
air jet. The author’s technique pennits the use of large quantities of 
material and secures more rapid separation. Both devices can produce 
sharply defined size-distributions. 

Elutriation methods can be used successfully with sub-sieve sizes and 
for particles which are not much below 1 ju in diameter. The effective- 
ness of elutriation is detennined by the type of filter used to capture the 
dust. Smaller particles could undoubtedly be obtained if an electrical 
precipitator, instead of cloth filters, were used for the dust passing the 
elutriation cylinder. 

(Ill) Centrifuging Method 

Centrifuging methods for obtaining particle-size distribution arc bavsed 
on the use of Eq (2-47). Full details on centrifuging for the determina- 
tion of extremely small sizes were given by Svedberg (1928). l<\)r the 

general purpose of determining particles which are very slow in vSettling 
but which do not go below V 2 m in size, the following procedure accord- 
ing to S. W. Martin (1939) is used. The centrifuge must be free from 
vibration and should operate under temperature conditions as nearly 
constant as possible. Martin used a centrifuge capable of 1300 rpni. 
The centrifuge tubes were flat-bottom vials having a diameter of 15 mm 
and length of 35 mm; the tubes were of equal length and each was 
equipped with a scale such that 29 mm of suspension were indicated for 
each sedimentation interval. 

If the particles measured are considered as spheres the value of d is 
determined from Eq (2-41) 

d = Eq (4-20) 

"If 2(p -po)< 


♦ Unpublished 
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Tlic value of 7^2 is taken as the distance from the axis of rotation to the 
bottom of the centrifuge tube and Ri is the distance from the axis of rota- 
tion to the meniscus of the suspension. The values of /?2 and Ri are usu- 
ally fixed in experimental work, so that if the constants of the liquid and 
particulate material are known, Eq (4-20) reduces to 

d = K/-\/l Eq (4-21) 

where X is a constant. 

Centrifuge methods should be used only for particles which are ex- 
tremely fi,ne. Suspensions should be allowed to settle for some time be- 
fore being centrifuged to eliminate larger particles as much as possible. 

Martin used a glycerol -water mixture having a specific gravity of 
1.23S5 and a’ viscosity coefficient of 2.2 poises. In determining the 
particle-size distribution for titanium oxide having a specific gravity of 
3.9. Eq (4-21) becomes d (/a) = 22Al'\/t it in min). Martin’s technique 
is extremely useful for pigments, the only requirement being the selec- 
tion of a suitable dispersion medium. Good agreement was obtained 
when this method was checked against measurements made under high 
magnification. 

COMPARISON OF PARTICLE-SIZE METHODS 

Schweyer (1942) compared various methods of particle-size measure- 
ment (except centrifuging). He found excellent agreement between 
pipette and hydrometer methods. He considers the former the best 
method for determining the partrcle-size distribution of sub-sieve mate- 
rial by sedimentation, and prefers the hydrometer as a rapid control 
procedure. 

The microscopic method was used in only one set of experiments, 
viz., for a material whose median effective diameter was 25 ju. Good 
agreement was found between pipette, hydrometer, and microscopic 
methods for sizes ranging from 25 jji to the upper limit of the experiment, 
100 /X* Below 25 /x, both sedimentation methods gave simJar results, 
but there was a marked difference with the microscopic method. Thus, 
at 10 the percent found undersize by the sedimentation methods was 
25 percent and that found undersize by the microscopic method was 12 
percent. This difference can be attributed in part to difficulties in pre- 
paring samples for measurement, but undoubtedly the failure to compute 
shape factors can be regarded as the chief source of divergencies. 

Schweyer also found that elutriation gave results corresponding to 
sedimentation methods. This is a reasonable expectation in view of the 
fact that both procedures depend upon application of the fundamental 
laws of settling described in Chapter 2. 
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It is not always easy to cletermine what procedure to follow in making 
a particle-size distrihulioii. Obviously, if the particles are soluble hi 
water or any other fluid, sedimentation proct‘dures iniKSt be applied with 
caution, it is likewise clear that any sedinientatiou leclini(iue is mark- 
edly affected by the shape of the particles used, and that results are sub- 
ject to iuterpretation. In other words, determinations depending upon 
sedimentation (and elutriatiou) are merely ecjuivalent measurCvS of 
spheres having the same rate of settling. Ch'eatest reliance naturally 
applies to that .size range whose motion is known to be specified by 
vStokes’ law. 

MterOvSeopie methods have certain advantages provided that a repre- 
sentative distribution of particles can be prepaxed for examination. 
Using refined techniciues, sizes us small as 0.5 fx ai*e readily measured 
with ordinary microscopes, Idectron microscopes permit resolution to 
sizes thousands of times smaller, and indeed, this method is at present 
the only one which can be used on discrete ])artieles of extremely fine 
size.* The two-dimensional aspects of microscopic measurements often 
render this technique unsatisfactory. Furthermore, it is not always pos- 
sible to obtain nece.ssary shape factors to yield accurate volume and sur- 
face computations. 

PREPARATION OF SAMPLES 

When particle-size is obtained by direct or indirect measurement, 
careful consideration must be given to proper preparation of the samples. 
No difficulty is encountered with ordinary vsicvc-sizes. It is only when 
we arc considering conglomerate material which consists of flue and 
coarse particles closely adhering to each other that diniculties arise, 
Likewise, some materials are of such a ualitre that they are not easily 
\/ettcd and fail to disperse properly. The most essential feature of any 
particle-size determination is to disperse the material so that any small 
segment will ootitain sufficient particles to give a true represet itation of 
the whole. 

Preparation of Slides — MowSt material may be dispersed easily in 
xylene or balsam. When these liquids dry the material remains firmly 
adherent to the glass slide. Dunn (1930) recommends the use of a stiff 
brush when mounting small particles with xylene or balsam. He claims 
the use of a brush in smearing the slide tends to produce a uniform distri- 
bution. Cover glasses may be used on the slide, but it must be remem- 
bered that under high magnification the use of a cover glass interferes 

^ * lu Chapter tl we shall consider adsorption procedures for measuring fine par- 
ticles. However, such methods do tiot yield size distributions, but only an average 
of the mass based on total surface per unit weight or volume. 
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with the microscopic setup. Henry Green (1921) developed a method 
useful for materials which are difficult to disperse. Green's technique 
is essentially as follows : Approximately 1 mg of the material is placed 
in the center of a microscope slide. To this small quantity is added a 
drop of redistilled tuxpentine. The slide is held at one end and a glass 
rod with smooth, straight edges is brought into contact with the glass, 
the turpentine and fine particles being rubbed into a very thin layer. 
This is best accomplished by a to-and-fro motion of the rod along the 
length of the slide, care being taken to confine the material to the central 
area. Green states that the rubbing must cease at a certain critical 
stage when sufficient unevaporated turpentine still remains to prevent 
the dispersed material from becoming sticky. When this critical point 
is reached, a quick flourish of the rod on the last stroke will draw the 
particles in a wedge shape so that one extreme of the smear is denser 
than the other. Thus, when the slide is examined a suitable area may 
be selected for study. After the material has been dispersed properly 
the remaining turpentine is evaporated by placing the slide on a hot 
plate. The plate should be at a temperature which causes complete 
evaporation within 40 or 50 sec. When the turpentine is completely 
evaporated, particles will be cemented to the glass, and will remain in 
this condition as long as care is exercised in handling the slide. 

Silverman and Franklin (1942) criticized Green's method of preparing 
slides, pointing out that the vigorous treatment given the particles causes 
them to break. Several examples of this effect were discussed. These 
investigators state that evaporation methods are more representative 
of the correct size-distribution and are to be preferred. 

Preparation of Suspensions — ^Partide-size determination by sedi- 
mentation methods requires that the partides be discrete. This is fre- 
quently attained with water whidi has been treated with a wetting 
agent. Materials containing no clumps or conglomerate particles and 
which do not coagulate may be used without further treatment. In the 
case of soils containing conglomerate material as wdl as organic matter, 
the sample must be subjected to extensive treatment. The type of 
treatment required has been outlined by Olmstead et al (1930); the 
technique is as follows; 

1. The sample for analysis is mixed with a spatula and quartered. 
The quarter reserved for analysis is rolled with a wooden rolling pin 
and then passed ttough a sieve with 2-mm round holes. Two samples 
of each soil are weighed out at the same time, a 10-g sample for analysis 
and a 5-g sample for moisture determination. The latter is dried at iOS 
deg C for 16 hrs, cooled in a desiccator, and weighed. The 10-g sample 
is placed ih a 250-cu qn pyrex electrolytic beaker. 
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2. To the 10-g sample are added 40 cu cm of 6 percent hydrogen per- 
oxide, to oxidize the organic matter. The beaker is shaken frequently 
until the reaction has quieted down. More peroxide may be added if 
required, and the beaker is then left on a slow steam bath overnight. 
If more organic matter is present at the end of this period, full-strength 
hydrogen peroxide is added. In case manganese dioxide is known to be 
present, a small quantity of acetic acid is added. About 50 mg of glacial 
acetic acid are usually sufficient for a soil containing 0.5 percent manga- 
nese dioxide. 

3. If acid treatment is desired, the sample is cooled and then treated 
with 10 cu cm of normal hydrochloric acid, made up to a volume of 100 
cu cm, and allowed to stand overnight. More acid may be added if it 
is desired to remove all carbonates. In this case, care should be taken 
to determine precisely the amount of carbonates present in the soil 
samples. 

4. The sample, with or without acid treatment, is now ready for 
washing. This is done by removing the solution in a beaker with a short 
Pasteur-Chamberland suction filter, the lower 12 cm of the filter being 
sawed off and fitted with a removable stopper. The liquid is removed 
from the hollow filter core and replaced with distilled water. To remove 
adhering soil, back pressure is applied by means of a rubber pump. The 
sample is stirred with 125 cu cm of distilled water and the solution again 
removed by filtration. Six such washings are usually sufficient. 

6. After cleaning and removing the suction filter the soil sample is 
evaporated to dryness on a steam bath and dried in an oven at 105 deg 
C for 16 hrs. Upon cooling in a desiccator the sample is quickly weighed 
so that reabsorption of moisture is kept at a minimum. The sample is 
then soaked for a few minutes with 25 cu cm of water, stirred with a rub- 
ber policeman, and transferred to a 250-cu cm nursing bottle. The 
sample contained in the beaker is again dried and weighed. The differ- 
ence in weight is equal to the portion of the sample left after organic 
matter and solution loss. This is the portion of the sample upon which 
the percentage of size classes is based. To the shaking bottle are added 
10 cu cm of V 2 ~normal sodium oxalate and the volume is made up to 150 
cu cm. This bottle is shaken in a reciprocating shaker overnight. 

6. The sample is wet-sieved through a Tyler 300-mesh phosphor- 
bronze twilled-wire-cloth sieve which passes material finer than 50 fx. 
Ml the clay and the finer portion of the silt are washed through the sieve 
into a 1-liter sedimentation chamber. The silt remaining with the sands 
is dry-sifted through another 300-mesh Tyler sieve, added to a series of 
sand sieves. 

7. The fines passing the screen consist of silt and clay and are subject 
to sedimentation analysis, as outlined in the earlier sections of this 
chapter. 


SOIL-CLASSIFICATION SYSTEMS 

Many attempts have been made to classify particles according to size. 
This is particularly important with regard to soils whose particle-sizes 
may range from as low as 0.0002 to as high as 2 mm in diameter. Par- 
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tide-size, as shown elsewhere, greatly affects the reaction of the particles 
to temperature and other effects. Thus, very fine clay particles tend to 
obey the gas laws and are subject to Brownian movement. Larger 
particles are subject to different laws and behavior. Moreover, there is 
no simple method for obtaining size-distribution of particles whose size- 
range is comparable to that in soils, and for this reason it is necessary to 
size small fractions of the sample. By sizing is meant the separation of 
the fines from the larger particles, in various steps. There have been 
many systems of classification proposed. These systems are conditioned 
by custom and to some extent by the kind of materials used. There are 
three systems of classification in general use : [a) The United States De- 
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Figure 20. U. S. Dept, of Agriculture (upper) and 
International (lower) Soil Classifications. 

partmeut of Agriculture system; {b) the Atterberg (1908) or Interna- 
tional system; and (c) the Krumbein (1937) scale. These systems apply 
to the mechanical analysis of soil. 

A comparison of the U, S. Department of Agriculture system and the 
Atterberg system with respect to the size-limits included and their 
designations is shown in Figure 20. With modification of the pipette 
method reported by Shaw and Miles (1939), the Department of Agricul- 
ture system can easily be made to conform to the Atterberg system. 
The importance of providing a degree of uniformity lies in the fact that 
the Atterberg system has been adopted as the standard classification of 
the International Society of Soil Science since 1934. 

It will be noted that the size-groups are simpler and more uniform in 
the Atterberg system. Atterberg states that particles above 2 mm in 
diameter retain little if any water, while those below this size retain ap- 
preciable amounts. Fine sand in the Atterberg system includes most of 
the fine sand, very fine sand, and part of the coarser silt of the Depart- 
ment of Agriculture system. Tmog et al (1936) note that there is little 
reason for several fractions in the region in question, namely 0.2 to 0.02 
mm, since the particles are too coarse to be active chemically. Attear- 
berg states that the fine sand of his system has considerable water-hold- 
ing capacity and is significant when considering capillary movement. 
With regard to silt, Atterberg says that the larger partides of this com- 
ponent are just below visibility to the naked eye, but that when the same 
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silt is compacted the interstices are too small to permit penetration of 
root hairs or the ready movement of capillary water. The upper limit 
of particle-size for clay in the Atterberg system is 0,002 and was chosen 
because it is the upper limit of Brownian movement. Recent changes 
adopted by the Department of Agriculture make the lower limit of their 
classification conform to the Atterberg classification. 

Ejumbein’s phi and zeta scales have a certain mathematical interest 
since they help simplify certain calculations. The phi scale is based 
on the natural logarithm of the diameters expressed in mm, that is 

d == 2-^ 

Krumbein’s zeta scale is especially applicable to Atterberg’s system of 
classification. The diameter of a particle expressed in mm is denoted by 
the expression 

d = 2X 10-f 

The Atterberg classification and zeta scale are shown in Table 10. 


Table 10 — The Atterberg Classification and the Zeta Scale 


Atterberg’s diameters 
(mm) 

r 


-3 


-2 

20 

-1 

2 

0 

2 

1 

0.2 

2 

0.02 

3 


4 


Problems 

1. Using the data given in Problem 1 of the previous chapter plot the correspond- 
ing size-frequency distributions. 

2. Assuming a particle-density of 1.25, determine the air velocities necessary to 
separate the size-fraction 120 m to 180 tx in Problem 1 of Chapter 3. Discuss the 
method used for obtaining the fraction. 

3. If the total weight of the sample being elutriated in Problem 2 is 100 g, calcu- 
late the approximate weight of the elutriated sample, assuming that the separation is 
complete. 

4. A water suspension of soil is prepared at 10 a.m. At 12 M. a sample is drawn 
from the suspension at a depth of 5 cm. What will be the largest particle removed 
by a pipette at this depth if the density of the soil is taken as 2.6? 

6. Determine the effective depth of a hydrometer used for particle-size measure* 
ment, given the following information; 




METHODS OF PARTICLE-SIZE MEASUREMENT 95 


Length of hydrometer bulb 17. 0 cm 

Cross-sectional area of graduate 28. 0 sq cm 

Volume of hydrometer bulb 38. 1 cu cm 

Distance from top of bulb to 

maximum reading of scale 2. 1cm 

Length of specific gravity scale 6. 8 cm 

Specific gravity range 1 . 050-1 . 025 

6. Given the following information pertaining to determination of particle-size by 
means of a hydrometer: 

Specific gravity of original suspension 1.15 

Density of original sample 71.8 lb per cu ft 

Volume of original sample for analysis 210.9 cu cm 

Weight of solids in sample (110 deg C) 60.0 g 

Specific gravity of solids 2.67 

Viscosity of suspension 1.2 centipoises 

Temperature of suspension 70 deg C 

Hydrometer Observations 

Elapsed time Observed specific grav- Effective depth Suspension weight 

(mm) ity of buspension (cm) density 

1 1.0242 12.71 1.0246 

3 1.0219 13.41 1.0222 

10 1.0172 8.60 1.0176 

30 1.0169 8.82 1.0162 

60 1.0149 9.06 1.0152 

120 1.0109 10.02 1.0112 

300 1.0041 11.66 1.0044 

440 1.0010 12.41 1.0013 


Compute the size-distribution of the suspension, assuming 87.8 percent is less than 
200-mesh Tyler sieve. 





CHAPTER 6 


THEORY OF SIEVING AND 
GRADING OF MATERIALS 


T he most rapid and convenient method for size separation of particles 
is by sieves. Sieves are constructed of wire cloth with definitely 
spaced openings so that material may be graded uniformly. Any size of 
opening may be obtained by proper choice of wire size and appropriate 
spacing, although it is customary to use openings and wire sizes which, 
on the basis of experience, have been proved to give satisfactory size 
separation. In this chapter we are concerned chiefly with the theory of 
sieving. Sieve-sizes, where stated, refer to standard series. The results 
apply generally to test sieves, but it is obvious that they have wide 
application to industi'ial conditions. 

All crushing and pulverizing equipirent has a point of iraximum 
efficiency which is a function of particle-size. If we exceed this size or 
fall below it, we fail to obtain the highest capacities of the equipment. 
Moreover, it is desirable so to utilize such equipment that the maximum 
amount of material produced is of the size desired. This is but one 
example; other examples are the necessary fineness of cement and sizing 
of aggregates to produce concrete mixtures for maximum strength, the 
production of uniform-grade ceramic ware, and the manufacture of al)ra- 
sives with definite cutting qualities. 

It is customary to use square openings in the various types of sieves for 
industrial and test purposes. However, round and rectaugitlar openings 
are frequently used, the former in cylindrical- type screens. As will be 
shown later, neither the square opening nor the round opening is capable 
of sharply differentiating sizes. Much depends upon the shape of the 
particles and how they pass through the openings. The average size of 
particles passing one screen and retained upon another (next in size) can 
be determined only approximately from the size of the openings. As 
already explained, this is partly due to the shape of the particles; how- 
ever, to some degree it is also a function of the shape of the opening it- 
self. Thus, given a square opening of a side equal to any needle- 
shaped particle can be made to pass diagonally if it has dimensions less 
than ZV2. Sieves and screens have contributed much to industrial prog- 
ress even though particle.-si 2 e differences do occur in carefully graded 
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Table 11 —The Tyler Standard Screen Scale Sieves 

This screen scale has as its havSc an opening of 0 0029 in which is the opening in 
200-niesh 0 0021~iii wire, the standard sieve, as adopted by the Bureau of Standards 
of the United States Governincnt, the openings increasing in the ratio of the square 
root of 2 or 1 414 

Where a closer sizing is required Column 5 shows the Tyler Standard Screen Scale 
with irrtermediate sieves In this series the sieve openings increase in the ratio of the 
fourth root of 2 or 1.189. 


I 

Tyler 
Standard 
Sci ceil 
vSeale 

V2 

01 1 414 
openings 
(m ) 

2 

Every 
other 
sieve from 
0 00119 in 
to 0 742 
in 

Ratio 

of 

2 to 1 

3 

Every 
other 
sieve from 
0 0041 in 
to 1 O.-iO 
in 

Ratio 

of 

2 to 1 

4 

Every 

tth 

sieve from 
0 0020 in 
to 0 742 

1X1 

Ratio 

of 

4 to 1 

5 

For closer 
sizing 
sieves 
from 

0 0029 in 
to 1 0.3() 
m 

Ratio 

a/2 

or 1 189 

0 

open- 

ings 

(mm) 

7 

Open- 

ing 

in 

frac- 
tions 
of inch 
(ap- 
prox ) 

8 

Mesh 

9 

Diam- 

eter 

of 

wire 

1.050 


1.050 


1.050 

26.67 

1 


0.148 


— 



0.883 

22.43 

Va 


0.135 

0.742 

0.742 

— 

0.742 

0 742 

18.85 

Va 


0.135 

— 

.... 

. . 1 . 


0.624 

16.85 

Va 


0.120 

0.525 

— 

0.525 


0.525 

13.33 

V. 


0.105 

— 

.... 



0.441 

11.20 

V.. 


0 105 

0.371 

0.371 



0.371 

9.423 

Vs 


0.092 





0.312 

7.925 

v« 

2Va 

0.088 

0.263 

— 

0.263 


0.263 

6.680 

Va 

3 

0.070 

— 




0.221 

5.613 

Vaa 

3Va 

0.065 

0.185 

0.185 


0.185 

0.185 

4.699 

Vie 

4 

0.065 


.... 

.... 


0.156 

3.962 

®/j2 

6 

0.044 

0.131 

.... 

0.131 


0.131 

3.327 

Vs 

6 

0.036 

— 

— 

.... 


0.110 

2.794 

Vaa 

7 

0.0328 

0.093 

0.093 


.... 

0.093 

2.362 

Vaa 

8 

0.032 


.... 



0.078 

1.981 

V.a 

9 

0.033 

0.065 

.... 

0.065 


0.066 

1.651 

Via 

10 

0.035 

— 

.... 

.... 


0.055 

1.397 


12 

0.028 

0.046 

0.040 

.... 

0.046 

0.046 

1.168 

Vaa 

14 

0.026 

— 

.... 

.... 


0.0390 

0.991 


16 

0.0236 

0.0328 

.... 

0.0328 


0.0328 

0.833 

Vs2 

20 

0.0172 


.... 

.... 

.... 

0.0276 

0.701 

p * 

24 

0.0141 

0.0232 

0,0232 

.... 


0.0232 

0.589 


28 

0.0125 

.... 


.... 


0 0195 

0.495 


32 

0.0118 

0.0164 

.... 

0.0164 

.... 

0.0164 

0,417 

Vaa 

35 

0.0122 

.... 

.... 

.... 

.... 

0.0188 

0.351 


42 

0.0100 

0.0116 

O.OllG 

.... 

0.0116 

0.0116 

0.295 

, . 

48 

0.0092 

.... 

.... 

.... 


0.0097 

0.246 

. ■ 

60 

0 0070 

0.0082 

.... 

0.0082 


0.0082 

0.208 


66 

0.0072 

.... 

.... 

.... 

.... 

0.0009 

0.175 

. . 

80 

0.0056 

0.0058 

0.0068 

.... 


0.0058 

0.147 

, . 

100 

0.0042 

.... 

.... 

.... 

.... 

0.0049 

0.124 


115 

0.0038 

0.0041 

.... 

0.0041 


0.0041 

0.104 


150 

0.0026 


.... 

.... 

.... 

0.0035 

0.088 


170 

0.0024 

0.0029 

0.0029 

— 

0.0029 

0.0029 

0.074 


200 

0 0021 
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material. For large particles and aggregates there is no simpler method 
of grading material than sieving. Even the production of fine materials, 
of the order of 70 fi and less, depends on the use of wire-cloth screens. 
In fact no industry, whether it be road building, ceramics, or chemical 
engineering, can succeed without the necessary sieve equipment to size 
materials. In spite of great reliance on sieves for grading of materials, 
little is known about the rate of sieving for a mass of material of different 
sizes through a given screen. 

TYPES OF SIEVES 

Tyler Sieve Series — Because of the economic importance of sieving 
operations, it was necessary to standardize sizes of sieve openings. In 
this country recognition is given two types of wire-cloth screen: The 
so-called “Tyler” sieves and the U. S. Sieve Series. British practice calls 
for use of the British Engineering Standards Association (B.S.A.) Series. 
The Tyler Standard Screen Scale consists of openings whose sizes are in 
the fixed ratio of \/2. These screens were brought out by the W. S. 
Tyler Company in 1910, and for many years were the only standardized 
sieves used in the United States. Various bases have been proposed as 
the starting point of screen scales; some advocated the use of 1 in,, and 
others of 1-mm openings. The Tyler series is based on the size of the 
opening in 200-mesh wire cloth. The standard Tyler 200-mesh sieve is 
made from 0.001-in. wire and has an opening of 0.0029 in. Table 11 
gives the Tyler Standard Screen Scale. It will be noted that the openings 
vary from 1.050 to 0,0029 in. Screens larger and smaller than those 
given in the table are available, but for sizing of materials, laboratory 
practice, and industrial grading according to a specified scale, the sizes 
shown in Table 11 are most practicable. 

U. S. Sieve Series — K series of sieves, differing but slightly from the 
Tyler Standard Screen Scale, was proposed in 1919 by the National 
Bureau of Standards. This has been called the U. S. Sieve Series and 
in general the sizes advance in the same ratio as the Tyler Screen Scale, 
but a 1-mm opening is used as a base rather than the opening for the 
200-mesh doth in the Tyler series. There appears to be no reason for 
preferring one t 3 rpe of series over the other. Table 12 shows the various 
characteristics of the U. S. Sieve Series adopted by the A.S.T.M. which 
may be contrasted with those of the Tyler Screen Series given in Table 
11 . 

The Series and British Engineering Standards Association 

Series — ^The I.M.M. Series was developed in 1907 by the Institute of 
Mining and Metallurgy of England. This series is mainly for laboratory 
use, and was developed on the theory that the diameter of the wire 
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should, be equal to the size of the screen opening, keeping as nearly as 
possible to 25 percent opening and 75 percent dead space. The object 


Table 12 Nominal Dimensions, Permissible Variations, and Limits for 
Woven Wire Cloth of Standard Sieves. U. S Series. A.S.T.M. Standard" 


Size or sieve 
designation 
Micron No 

Sieve opening 

(approx. 

equiva- 

Mm lents) 

Per- 
missible 
varia- 
tions 
in av. 
opening 
(per- 
cent ste) 

Permissible 
variations 
in max 
opening 
(percent*) 

Wire diameter 

Inch (approx. 

Mm equivalents) 

5660 

3Vj 

5.66 

0.233 

3 

10 

1.28 -1.90 

0.050 -0.075 

4760 

4 

4.76 

0.187 

3 

10 

1.14 -1.68 

0.045 -0.066 

4000 

5 

4.00 

0.157 

3 

10 

1.00 -1.47 

0.039 -0.058 

8360 

6 

3.36 

0.132 

3 

10 

0.87 -1.32 

0.034 -0.052 

2330 

7 

2.83 

0.111 

3 

10 

0.80 -1.20 

0.031 -0.047 

2380 

8 

2.38 

0.0937 

3 

10 

0.74 -1.10 

0.0291-0.0433 

2000 

10 

2.00 

0.0787 

3 

10 

0.68 -1.00 

0.0268-0.0394 

1680 

12 

1.68 ‘ 

0.0661 

3 

10 

0.62 -0.90 

0.0244-0.0354 

1410 

14 

1.41 

0.0565 

3 

10 

0.66 -0.80 

0.0220-0.0315 

1190 

16 

1.19 

0.0469 

3 

10 

0.50 -0.70 

0.0197-0.0276 

1000 

18 

1.00 

0,0394 

6 

15 

0.43 -0.62 

0.0169-0.0244 

840 

20 

0.84 

0.0331 

6 

15 

0.38 -0.55 

0.0160-0.0217 

710 

25 

0.71 

0.0280 

6. 

15 

0.33 -0.48 

0.0130-0.0189 

590 

30 

0.59 

0.0232 

5 

15 

0.29 -0.42 

0.0114-0.0166 

600 

35 

0.50 

0.0197 

5 

16 

0.26 -0.37 

0.0102-0.0146 

420 

40 

0.42 

0.0165 

6 

25 

0.23 -0.33 

0.0091-0.0130 

350 

45 

0.35 

0.0138 

5 

25 

0.20 -0,29 

0.0079-0.0114 

297 

60 

0.297 

0.0117 

5 

25 

0.170-0.253 

0.0067-0.0100 

250 

60 

0.260 

0.0098 

5 

25 

0.149-0.220 

0.0059-0.0087 

210 

70 

0.210 

0.0083 

5 

26 

0.13(M).187 

0.0051-0.0074 

177 

80 

0.177 

0.0070 

6 

40 

0.114-0.154 

0,0045-0.0061 

149 

100 

0.149 

0.0069 

6 

40 

0.096-0.125 

0.0038-0.0049 

126 

120 

0.125 

0.0049 

6 

40 

0.079-0.103 

0.0031-0.0041 

106 

140 

0.105 

0.0041 

6 

40 

0.063-0.087 

0.0025-0.0034 

88 

170 

0.088 

0.0035 

6 

- 40 

0.064-0.073 

0.0021-0.0029 

74 

200 

0.074 

0.0029 

7 

60 

0.045-0.061 

0,0018-0.0024 

62 

230 

0.062 

0,0024 

7 

90 

0.039-0.052 

0.0015-0.0020 

53 

270 

0.063 

0.0021 

7 

90 

0.035-0.046 

0.0014-0.0018 

44 

325 

0.044 

0.0017 

7 

90 

0.031-0.040 

0.0012-0.0016 

37 

400 

0.037 

0.0016 

7 

90 

0.023-0.036 

0.0009-0.0014 


* For ^ves from the lOOO-micron (No. 18) to the 37-micron (Na 400) Size, in* 
dusive, not more than 5 percent of the opetungs shall erceed the nominal openinK by 
more than one-half of the permissible variation in the maximum opening. 


of tnaintaining this re&tion between wire diameter and sieve opening 
«eeims to have been that it woi|Id prevent the vrires from shifting. Jn 
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modern sieving practice there is no need for concern about shifting or 
slipping of wires since crimping forces them to stay in place. Due to 
selection of openings in terms of wire diameters, the series is 

made of heavy wire and is not always suitable for test sieves. Some 
question also arises on the desirability of limiting the open area of the 
sieve to a ratio of 1 : 3. In spite of these objections, however, the screen 
has found wide use in England for more than 30 years. The chief char- 
acteristics of this type of series are shown in Table 13. 


Table 13 — The British Engineering Standards Association and I.M.M. Sieve 

Series 


B.S A. 
sieve 

Nominal 
size of 
aperture 

Nominal 
diameter 
of wire 

Equivalent 

Tyler 

mesh 

Equivalent 

I.M.M. 

sieve 

6 

0.1320 

0.068 

6 


6 

0.1107 

0.056 

7 


7 

0.0949 

0.048 

8 


8 

0.0810 

0.044 

9 


10 

0.0660 

0.034 

10 


12 

0.0553 

0.028 

12 


14 

0.0474 

0.024 

14 


16 

0.0395 

0.023 

16 


18 

0.0336 

0.022 

20 


22 

0.0275 

0.018 

24 


25 

0.0236 

0.0164 

28 


30 

0.0197 

0.0136 

32 


36 

0.0166 

0.0112 

35 

30 

44 

0.0139 

0.0088 

42 


52 

0.0116 

0.0076 

48 


60 

0.0099 

0.0068 

60 

50 

72 

0.0083 

0.0056 

66 

60 

85 

0.007 

0.0048 

80 

70 

100 

0.006 

0.004 

100 

80 

120 

0.0049 

0.0034 

115 

100 

150 

0.0041 

0.0026 

150 

120 

170 

0.0035 

0.0024 

170 

« • K 

200 

0.003 

0.002 

200 

150 

240 

0.0026 

0.0016 

250 

200 


The I.M.M. Series has been superseded by the British Engineering 
Standards Association Series (1932). This sieve series is also shown in 
Table 13. It will be noted that the openings follow closely those of the 
Tyler series, the differences being due to the desire of specifying British 
Standard Wire diameters. 

German and French Series — Because foreign literature often lists ex* 
periments in which powdered material is sized by sieves peculiar to a 
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given country, for completeness we also list in Table 14 the screens used 
in France and Germany. Those for France are designated AFNOR 
{Association frangaise de normalisation, 1938). The German series, 
DIN, refers to the Deutsche Industrie-Normen, 1171, 1934. It is very 
much similar to the French series in many respects. 


Table 14 — French and German Standard Sieve Openings (Mm) 


French Senes 
AFNOR 
(1938) 

German series 

DIN 

(1034) 

Equivalent 

Tyler mesh 
number 

Equivalent U S. 
standard mesh 
number 

5 00 

5.00 

... 


4 00 

4.00 

5 

5 

3.15 

3.00 



2.50 

2.50 



2.00 

2.00 

9 

10 

1.60 

1.50 ( 4 ) 



1.25 

1 20 ( 5 ) 

14 

16 

1,00 

1.00 ( 6 ) 

16 

18 

0 80 

0.75 ( 8 ) 



0.63 

0.60 ( 10 ) 

28 

30 

0.50 

0.50 ( 12 ) 

32 

35 

0.40 

0.43 ( 14 ) 

0.40 ( 16 ) 

35 

40 

0.315 

0,30 ( 20 ) 

48 

50 

0.25 

0.25 ( 24 ) 

60 

60 

0.16 

0.15 ( 40 ) 

100 

100 

0.125 

0.12 ( 50 ) 

115 

120 

0.10 

0.10 ( 60 ) 

150 

140 


0.09 ( 70 ) 

170 

170 

0.08 

0.075 ( 80 ) 

200 

200 

0.063 

0.060 ( 100 ) 

250 

230 

0.05 


270 

270 


Large-Opening Screens — ^For industrial sizing, screens may be more 
than 4 in. in size and may have either square openings, or round open- 
ings which are approximately equivalent to the stated sizes of square 
openings in testing sieves. The relation between square and round open- 
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ings is shown in Table 15, The numbered sieves are those of the U. vS, 
Standard Sieve Series. Typical uses for the sizes listed are given in 
Table 16. The size numbers and nominal size square openings arc those 
developed by the U. S. Bureau of Standards. 

Size Ratio of Openings — In this country the ratio between the dif- 
ferent sieve openings has been taken as V2, a practice recommended by 
Rittinger (1867). This, of course, is only approximately true in the 
I.M.M. Series, as indicated. In this latter series, the ratio is determined 
entirely by the proper selection of wire diameters for the size of opening 
to be produced. In the Tyler series, developed from a 200-mcsh sieve as 
the base (0.0029-in. opening), the width of opening in each successive 
screen is V2 times the opening in the preceding sieve. The choice of 
this ratio makes the area of each successive opening double that of the 


Table 15 — ^Approximately Equivalent Round- and Square- Opening TBvSting 

Screens 


(This table shows the sizes of round openings which are approximately equivalent to 
the stated sizes of square openings in testing sieves. Numbered sieves are those of 
the United States Standard Sieve Series.) 


Square 

openings 

Round 

openings 

(in.) 

Square 
openings 
(m ) 

Round 

openings 

(m.) 

No. 8 

Vs 

IVs 

IVa 

No. 4 

'A 

IV 2 

IVs 

Vs in. 

Vs 

IVs 

2 

Va in. 

Vs 

2 

2Vs 

Vs in. 

Vs 

2 V 4 

2Vs 

Vs in. 

Vs 

2 V 2 

3 

Vs in. 

1 

3 

3Vs 

1 in. 

IVs 

31/2 

4V« 

IVs in. 

IVs 

4 

4Vs 


next finer, or one-half that of the next coarser sieve. Another advantage 
of the Tyler series, due to selection of the V2 ratio, is that by omitting 
every other screen a ratio width of 2 to 1 is obtained. Skipping two sizes 
the ratio is approximately 3 to 1, and by skipping three sizes the ratio is 
4 to 1, etc. JThus, for many important industrial operations it is possible 
to obtain '\/2, 2, 3, or 4 to 1 ratios of openings from the Tyler scries. 

The U. S. Sieve Series does not progress by the same ratio as the 
Tyler series in every instance. This may be checked by reference to 
Tables 11 and 12. The U. S. Sieve Series has been widely used in this 
country, and accepted as the standard by the American Society for Test- 
ing Materials. 
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In inches, except where otherwise indicated; numbered sieves are those of the United States Standard Sieve Series. 
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For closer si7ing it is possible to provide a ratio between sieve open- 
ings of \/2. The ratio between sizes of the openings is then ^^'2 or 
1.189, and the difference in areas between two successive openings is 
about 1 V 2 limes instead of 2, as with the Tyler and U. S. scries. Referj- 
ence to Table 11 shows the refinements possible with the use of the -^2 
series. 

In addition to the \/2 and v^2 series, it is also possible to utilize a 
series w^hose successive differences are in the ratio of *^3. This series 
includes both the English inch and the metric millimeter, and should 
have had a certain amount of international acceptance. Unfortunately, 
it has never been practical to work out a series of such meshes and sizes 
of wire that could be woven satisfactorily. In addition to this objection, 
the cube root of the series does not include any of the sieves now in gen- 
eral use. 


SIEVING EFFICIENCY 

Factors Affecting Efficiency — To obtain a gradation of material 
passing from one sieve to another or to a container, some motion must be 
given to the particles contained on the screens so they will pass through 
the openings. This motion may be imparted by hand or by some appa- 
ratus which either vibrates or shakes the material. The method chosen 
should be one in which a maximum amount of material will pass a given 
screen in the shortest period of time. There are several mechanical 
shaker devices available such as the Tyler Ro-Tap, vibrators of the 
Hummer electric type, or the Leahy No-Blind screen, which depend on 
a high-frequency vibration imparted to the material being screened. 
Fahrenwald and Stockdale (1929) made a careful study of the effect of 
sieve motion on sieving efficiency. These investigators point out that 
100 percent screening efficiency is unattainable inasmuch as the clement 
of time is an important factor. Thus, a single difficult grain placed on a 
vibrating sieve may pass the sieve almost at once, but on a second 
trial may remain for a considerable time. The mechanics of siev- 
ing were aptly described by Stephenson (1926-1927), who compared 
sieving to floating timber logs down a river. The logs pile up against 
boulders and jam, then break loose and travel on for some time before 
jamming again. He indicated this periodicity in the case of sieving 
quartz. The quartz was originally passed through a 183-mesh silk 
screen and then made to pass a 200-mesh copper screen. The data ob- 
tained in a test are shown in Figure 21. 

Effect of Screen Motion — It will be seen that from the first to the 
fourth minute the amount passed ranged from 2.272 to 2.314 g per min, 
but after the seventeenth minute there was considerable variation in the 
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percentages which passed. The nature of the jamming is clearly indi- 
cated by the inconsistent character of the amounts passing from minute 
to minute. Stephenson did not describe the method by which the siev- 
ing was done, but in later paragraphs this will be shown to be extremely 
important. However, assuming that whatever the method used it was 
constant throughout the experiment, the results indicate clearly the im- 
portance of the time element in sieving. The experiments of Fahren- 
waJd and Stockdale were more extensive than those described by Ste- 
phenson. These investigators utilized two types of materials: Pure 



quartz (specific gravity 2.65) crushed to pass a 10-mesh sieve, and galena 
(specific gravity 7.5) prepared in a like manner. The quartz and galena 
were screened into six sizes ranging from 14/20-mesh to 65/100-mesh 
Tyler sieve. The sieving was done with the Tyler Ro-Tap sieve shaker, 
and shaken by hand until practically no more material passed the limit- 
ing sieve. 

The following sieve motions were employed: 

L Horizontal rotary motion produced by a Ro-Tap sieve shaker, 
without the aid of the hammer or bumper. 

2, Horizontal rotary motion combined with a vertical bumping or 
jarring motion such as produced by the Ro-Tap shaker with the aid of 
the hammer, which struck the screen frame about 165 times per min. 
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3. Vertical jarring motion produced by striking the bottom of a 
screen, held in one hand, with the palm of the other hand, using suf- 
ficient force to make the particles jump about. 

4. Horizontal jarring or shaking motion produced by tapping with 
the palm of one hand, while holding a screen in the other— these taps 
were imparted to the screen at the rate of about 240 per min. 

5. High-frequency vibrating motion similar to that produced by the 
Hummer electric, or the Leahy No-Blind screen. 

Efficiency tests with sand and galena were made in the intermediate- 
size sieves of the Tyler ^2 series. In this way the average of the limit- 
ing sizes (Tyler ■\/2 series) was almost equal to the size of the opening of 
the testing sieve, and the ratio of undersize to oversize was about one to 
one. Thus the condition of the feed in each test was made as difficult 
as possible. 

In their experiments with high-frequency vibrating sieves, Fahren- 
wald and Stockdale constructed a special apparatus with which the fre- 
quency and amplitude of vibration could be adjusted at will. The 
frequencies used in the experiments ranged from 500 to 2500 vibrations 
per min, while the amplitude of vibrations extended from 0.1 mm to 
approximately 0.7 mm. 

Tests were also made with thin and thick beds of material, with the 
motions previously described. In the thin-bed tests conducted sufficient 
material was weighed out to cover the-screen surface 1 particle in depth. 
For quartz this was approximately 25 g and for galena approximately 
75 g. The sample was placed in the testing sieve and the sieve was 
shaken until all the material was scattered evenly over the screen sur- 
face. The material that passed through the screen in this operation was 
returned to the sieve surface. The sieve was then subjected to the mo- 
tions previously described. When tests on deep beds of material were 
made, 250-g samples were used, giving a depth of approximately V 4 iii-* 
The material was subjected to the same motions as for the thin bed. 
Typical results obtained from various experiments are shown in Figure 
22. It will be noted that the maximum amount of material sieved 
through each series of screens during a given interval of time does not 
follow any definite law. The figures also indicate that in so far as the 
relative efficiencies of the various methods are concerned, vibratory mo- 
tion is first (provided the best combination of amplitude and frequency 
is used), followed successively by side-tap (hand) motion, bottom-tap 
(hand) motion, Ro-Tap (with hammer) motion, and Ro-Tap (without 
hammer) motion. 

The curves of Figure 22 obtained with thick beds of material arc not 
consistent with those obtained for thin beds of material. No data are 
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available on the effect of varying the load on the screens. Blinding is 
excessive in each motion used, except with the vibrator, in which case it 
is at a minimum. The data show further that with large loads the 



Figtob 22. Effect of Various Motions on Rate of Sieving, 


amount of material passing a given series of sieves is approximately 
25 percent less than with smaller amounts. Even after sieving for a 
relatively long peripd of time the amount of ihaterial passing for a given 
screen motion is never equal to that for the smaller bed loads. In general 
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the data suggest that if a set of screens can be standardized for a given 
load, the time required to screen additional material is almost propor- 
tional to the amount of material placed upon the screen. In other words 
if 2 min are required to screen 10 g of a given material, 100 g will require 
approximately 20 min. *This, of course, assumes that the materials con- 
cerned are similar and that the sieve motions are the same in each case. 

The results of studies made by varying the frequency and amplitude 
of the vibration are shown in Figure 23. The curves of the figure show 
that amplitude of vibration has a greater effect on the rate of screening 
than frequency. A change in amplitude of approximately 0.20 mm 


AMPLITUDE OF VIBRATION (MM) 



Figure 23. Relation op Frequency and Amplitude of Vibration 
TO Effectiveness op Sieving. 


produces a greater change in the screening rate than a change in fre- 
quency of 300 or 400 vibrations per min. The condensed data showing 
amplitudes of vibration and frequencies, taken from the peaks of the 
amplitude and frequency curves for different sizes of quartz particles, 
are shown in Table 17. 

The “efficiency'^ of the various sieve motions may be expressed by the 
formula 


efficiency = Percentage material actually passing 
^ total percentage capable of passing 

Fahrenwald and Stockdale considered the total material capable of 
passing a given sieve as that amount of material passing a sieve in 120 
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Table 17 — Combination of Amplitudes and Frequencies of Vibration Found 
Most Efficient for Quartz of Various Sizes 


Tyler me,sh 

Amplitude of vibration 
(mm) 

Frequency of vibration 
(vpm) 

14/20 

0.60 

580 

20/28 

0.40 

1100 

28/35 

0.35 

1350 

35/48 

0.30 

1350 

48/65 

0.30 

1500 

65/100 

0.20 

1700 


sec when subjected to vibratory motion. In comparing the effectiveness 
of various sieve motions, the total amount passing in this time was used 
as a criterion. Data using this criterion are presented in Table 18. 


Table 18 — Effectiveness of Various Sieve Motions 


Material 

used 

Size 

mesh 

RO"Tap 

(without 

hammer) 

motion 

(per- 

centage 

through) 

Ro-Tap 

(with 

hammer) 

motion 

(per- 

centage 

through) 

Bottom- 

Tap 

(hand) 

motion 

(per- 

centage 

through) 

Side-Tap 

(hand) 

motion 

(per- 

centage 

through) 

Vibratory 

motion 

(per- 

centage 

through) 

Maximum 

difference 

(per- 

centage 

through) 

Quartz 

14/20 

30,2 

36.7 

55.9 

66.2 

54 8 

26.0 

Quartz 

20/28 

46.8 

45.4 

76.3 

73.4 

76.0 

29.5 

Quartz 

28/35 

43.8 

37.0 

60.2 

62.7 

64.0 

27.0 

Quartz 

36/48 

41.3 

45.9 

56.3 

67.8 

67.1 

26 6 

Quartz 

48/65 

32.6 

35.3 

32,5 

40.9 

43.0 

10 5 

Quartz 

65/100 

43.8 

54,8 

55.6 

56.8 

57.4 

13.6 

Galena 

14/20 . 

44.2 

50.6 


60.0 

63.2 

19.0 

Galena 

20/28 

32.3 

36.0 


63.6 

64.7 

22.4 

Galena 

28/36 

25.1 

25.6 


39.6 

43.1 

18.0 

Galena 

35/48 

34.3 

37.7 


52.3 

63.1 

18.8 

Galena 

48/65 

27.1 

35.3 


42.3 

43.3 

16.2 

Galena 

65/100 

33.4 

38.1 


42.6 

44.7 

11.3 


Lister (1924) found that the rapidity of screening through round- 
opening screens varied approximately in proportion to the square root of 
the diameters of the holes. Expressed on a weight basis Lister gives the 
following formula 

w ^ k VD Eq (5-1) 

where w is the weight of material passing in a unit-time, D the diameter 
of the screen opening, and k a constant to be determined by experiment. 
Lister gave no reasoning for the derivation of this formula. 
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Fagerholt’s Analysis — Fagerholt (1945) gives the following with regard 
to the laws governing sieving action. If we assume that the weight of 
particles of a given size passing a sieve in a unit time is proportional to 
the weight of the particles of the same size remaining on the sieve, we 
have 


where w{d,t) denotes the weight of particles which are retained on the 
sieve at the time t, and w'{d) is a constant greater than zero. Inte- 
grating from time t = fn to t = f 

w{d,t) = w(d,to) exp [—w'(d) 1 / 

If dmai denotes the diameter of the largest particle capable of passing 
the sieve, then 


w'{d) — » 0 when d — » 
w'(d) = 0 when d ^ d,„ax 

Thus, w'{d) is a measure of the probability of passage. 

The probability p of & particle passing a sieve, assuming the jiarticle 
is thrown at right angles to the opening and that it does not touch the 
wire, has been determined by Mogensen (cited by Fagerholt) as 

= 

^ (i + sy 

where I is the width of tlie mesh, d the diameter of the particle, and 5 the 
thickness of the mesh. For a given sieve we may write 

p = ail- d)^ = ^( 4 ,* - d)^ 
or as indicated above 

w\d) = y{d^^ ~ dY 

where a, /3 and 7 are suitable constants. Thus, for values of <i ^ dmaz 

w{d,t) = widM) exp [-yt[dmax - d)^] 

For values of d ^ dmo* 

w{d,t) = ii(d,to) 
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If C(d 

7nax ) denotes the weight of particles capable of passing a given 
sieve and R{t) denotes the residue remaining at the time t, then 


C(d„J = 1 - R{t) 


If F(d) denotes the weight-frequency distribution of the particles 
being sieved, then the residue R(t) will be expressed by 

m) = F(d)^^^-did) 


w{d,k) 


= J Fid)’ exp [ — Ctid^ 

p dmajc 

= J Fid)’cxp[—Ctid; 


^„,-dy]dt+ f°° Fid) -did) 

%/ dm ax 

" + 1 — C{dmax) 


Since for practical purposes we may say that between two sieve sizes, 
the particle-weight distribution is linear: 

C{d) ^ a + bd=^ a + F{(r)-d 

and that particles smaller than do have disappeared from the residue in 
time L Thus 

b ^‘'•"“exp [-7«(d - dnazYl’did) = 

b y^,*exp [-ytid - d^axY^id) -f- b /^^"‘“exp [ytid - d„tay]’did) 

and following the assumption just made the first integral on the right is 
approximately zero. Hence we have 

Rit) = 1 - cid^,) + b exp {-ytid^as - m-m 
and writing 4>(d) for the probability integral 

Rit) = 1 - ddm^) + V2^]} 

If idnaa ~ d^'\/W^tiswery large the corresponding f -function can be 
discarded, so that 

Rit) = 1 - (approximately) 
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Replacing 1 — C{dmax) by i?( » ) which denotes the residue corresp(5nding 
to complete separation 

Rm - R(-) + 

The weight-distribution being linear between two sieve sizes, we may 
write 

b[d„„ - dR(t)] = 
dR{t) = 

where dli(t) denotes a particle size corresponding to the residue obtained 
by sieving for a time t and is dependent on particle shape and conditions 
of sieving. The value of cannot be ascertained directly, though 
reasonable approximations can be made as to its value. 

Fagerholt has shown that the average weight diameter of particles 
may be determined from the weights of residues after two sieving periods 
h and fe, (/a > ^i), and from corresponding expressions of the number of 
particles passing. Thus, he obtains 

R(ti) — R(t 2 ) = weight of particles passing. B'or determining dR(() 
above, it is convenient to have the sieving time adjusted so that 

so that 

sVyh Vx7(v7i V^s) 

Jb = ? - 1 
2 

or 

k = 3ii {approximately) 

Thus, the particle size dR{t) corresponding to the sieving residue R{() 
obtained by sieving in the time t is determined as the average particle 
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size dw of the fraction passing the sieve by continued sieving under the 
same conditions up to the time U. 

PARTICLE-SIZE DETERMINATION 

Average Size Based on Openings — ^The use of screens for particle- 
size determination was mentioned briefly in Chapter 4. When material 
is passed through one sieve and retained on the next smaller, the size 
assigned to the particles retained is a matter of choice. We may assign 
a diameter to the particles which is equal to the size of the opening in 
the larger or smaller sieve, the arithmetic or geometric mean of the 
openings of the two sieves, or a statistical average diameter determined 
by microscopic or other methods of size-measurement for particles re- 
tained on the smaller sieve. Averages obtained by the last-mentioned 


Table 19 — Size-Weight Distribution of 435.2 G Sample of Crushed Quartz 

(Tyler Sieve Series) 


Sieve numbers 
(passing, 
retained) 

(1) 

Arithmetic- 
mean size of 
openings 
(mm) 

(2) 

Weight of quartz 
retained on 
smaller^ljeve (g) 

Percent re- 
tained on 
smaller 
sieve 
(4) 

Weight- 

size 

(2) X (4) 

(5) 

4/6 

4.013 

8.7 

2.0 

8.0 

6/8 

2.845 

36.6 

8.4 

23.9 

8/10 

2.014 

65.3 

15 0 

$0.5 

10/14 

1.422 

103.1 

23.7 

33.7 

14/20 

1.000 

91.0 

20.9 

20.9 

20/28 

0.711 

77.6 

17 8 

12 7 

28/38 

0 603 

33.4 

7.7 

3 9 

36/48 

0 356 

19.6 

4.6 

1 G 



435.2 

100.0 

136 2 


Arithmetic mean 135 2/100 =« 

1.35 mm. 



method are dependent upon the character of the material sieved as well 
as the size of the sieve openings. In practice, it is customary to express, 
the size of sieved material in terms of sieve-sizes used. Particular atten- 
tion should always be given to stating which method is used in deriving 
the average size of sieved material. If, for example, a given material 
passes a 14-mesh and is retained on 20-mesh Tyler sieves (expressed 
symbolically 14/20), it should be stated clearly whether the average 
diameter of the particles is based on (a) the opening size of the 14-mesh 
sieve, (6) arithmetic average of 14- and 20-mesh sieve openings, or (c) 
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geometric average of these openings. The opening of a 14-mesh sieve is 
1.17 mm, that of a 20-mesh 0.83 mm, and the average of the two siev es 
(1.17 -f 0.83)/2 = 1.00 mm. The geometric mean is V 1.17 X 0.83 = 
0.97 mm. The differences are significant, thus emphasizing the need for 
stating clearly how partide-size averages of screened materials are de- 
rived. 

Weight-Size Distribution — ^When a given material is passed through 
a series of sieves much as the Tyler or U. S. series, and the amount of 
material retained on each sieve determined, a weight-size distribution 
of the material is obtained. An example of such a size-analysis is shown 
in Columns 1, 2, and 3 of Table 19. The table also illustrates the method 
of computing the average diameter of the material. The geometric mean 
or the median may be obtained by methods outlined in Chapter 3, when 
weight of material passing or retained is substituted for number of par- 
ticles. 


Table 20 — ^Moment Method for Computing Average Mesh Size of Crushed 
Quartz. (Tyler Sieve Series) 


Sieve nambers 
(passing, retained) 

(1) 

Percent quartz 
passing (g) 

(2) 

Weight assigned 
to sieve 

(3) ( 

Moment 

12) X (8) 

4/6 

2.0 

1 

2.0 

6/8 

8.4 

2 

16.8 

8/10 

15.0 

3 

45.0 

10/14 

23.7 

4 

94.8 

14/20 

20.9 

5 

4.4“ 

104.5 

20/28 

17,8 

6 

106.8 

28/35 

7.7 

7 

53,9 

35/48 

4.5 

8 

20.0 

Mesh size 

100.0 

« sieve corresponding to weight 4.4 
=a mesh between numbers 14 and 20 sieves, 

443.8 


* Position of mean mesh, 


A more simple method of sizing material, based on detemtining aver- 
age “mesh-size,” was developed by Coghill (1928). Since, as already 
indicated, standard-sieve series progress in size according to a fixed 
ratio, each sieve starting with the largest or smallest may be assigned a 
weight 1, the next in size 2, the next 3, and so on. The method of appli- 
cation is shown in Table 20 for data given in the preceding table. The 
weight assigned to each sieve is multiplied by the corresponding weight 
percent of the material. These are simply the moments of the weights. 
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The sum of the moments divided by the total weight (100 in the present 
case) is the mean “mesh-size.” 

- RELATION BETWEEN COUNT AND WEIGHT DISTRIB UTIONS 

T Hatch (1933) extended the basic size-distribution equation (Eq 
3-17) to apply to weight-distribution curves in sieve-analysis. Thus 

pa,nd^ ~ -exp [- (log d - log <i/)V2 log® <r/] Eq (5-2) 

log (Tg V 2t 

where p, d, a„ and n are the density, diameter, volume-shape factor, and 
number of particles retained on each sieve, respectively, and dg and 
aj are the geometric mean diameter and geometric standard deviation 
of the curve, by weight. The total weight of the sample is of course the 
term 'Lpa^nd^ on the right of the equation. Hence pa^nd^ is the weight 
retained on each sieve. 

The arithmetic mean diameter is the sum of the weights retained on 
each sieve multiplied by the corresponding diameter and divided by the 
total weight, thus 

dy, = 'E{papftd^)d/Xpa^ftd^ = Eq (5’3) 

This may be developed by methods outlined in Chapter 3, so that 

Indto = In = dg' + 0.5 In^ ag* Eq (5-4) 

But by Eq (3-24) 

In d,^ = In (~ ) = 3 In d, -I- 4.5 In® a, Eq (6-5) 

where dg and dg are the statistical parameters of the size-frequency curve, 
by count. Adding Eqs (5-4) and (5-5) 

In (^) = In dg' -I- 0.5 In® d,' -f 3 In d, -f 4.5 In® 

Eq (5-6) 

Again using the development given in Chapter 3, Eq (5-6) may be ex- 
pressed by the equation 

In (^■) - 4 In d, -f 8 In^ ff. 


Eq (6-7) 
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IK) 

Substituting in Eq (5-6) 

In d; = In -f 3.5 In* - 0.5 In* a,' Eq (5-8) 

The values of Vj, and c/ are the same, that is, the geometric standard 
deviations by count and weight are equal. This is easily proved by sub- 
stitution of Eq (5-8) and the value of n given by the size-frequency dis- 
tribution by count in Eq (5-2). Hence, 

In dg = In dg' — 3 In* a, 

or using logs to the base 10 

logtfj = log d/ — 6.908 log* ffi' Eq (5-9) 

This relation permits us to transfer size-distributions from a weight to a 
size basis. 

Corresponding formulas for other statistical diameters discussed in 


Chapter 3 are as follows : 

logd., = log d/ - 5.7565 log* a, Eq (5- 10) 

log d„ — log d/ — 8.0591 log* Eq (5-11) 

log d, = log d/ — 4.6052 log* Cg Eq (5-12) 

log d, = log d/ - 3.4539 log* <Xg Eq (5-13) 

logd„ = log d/ - 1.1513 log* <r<, Eq (5-14) 


The above equations apply only when the weight-in-size distribution is 
known to follow the log-probability distribution. Their application to a 
complete sieve-analysis also depends upon “calibration” of each sieve of 
the series used as explained in subsequent paragraphs. 

CALIBRATION OF SIEVES 

Hatch Method of Calibration — For the production of materials with 
uniform size, it is essential that sieve openings be calibrated. Specifi- 
cations for many industrial products require that sizes be within speci- 
fied limits. Unless screen openings are of uniform dimensions, speci- 
fied limits may be exceeded. When fine material is made to pass through 
two sieves, the size of the material retained on the sieve with smaller 
openings is usually taken as the arithmetic or the geometric mean of the 
openings of the two screens. Actually the material is widely distributed 
as to size, as may be seen by reference to Figure 24, which shows material 
passing a 65-mesh Tyler sieve and retained on a 100-mesh. The arith- 
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metic or geometric mean of the openings does not indicate the true mean 
size of the material. Figure 24 illustrates the fact that particles of a 
given diameter may be found on several sieves. Clean-cut and definite 
size separation, therefore, is not possible by use of sieves. It will be seen 
in Figure 24 that the median size (count basis = 290 m) is closer to the 
opening size of a 48-mesh sieve than the 65-mesh Tyler sieve through 
which the material passed. Material obtained from any single source 
should always give the same distribution, but other materials may give 
much different distributions. 



Figure 24. Summation Curve of Material Passing 65- and 
Retained on 100-mesh Tyler Sieves. 


T. Hatch (1933) applied this type of calibration to samples of lime- 
stone. The particles were measured microscopically as outlined in Chap- 
ter 4, and the median diameter by weight determined from Eq (5-9). 
The calibrated size of a sieve was taken as the median or geometric 
average size by weight of the material retained on the sieve. Thus, ap- 
plying Eq (5-9) to the data plotted in Figure 24, we obtain the cali- 
brated size of the sieve as follows : 

log df = log df -h 6.098 log® Uj 

= 2.462 + 6.098 X 0.162 X 0.162 
= 2.478 


so that 


d/ = 302 /I 

Calibration sizes of four aeves, determined by Hatch for crushed lime- 
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stone, are given in Table 21. The data presented in the table show that 
the calibrated sizes are larger than the sieve openings. 


Table 21 — Hatch’s (1933) Calibration of Four Sieves (Tyler Series) Using 

Crushed Limestone 


Material 
retained on 
(mesh) 

Size of sieve 
opening 
(m) 

Calibration 

size 

(m) 

100 

147 

282 

150 

104 

199 

200 

74 

130 

325 

37 

100 


Application of the Hatch equations to a screen analysis is as follows: 
A summation curve is plotted on log-probability grid. The “percentage 
less than calibrated sieve-size” is plotted instead of the usual “percentage 
less than stated sieve-size.” If the summation curve is a straight line, 
Eq (5-9) applies. The method is useful where precise information is 
desired on particle-size of a screened product. 

Hatch extended his method of analysis to size-distribution curves 
ranging from coarse-screen analysis through fine particles measured 
microscopically. While excellent results were obtained by using this 
technique on laboratory samples, the method cannot be generalized to 
cover all types of distributions encountered in practice. As already ex- 
plained in Chapter 3, size-frequency distributions may asstmie a variety 
of shapes. The Hatch development applies only to distributions which 
follow the normal or log-probability law. Wlien size-distributions are 
hyperbolic in the lower extremes and follow normal log-probability laws 
in the upper extremes, the Hatch analysis must necessarily fail. Never- 
theless, the relationships developed by Hatch have a far-reaching practi- 
cal importance. 

Wd/er and Moran Method of Calibration — ^Another method of cali- 
brating sieves consists in measuring random openings in the sieve and 
obtaining size-frequency distributions as outlined in Chapter 3. The 
openings are measured by filar micrometer or by projection metliods. 
Two screens are then identical if the mean size of the openings and the 
standard deviations are the same. Weber and Moran (1938) use the 
coefficient of variation 

V == lOOff/fat) Eq (6-15) 

as a measure of sieve equivalence, where <r is the standard deviation and 
lav the arithmetic average of the sieve openings. Their data indicate that 
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the difference between the average opening of a sieve with a high coeffi- 
cient of variation and that of a sieve having the same retention but a 
smaller coefficient increases as the standard of the former increases 
above 6 percent. Sieves with high coefficients of variation behave as if 
their average opening were larger than that calculated in terms of the 
average of sieve openings. This difference is due to the relatively larger 
portion of oversized openings in screens possessing high coefficients 
of variation. However, since shaking time is also an important variable, 
it too must be considered. With longer shaking times a relatively 
small number of oversize openings would tend to increase the average 
size of material passed, Weber and Moran have proposed the following 
empirical formula for determining the effective opening of a sieve in 
terms of statistical constants and shaking time 

l. = L [l + 0 Eq (5-16) 

where 1^ is the effective opening for a shaking time of / min and v is the 
coefficient of variation as defined by Eq (5-15). 

FINENESS MODULUS 

The fineness modulus was developed in an effort to correlate strength 
of concrete in terms of its component sizes. The fineness modulus is 
simply the sum of the percentages in the sieve-anlaysis divided by 100. 
In conaete work, fineness modulus is applied to the aggregate and the 
following Tyler Standard Scale sieves are used: 100, 48, 28, 14, 8, 4, 
and ^/s-in., ^/rin,, and 1 V 2 -in. mesh. By using this series of sieves each 
sieve has a clear width opening double that of the next finest sieve, or 
one-half that of the next coarsest sieve. 

Problems 


1. The following is a sieve-analysis of a certain sand: 


Sieve-size 

(Tyler) 

Weight 

(percent) 

6 

0.6 

8 

3.5 

10 

12.6 

14 

25.3 

20 

38.4 

2$ 

48.9 

35 

65.3 
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Obtain the geometric mean size by plotting on a log-probability grid, and by means 
of Eq (5-10) determine the average size on a count basis. 

2. Calculate the calibration size (weight basis) for a sand (p =» 2.64) passing a 200- 
mesh and retained on a 325-mesh Tyler sieve, given the following size-frequency 
distribution: 


Average group size 
(m) 

Percent less than 
stated size 

60 

0.7 

70 

5.0 

80 

30.0 

90 

50.0 

100 

82.0 

110 

90.3 

120 

96.1 

130 

99.1 

140 

99,5 

150 

99.8 


3. Given a screen which is vibrated and assume that N of the particles contained 
on it are capable of passing with equal facility. If ^ denotes the probability of a 
single particle passing in a given interval of time, and assuming that remains un- 
changed during the screening process, show that after v time intervals the number of 
particles which has passed the screen is given by the expression 

mu + (1 - <£>) (1 - 4>)2 

or, what is equivalent, that the amount passing during the Hh interval is 

m[l - ^)’-i 

Hence also prove that the number of particles of the same kind left on the screen 
after the yth interval of time is 


N{1 — #)» 

4. In a study of screening capacity, Herried (1935) obtained the following rela- 
tion expressing certain screening variables when separating dry coke fines in 
square opening screen 

[(L/0.038) - 0.88] (o) - 868) « 1020 

where L is the length of the screen and a? the shaft speed in rpm. The formula gives 
the maximum capacity of the screen. Plot the curve and discuss possible limitations 
of the formula. Note: The value of L should range from V «2 to iti. 

5. Given a screen of ^-squares, each of area a. If the whole area of the screen is 
A, determine the probability of a particle whose largest dimension is less than •s/a 
falling through the screen. 

Note: The chance of a particle falling through a given opening at is determined 
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as follows: Since there arc n equally probable openings through which the particle 
may fall, the probability pi for this opening is 


pi = ai/A, 


and since the whole probability is + ^2 + . . . + Pn, 


For squares of equal size a ^ ni ^ — etc. 

p = a/A =s 1 /m 

6. Given a screen with openings 2a by 2h on which is thrown at random a rodlike 
particle of length 2c less than either side of the opening, determine the probability 
that the particle will pass without touching the sides of the opening. 

Note : The solution given by LaPlace for the probability q of crossing one side of 
the rectangular opening is 

q == (c/irab) (2a + 2Z> — c) 

Hence the probability of not crossing either side is 

= 1 - ic/7rah){2a + 2b - c) 

If one of the sides, say b, is infinite, then the solution reduces to Buffon*s problem of 
parallel lines on which a rod of length c less than the distance between the lines is 
thrown. In particular, when the openings of a screen are square 

/> = 1 — Ac/ra 

Thus, is a minimum when c = a, or ^ ~ 0.045. (Compute p for various values of 
c/a.) For a wire screen, the wire thickness being 5, Fagerholt (1940) cites Andreasen 
as having determined the probability of a particle of diameter d passing through the 
opening as [(a — d)/(a + 3)] 2 . 

7. Particles are screened on two sieves the size of whose openings are Di and Da. 
Show that the average weight diameter of the particles passing the larger and re- 
tained on the smaller is 


dw ^ (K 

Note: Write the average particle passing Di and D 2 as di * aDi and di - aDa, 
where the a's are shape f a6tors. If the C(d) denotes the weight of particles less than 
dtp and if in the interval di and dj the size distribution is linear 

. C(d) ^ a At hd 

The constant b is therefore the wdght of the particles. If there are N{d) particles 
of size dw 


\l 2DiW 

^Di+Di 
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dN(d) = bd-H(d)/p 
N(di) - N(di) = b(,dr^ - d-z~^)/2p 
Since the weight distribution of these particles may be denoted by CCci) 

C(di) - = bid'i - di) 


^l2di^d/ ^ „J2L 

yd,l+d« > A 


2Z)|“-Da“ 
+7J2 



CHAPTER 6 


CHARACTERISTICS OF PACKINGS 


SYSTEMATIC ARRANGEMENT OF SPHERES 

T he study of problems concerning the flow of fluids through beds of 
granular material has many applications. It is indispensable to the 
theory of industrial filtration and water purification. The flow of 
ground water is controlled by soil structure and the most elementary 
phases of granular bed structure are fundamental to soil mechanics and 
soil physics. 

In practice, we are generally concerned with the behavior of irregu- 
larly shaped particles when packed in different ways. The arrange- 
ments assumed by such particles when dropped haphazardly into a con- 
tainer cannot be predetermined. However, it is possible to establish 
criteria for the behavior of irregular particles, provided that most of 
the particles concerned are neither disk-like nor plate-like in form; 
these shapes tend to destroy homogeneity of packing structure. The 
mathematical treatment of packings of irregular particles requires con- 
sideration of the structural layers as uniform and homogeneous through- 
out. Moreover, when discussing the behavior of packings under pres- 
sure, we must regard these packings as isotropic. 

While it is possible to describe the characteristics of packings in terms 
of voids, no clear-cut means has been found to relate these voids to par- 
ticle-size and other superficial features of the particles themselves. In 
other words, no comprehensive relationship between variables describ- 
ing a packing arrangement has thus far been possible. In the chapter 
on infiltration the relation of pore-space and particle-size to flow will be 
developed, but a complete description of a packing in anything but hy- 
drodynamic terms is wanting. Therefore, we are forced to use empirical 
and experimental approaches in evaluating packings. There is need for 
research on packing arrangements and, indeed, we shall never compre- 
hend behavior of particulate matter in the aggregate until we learn 
more about its mathematical representation. Even the treatment of 
spheres in a fixed pattern or arrangement, stable or otherwise, gives us 
nothing more than a pimple means of predetermining pore-spaces or 
voids. In random arrangements of uniform spheres we are concerned 
only with the limits of porosity and we may perhaps agree on some aver- 
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age of these limits as satisfying our immediate problem. As will be 
shown in Chapter 1 5 the trouble is that slight changes in porosity (which 
in turn is dependent upon the arrangement of spheres, and hence of 
particles) affect the behavior of packings tremendously. For the time 
being, therefore, we must regard the hydrodynamic behavior of a pack- 
ing as giving the most satisfactory description of its internal arrange- 
ment, subject of course, to a knowledge of its porosity, particle-size, 
particle-size distribution, shape-factors, and surface characteristics. 

Theoretically, no equation can completely describe the physical prop- 
erties of a packing without taking into account particle-diameter, size- 
distribution, and other particulate parameters already mentioned. The 
reason for their omission in some equations is threefold: (a) The equation 
may contain arbitrary constants related to particle-characteristics con- 
stituting the packing; (b) the derivation of the equation may be in 
terms of an ideal or isotropic medium, and (c) the equations may be 
empirical. So far, statistical analysis seems to have played only a small 
role in studies of packing problems, and probably will continue to do so 
until the particulate properties of various materials are better under- 
stood and made subject to mathematical treatment. 

Piles of Uniform Spheres — When spheres are piled in the form of a 
triangular pyramid, the top sphere rests in the hollow formed by the 
three immediately below it. The three in the second row rest on a course 
of six in the third row, these six on a course of ten, and so on. This 
forms theseries 1 + (1 + 2) + (1 + 2 -f 3) + (1 + 2 + 3 + 4) + .... 
-f (1 -f- 2 4- . • . . + n)j so that if n is the number of spheres in the side 
of the nth. course, then the number of spheres in the pile including the 
»th course is 


^ _ «(« + !)(» + 2 ) 


Eq (6-1) 


If the pile is a p 3 rrajnid with a square base, then the top sphere rests on 
four spheres, which in turn rest on nine, then 16, and so on. The num- 
ber of spheres to the »th row is therefore the sum of the scries 1® •+• 2® -f 
3® -f .... -4- »®, or 


N = 


«(« •+• 1)(2» -f 1) 
6 


Eq (6-2) 


where n, as before, is the number of spheres on the bottom side, or the 
«th course. 

When the pile has a base which is rectangular, the top of tlie pile will 
consist of a single row of spheres. Let »o be the number of spheres in the 
top row,' then the second row will consist of 2(«o + 1) spheres, the third 



CHARACTERISTICS OF PACKINGS 125 

row of 3 (ko + 2'), and the nth row of m(«o + w — 1). The series to be 
summed to the 7/th row will be 

Wo + 2wo + 2 + 3wo + 6 + .... + n(wo + w — 1) 

the sum of which is 

■^ = g (« + l)(3«o + 2» - 2) Eq (6-3) 

Systematic Packing of Spheres — A number of special arrangements 
of spheres in packings is possible. A representative section of spheres, 
piled in a three-sided pyramidal piling as discussed in the preceding para- 
graph, gives one type of arrangement— called rhombohedral. The ar- 
rangement of spheres in this type of packing is shown in Figure 25. It 
is interesting to note that the first study of arrangement of spheres was 
made by Slichter (1899), with particular reference to the flow of water 



Figure 26 Rhombohedral 
Arrangement of Spheres, 



Figure 26. Unit-cell of 
Rhombohedral Packing of 
Spheres. 


through soil. He was led to the study of sphere arrangements in order 
to reduce the hydraulics of a complex soil to conditions of an “ideaP^ 
soil. Thus, no matter how complex the soil under consideration, Slich- 
ter believed its hydraulic properties could be simulated by an ideal soil 
of uniformly spherical grains. 

In order to clarify terms which will occur frequently in later portions 
of this text, their definitions are given at this point. These definitions 
are taken from a study of systematic packings made by Graton and 
Fraser (1935), to which the reader is referred for an excellent analysis of 
packing problems. 


(а) A unit-solid is a sphere of diameter d. 

(б) A unit-cell is the smallest portion of a packing which gives a 
complete picture of the manner of packing; Figure 26 shows the unit- 
cell structure for a rhombohedral packing. 

(c) Voids are defined as the ratio of open-space volume to the com- 
bined open-space and solid-material volume in a packing. 
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(d) Porosity is used synonymously with voids and is usually ex- 
pressed as a percentage. 

“Closest” Packing — The closest arrangement for a packing of uni- 
form spheres is that shown in Figures 25 and 26. In this arrangement 
the face angles of the unit solid are inclined at angles of 00 deg, 60 deg, 



Figure 27. Pore Arrangement for Spheres in Rhomboiibdral Array 
Shown in Figure 25. 


and 120 deg. This has been termed the “rhombohedral” type of pack- 
ing and possesses the following characteristics, d being the diameter of 
the spheres: 

Volume of unit cell 0 . 71d® 

Volume of voids 0. l&i® 

Porosity 25.95 percent 

Several points with regard to the arrangement are worth mentioning. 
Referring to Figure 25, it will be seen that the pores of the rhombohedron 
are formed by various combinations 
of spheres. These are identified by 
Figure 27 as the rhombus formed in 
the spheres 1, 2, 7, 8, the square formed 
by 3, 4, 7, 8, and the triangle fonned by 
1, 3, 8. Slichter was concerned only 
with tlie continuous triangular pore 
shown by the lines 0 and O' in Figure 
25. In capillarity or lysimetry, how- 
ever, we are concerned with all the 
pores since they share in the filling and 
draining of the voids. The relative 
frequency of the various types of pores for a rhombohedral packing are 

rhombus pore : square pore : triangle pore 
= Mjj : »a : % = 3 : 3 : 2 

where the »’s refer to the frequency of the various pores. Other fre- 
quencies may be expected for other types of packing, but in general it is 



Figure 28. Central Void 
OF Unit-cell for Spheres in 
“Closest" Packing. 
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customary to base calculations on this type because it is the most stable. 

The shape of the void in “closest” packing is shown in Figure 28, 
traced from a wax model developed by Slichter. This void must be 
studied with* regard to the significance of various salient points of dis- 
continuity. The points are generated by two kinds of pores or cells, 
best illustrated by the plan of spherical arrangements producing a sys- 
tem of “closest” packing (Figure 85). The circles (formed of broken 
arcs) represent spheres, each of which rests in the hollow formed by 
three spheres immediately below (shown by solid lines). Each of the 
spaces marked T is the hollow or depression into which a sphere of the 
layer above rests. Each cell thus formed is a closed tetrahedral cell. 
There is also a second set of tetrahedral cells, Ti (similar to those marked 
T), formed by spheres in the first or bottom layer, fitting into three 
spheres immediately above in the second layer. The cells marked R 
are cells formed by a group of six spheres. These cells are rhombohedral 
and are unlike the tetrahedral cells in that they are not closed. These 
form the continuous pores shown by the lines 0 and O' in Figure 25. 
In any rhombohedral packing (“closest"' packing) there are twice as 
many tetrahedral as rhombohedral cells. 

''Most Open'^ Packing — ^When spheres are piled so that each layer 
lies immediately above the other on a rectangular-base arrangement, we 
have the most open type of packing possible. Under these conditions 
the characteristics of the packing (called cubical) are as follows: 

Volume of unit-cell d} 

Volume of unit- void 0/48 

Porosity 47/64 percent 

where d again is the diameter of the sphere. 

Intermediate Arrangements — ^Between the two extreme types of 
packing there are an infinite number of possible arrangements, giving 
any porosity between 26.95 and 47.64 percent (the values for rhombo- 
hedral and cubical packings, respectively). This was recognized by 
Slichter, who stated that the porosity of an ideal soil depends upon the 
acute face angles of the rhombohedron. Graton and Fraser reinvesti- 
gated the theory of systematic packings, and distinguished six stable 
arrangements. The characteristics of the various packings, including 
the two above discussed, are shown in Table 22. The data given in the 
table are of geometrical interest, and probably include all the types of ar- 
rangements encountered in any stable packing of uniform partides. 
However, while these arrangements are capable of producing porosities 
to the extent indicated, namely 25.95 and 47.65 percent, it will be shown 
that with sized pa;rtid^ almost any degree of porosity is possible. 
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Nearly all loose or compact granular materials eucountercd in ]:)ractice 
possess a porosity between the values of approximately 30 and 50 per- 
cent. 


Table 22 — Characteristics of Intermediate-Type Packings (Graton and 

Fraser, 1936) 


Case 

Face angles 

Volume of 
unit-cell 

Volume 
of void 

Porosity 

(percent) 

Remarks 

1 

90°, 90°, 90° 


OASd^ 

47.64 

Cubic 

2 

60®, 90®, 90® 

0.87d(3 

0.34d» 

39.54 

Orthorhombic 

3 

60°, 90°, 120° 


O.lSd® 

25 95 

Rhombohedral 

4 

90°, 60°. 90° 

0.87^3 

0,S4d^ 

39.54 

Orthorhombic 

5 

60°. 60°, 116° 34' 

Q.7^d^ 

0.23d» 

30.19 

Tetragonalspheroidal 

6 

60°, 60°, 90° 

0.71d3 

O.lSd^ 

26.95 

Rhombohedral (different 
orientation) 


Contacts — ^The number of contacts experienced by a sphere in sys- 
tematic packings is of considerable importance in the theory of capillary 
action of the soil. If we consider 
the arrangement in closest pack- 
ing, it is evident that every sphere 
touches twelve other spheres. In 
the most open packing, contact 
is established with only six ad- 
joining spheres. 

Referring now to the shape of 
the void as shown in Figure 28, 
the rhombohedral and tetrahedral 
cells are denoted by the letters 
R and T. The T-spaces cor- 
respond to the voids between four 
spheres in closest packing with 
one sphere nested in the hollow formed by the other three. In this 
space there are six points of contact between spheres and four lines or 
branches. These branches connect one cell with another. 

The rhombohedral cell is the space confined by six spheres in closest 
packing. In this configuration there are twelve points of S-contact and 
eight triangular contacts. 

W. 0. Smith (1933) suggested the following method of interi)olation 
for securing the number of contacts between spheres of equal diameter. 
Let d' denote the fractional voids, and assume that a linear relationship 
exists between the number of contacts, and the voids. Referring to 
Figure 29, if denotes the number of contacts per unit volume for a 



FiGURifi 29. Linear Interpolation 
FOR THE Number of Contacts fbr 
Unit Volume of Packing. 
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most open arrangement (square pore) and those for a rhombohedral 
arrangement, by interpolation we have 

N ~ Ns _ N„- Ns 

0.476 - d- 0.476 - 0.259 

Whence, solving for N 

N = Nad- + Ns(l - &) 
a = (0.476 - d)/0.217 
However, since from simple geometry 

N„ = G\/2M» 

Ns = W 

we obtain for the number of contacts per unit volume of uniform spheres 

AT = 3(1 + lMS^)/d^ Eq (6-4) 

Special Treatment of Voids — 
An interesting concept of voids in a 
regular array of spherical particles 
has been presented by W. O. Smith 
et.al (1929). Assume a rhombohe- 
dral array such as shown in Figure 
30, where the spacing is d + 8 be- 
tween the particle centers, and 5 is 
adjusted to the observed porosity. 
From geometry, the number of 
spheres per unit-volume is equal to 
V^/(d + 5)® and the total sphere 
volume is this quantity multiplied 
by (7r/6)(i®. Hence, if the observed 
void is d- 

+ «■ - 6 ^ - ^ 

This equation is particularly useful for mixtures of particles of various 
sizes for which only average diameter and voids are available, and if it 
is desired to determine the ultimate degree to which material is packed. 
But the treatment of pore-space developed by Smith et al is capable of 
further extension. Assume that the three types of pores shown in 
Figure 27 are composed of spheres separated by a distance 5. The area 
contained in each pore is then 



Figurb 30 . Schematic Arrange- 
ment OF Unit-cell of a Rhombohedral 
Packing to Account for Voids. 
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Rhombus-pore area = + 5)* — ^ 


Square-pore area = = (^i + 5)^ — 




Triangle-pore area = A j. = (d + 5)^ — ^ 
But from Eq (6-5) 

d + 5 = 0.90i/-'yT^ 

so that after substitution in the above equations 

^ - Vs 0.8W Td^ ,,r 0.71 

" 'T-(r-W‘ “ T = ^ Lo^ 

0.81i* 


(Frequency 3) 
(Frequency 3) 
(Frequency 2) 


[ 


(1 - «?)V* 
0.81 


(1 - 


0.79] 

3.79] 


j* — 


vs 


(d+ 0.39rf=[^ 


0.912 


(1 - t?)V- 


The weighted average of all these pores will be 

^ _ 3.4s + 34s + 247. 

A g 

= 0.75(d + S)* - 0.69d* 

In the closest packing of spheres of equal diameter (d = 0.20), the 
narrow opening formed by contact of three spheres has an area equal to 
0.0403d*, where d is the diameter of the sphere. In problems concerned 
with capillarity, the pore-space plays an important role. However, 
in addition to the area at the throat, or narrowest point, it is often de- 
sirable to derive the average area of the void formed by contact of the 
spheres (along the line indicated in Figure 25) in terns of tlie voids. 
While we can solve this problem only for a regular packing, the general 
result is indicative of the order of magnitude with which we are concerned 
in practice. Consider a three-sphere pore as in Figure 27. The area 4 x 
of the triangle is ( V3/4)(d -f S)* (assuming spheres are separated by dis- 
tance S) less the area of the portions of the included spheres, ir/2- 
[(d^/4) — y*], where y is the distance between the given section and the 
plane centers. Thus 
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and the average area 


Ai[dy — “h 5)* — 


llvd^ 

48 


and from the fact that {d + sy = y/^vd^/Q^l 

.985 


Aa, = 0.36<f= 


0.9 


d) we obtain 

- l] Eq (6-6) 


0 . 074 ^ 2 , 


which is independent of 5. For closest packing, d- = 0.26, A, 
and the diameter of a circle having this area is 0.3W. 

In computing the average area, it is nec- 
essary to picture the centers of the spheres 
of two adjacent pores as forming a tetrahe- 
dron, with the center of the common sphere 
as a vertex. Hence the integration from 
the plane of centers to a section one-fourth 
the diameter of a sphere above this. 

Length of Pore — ^The course of the 
pore for which we have just calculated 
the average area is tortuous, as shown in 
Figure 31. However, if the pore is consid- 
ered straight and parallel to an edge of the 
unit-cell, as in Figure 26, the length of the mean course is given by 

. Eq (6-7) 



Figure 31 . Course or Pore 
IN Ruombohedral Packing 


where L is the height of the column. The actual length of the course, 
corrected for curvature, has been shown by Slichter to be 1.065iaB. 
Hence, the true length of the path is 

LJ = 1.065i„ = 1.304L Eq (6-8) 


HETEROGENEOUS SYSTEMS 


Computation of Voids — Except for ideal arrangements of spheres, 
voids can be determined only experimentally. Calculations of voids are 
in terms of the true and “apparent” specific densities of the material 
used in the packing, in accordance with the formula 


voids = 


apparent density of material 
true density of material 


Eq (6-9) 


or if is written for the voids, Pa for the apparent density, and p for the 
true density 



132 


MICROMERITICS 


On a volume basis, Eqs (G-9) and (6-10) are equivalent to 

^ _ volume of material (actual) 

volume of material and voids 

If the voids are to be expressed on a volume basis per unit-weight of ma- 
terial, 

volume of voids per unit-weight of bulk = 

Pa P 

The apparent density is the weight of a unit- volume of the packing. Of 
course, the apparent density will vary, depending upon the treatment 
to which the packing is subjected. A packing constructed at random 
will be loose, while one which is vibrated or tapped will attain a rela- 
tively high degree of compactness. In experimental work, determina- 
tion of apparent density must be accomplished in situ. This is possible 
if the weight and volume occupied by the packing are known. The 
porosity of the packing is defined as the percentage of voids in a packing, 
that is, 100 X voids. 

McGeorge Method — Recently McGeorge (1941) used a method for 
determining voids which is useful for soil studies in areas affected by 
floods and river silts. The voids were determined by stirring the mix- 
tures in water and allowing them to settle. While this process causes 
a size-gradation in the settling cylinder used, the data given in Table 23 
nevertheless indicate the increase in voids which takes place as the per- 
centage of silt is increased. The size-analyses of the sand and silt used 
in the above experiments are shown in Table 24. 


Table 23— Relation between Mixttjres of Sand and Silt and Voids (Mc- 

Gborge 1941) 


Proportion of sand and silt 

Apparent specific gravity 

Voids 

Sand 

Silt 

(g/cc) 

100 

0 

1.72 

0.34 

90 

10 

1.66 

0.30 

80 

20 

1.61 

0.38 

70 

30 

1.66 

0.36 

60 

40 

1.61 

0.37 

50 

60 

1.66 

0.39 

40 

60 

1.66 

0.39 

30 

70 

1.61 

0.41 

20 

80 

1.47 

0.42 

10 

90 

1.42 

0.44 

0 

100 

1.37 

0.46 * 


Kq (6-10) 

Eq (6-11) 
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Effective Free Area — ^The effective free area of a packing expresses 
the cross-sectional open area in any plane of the packing. Various for- 
mulas have been devised to express this area, but as Furnas (1929) stated, 
no definite relationship can be found when the particles are heterogene- 
ous. It has been found that the effective free area of spherical packings 
in ordered arrangements ranges from 9.3 percent for spheres in closest 
packing, to approximately 21.5 percent for the most open packing, and is 
independent of the diameter of the spheres. For most packings of ir- 
regularly shaped particles, the effective free area ranges from 10 to about 
20 percent and as a general rule the smaller the particles the less the ef- 
fective free area. 


Table 24 — Size-Analyses of Sand and Silt Studied by McOborgb (1941) 


Size 

Sand 

(percent) 

Silt No. 2 
(percent) 

Percent sand (0.005-1.0 mm) 

88 

27 

Percent silt (0.005-0.05 ram) 

6 

22 

Percent clay (0.005 mm) 

6 

51 


Number of Particles in a Packing — From the average diameter d 
of the particles, it is possible to compute the number of particles present 
in a unit- volume of the packing. The solid material in a unit-volume is 
clearly (1 — where d' represents the voids. Hence, if represents 
the volume shape-factor and N the number of particles per unit-volume 
(see Chapter 3), then 

a^jd^N = 1 — 


or 

iV = (1 - Eq (6-12) 

When the particles are spheres, a, = nr/ 6. Likewise, the average volume 
occupied by a single particle is given by 

l/N = a^V(l - t?) Eq (6-13) 

If the particles are sufficiently large for counting, and d- can be deter- 
mined, the nominal diameter (diameter of a sphere of equal volume) 
can be calculated at once. In this case = x/6, so that the nominal 
diameter dn is given by the expression 

d, = 1.24 Eq (6-14) 

This is a convenient and simple method for calculating average diajttieter 
of large particles. r - ~ 






134 


MICROMERITICS 


Apparent Density — ^Apparent density (bulk weight of a unit-volume 
of a packing) depends on the shape of the particles, their density, and 
their arrangement in the measuring container. Table 25 gives the true 
and apparent densities of some of the more common materials. Obvi- 
ously, the values given in the table can be considered only approximate 
since there is no known method for consistently achieving identical ar- 
rangements of even a single material. 


Table 25 — ^True and Apparent Densities of Some Common Loose Materials 


Material 

Specific gravity 
(water « 1) 

Apparent density 
(Ib/cu ft) 

Portland cement 

1.5 

90-120 

Coal, anthracite 

1.4-1. 8 

90-120 

Coal, bituminous 

1.2-1. 5 

80-90 

Earth, dry, loose 

1.2 

76 

Earth, dry, packed 

1.5 

95 

Earth, moist, loose 

1.3 

78 

Earth, moist, packed 

1.6 

96 

Limestone 

. . . 

90-110 

Sand, gravel, dry, loose 

1.4-1. 7 

90-105 

Sand, gravel, dry, packed 

1. 6-1.9 

100-120 

Sand, gravel, wet 

1.9-2. 2 
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Mixtures of Spheres of Different Sizes — ^The voids in any packing 
of regular spheres may be occupied by smaller spheres, thus affecting 
the density of a unit- volume. First let us examine a '^normal’' packing 
of a binary system, composed of spheres with varying ratios of diameters. 
By ‘‘normal packing’ ' is meant the arrangement assumed by spheres 
(or particles) when they are dropped singly in a container. This will 
not give a most stable arrangement as far as the packing is concerned, 
but the procedure will result in a more or less constant percentage of 
voids (porosity). Furnas studied the arrangement of a binary system 
(systems composed of particles or spheres of two sizes) and found that the 
porosity of such a packing is less than the voids in packings with sepa- 
rate components; that is, if the normal voids are not the same, the mix- 
ture possesses a porosity less than the weighted average of the constitu- 
ents. This fact has an important bearing on the density of aggregates. 
Figure 32 shows the voids experimentally determined by Furnas in a 
binary packing composed of particles of various size-ratios, when normal 
voids of the single components are 0.60. It is evident from the figure 
that in a binary system combinations are possible in which the voids wiU 
be at a minimum. Thus, in a system composed of particles whose initial 
porosity is 40 percent, Furnas has shown that this will occur when the 
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percentage of large constituents ranges from 65 to 70 percent by volume; 
for 50 percent porosity when the percentage of large constituents varies 
from 55 to 67 percent; and for 60 percent porosity when the percentage 
of large constituents varies from 55 to 62.5 percent. 

Systems of Maximum Density — In practice, binary systems of par- 
ticles are not as important as systems with three or more component 
sizes. This section attempts to give Furnas’ solution to determination 
of the proper quantities of various substances producing mixtures of 
maximum density. The discussion furnishes data on which approxima- 



Figtob 32. Relation between Voids and Size Composition in 
Two-component Systems of Broken Solids When the Voids of 
Single Components Are 0.6. 


tions may be made for mixtures of not more than four component parts. 
We shall begin by outlining the basic formula for a two-component sys- 
tem of maximum density. 

Assume a packing of large particles containing a fixed amount of 
voids, t>i. If small particles (small compared to the large particles) are 
introduced into the packing, the volume of the packing will not increase. 
We may obtain a mixture such that all the original voids among the 
large particles are filled with the smaller component. But the smaller 
component also has voids, equivalent say to no matter how small' the 
particles; when all the large voids are thus filled, we have TFi = (1 — 
for a unit-cell where Wi is the weight of the larger constituent, 
and pi its true specific gravity. Similarly, for the smaller component, 
W% t>i(l — where and p% correspond, respectivdy, to the 
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weight and true specific gravity of the small constituent. The degree to 
which the large particles are saturated by the small ones is then 

_ W'l _ (1 — di)pi g /g 

Wi +Wi (1 - di)pi + di(l - d2)p2 ^ '■ ■' 

and when pi = p 2 and = dj = «>, we have a condition of maximum 
density 


This equation holds as long as the particles have the same shape, and the 
voids are the same for each component. 

The argument developed in the preceding paragraph indicates a pos- 
sible procedure for filling all the voids without changing the total volume. 
Actually, in practice there is a small increase in packing volume with the 
introduction of small particles, although the maximum apparent density 
is stiU attained by the ratio 1/(1 -f t^), as long as the diameters of the 
particles do not approach each other in size. In Eq (6-16), is the frac- 
tion of voids in a packing of sized materials, and (p is the absolute volume 
occupied by the larger particles in a two-component system of maximum 
density. This is based on an actual absolute volume of both components 
being unity. Let di be the diameter of the larger particles. The 
amount of material having a diameter ^2 which will fill all the interstices 
of is 1 — <p] similarly, a third component of still finer particles can 
be put into the interstices of the second component. The process may 
be repeated indefinitely, and we obtain the total absolute volume of the 
solids, as a geometric series with a constant inter-term ratio equal to 

(1 — (p)/ip 

$=y+ (l-y) + Eq(6-17) 

Since (1 — <p)/p = 6, this equation becomes 
1 

® i ^ ” components Eq (6-18) 

Each term of the series applies to a single component and there are »- 
terms for »-components. Eq (6-18) hblds only when the voids of each 
component are tiie same. Now, if each term of the series is divided by 
$ and multiplied by 100, we obtain the percentage of each component 
in a mixture to produce the minimtun voids when the voids in each com- 
ponent are d. Furnas (1931) computed possible minimum voids in 
packings of two- to four-component systems when the initial voids of 
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each component are known. Figjure 33 shows these minimum voids for 
initial packing voids of 0.4 and 0.6. In conjimction with this figure. 
Table 26 shows the composition of packings for minimum voids. 



Figure 33. Minimum Voids for Various Component Systems for Initial 
Voids of 0.40 and 0.60. 

It will be noted that the abscissae in Figure 33 are in terms of the 
ratio of diameters of the smallest to the largest sizes. The density of a 
packing will be affected by the number of components and by the size of 
the smallest and largest particles. Furnas also computed the number of 
components required to produce maximum density (minimum voids) 
for extreme size-ratios ranging from 0.00001 to 0.1. In general, values 
of the ratios of diameters greater than 0.003 require two components; 
those from 0.0001 to 0.003 require three components; and those less 
than 0.0001 require four components. 

Table 26 — Composition of Packings for Minimum Voids 

Initial voids in packing of 

uniformly sized partides Number of Volume (percent of each component) 

(percent) components di dt di 


40 

2 

71.6 

28.5 

. . • 

• • • 


3 

64.2 

25.6 

10.2 

* . . 


4 

61.7 

24.6 

9.8 

8.9 

60 

2 

62.6 

37.5 

• • * 

. . • 


3 

61.0 

30.6 

18.4 

• . • 


4 , 

46.0 

27.6 

16.6 

9.9 
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In using Figure 33 which applies only to substances having the same 
densities and voids, we may proceed as indicated in the following ex- 
ample. Assume a three-component system, the diameters of the re- 
spective components being 1 in., 0.03 in., and 0.001 in. The ratio of 
the smallest to the largest size is therefore 0.001/1 = 0.001. If the 
initial voids are taken as 0.40, by reference to Figure 33 we find that the 
possible minimum voids for a three-component system {d- = 0.40) are 
0.10. To obtain these voids, however, we must have the following com- 
position by volume of the various components : of the 1 in., 64.2 percent ; 
of the 0.03 in., 25.6 per cent; and of the 0.001 in., 10.2 percent. For 
initial void values between 40 and 60 percent, we may interpolate in 
Figure 33 and Table 26. 

In practice, it is best to have sized material (material with a constant 
fixed ratio between sizes) and to confine the number of components 
within the limits indicated by the discussion above. The data presented 
are of little value if we depart from these conventions. 

By extending the development given earlier for a binary system of 
maximum density it is possible to solve the general case of varying voids 
and densities. For a three-component system subject to these condi- 
tions we have 


$ = + (1 -h ^i) + (1 — ^i) ^ 

(1 - ^i)pi 

(1 — ^i)pl + ?^i(l “~t?2)p2 

_ (1 t^2)p2 

(1 "" t^2)p2 + t^2(l ^b)PZ 


Eq (6-19) 
Eq (6-20) 
Eq (6-21) 


and the and p’s are, respectively, the voids and true specific gravities 
of the components, identified by subscripts. As before, the value of <pi 
represents the degree to which the large particles are saturated by the 
second component, and <p 2 the degree to which the second component is 
saturated by the tliird. The process may be repeated for any number of 
components. The weight of each component for densest packing will 
be as follows: 


For the first component <pi 

For the second component 1 — <pi 

For the third component (1 — ^i) 

Each of these quantities divided by ^ will then give the proportion by 
weight of each component for densest packing. After the proportions 
by weight have been determined, the proportions by volume may then 
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be obtained by dividing the weight by the apparent specific gravity. 
In using these equations, the same precautions must be taken with re- 
gard to sizing of the components. An example will explain the use of 
these equations. 

Assume three materials with the following characteristics; 


Component 

Size 

Voids 

Specific gravity 

1 

1.0 

0.50 

2.33 

2 

0.03 

0.45 

2.65 

3 

0.001 

0.55 

2.95 


Size-ratio = 0.001/1 = 0.001. 

(1 - 0.50) X 2.33 

(1 - 0.50) X 2.33 -t~ 0.50 (1 - 0.45) X 2.95 

(1 - 0.45) X 2.65 

^ (1 - 0.45) X 2.65 + 0.45 (1 - 0.55) X 2.95 

Hence, the total weight, from Eq (6-19) is 

$ = 0.62 H- 0.38 + 0.16 = 1.16 

Since the apparent specific gravity = (1 — voids) (true specific gravity), 
we have for the case under discussion; 

Apparent density, component 1 = 0.50 X 2.33 = 1.17 

Apparent density, component 2 = 0.55 X 2.65 = 1.46 

Apparent density, component 3 = 0.45 X 2.95 = 1.33 

The total volume will then be: 


= 0.62 
= 0.71 


Total volume 


062 038 0J^_ 

1,17 ^ 1.46 ^ 1.33 


and the proportion by volume as follows: 

Volume of component 1 = 58.4 percent 
Volume of component 2 — 28.6 percent 
Volume of component 3 = 13.2 percent 

The weighted average of the voids in packings of sized material of this 
system is 0.46. We may now interpolate in Figure 33 and determine the 
minimum voids. The voids thus determined are 0.14. 

While the discussion above seems reasonably logical and has received 
a certain amount of experimental confirmation by Furnas, it cannot be 
regarded as adequate. The initial voids of the separate components 
cannot influence the final voids of the mixture itself. It must be remem- 
bered that Furnas is dealing with ‘'normal'* packings, and under the con- 
ditions stipulated for them the respective voids of each component will 
not differ much from any of the others. The analysis given is ingenious 
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and, within the limitations to which it applies, is singularly remarkable. 
On the other hand, it might well lead one astray in so far as the real 
nature of packings of maximum density are concerned. Obviously, as 
has been shown in earlier chapters, '‘graded” particles themselves possess 
rather extended size-frequency distributions so that particles of one 
component may overlap in size those of another. Furnas’ method 
should give best results only when the components differ widely as to 
size, which must be clear from our previous discussion. 

From geometrical considerations, using either the basic rhombic or 
cubic packing arrangements, we may determine the number and sizes 
of particles necessary to fill the interstices. In this way, the degree of 
void reduction possible by using components of various sizes and quanti- 
ties can be determined. While this procedure is more or less idealized, 
investigations by White and Walton (1937) have indicated that voids 
as low as 15 per cent are possible. The following geometrical develop- 
ment is due to these investigators. 

Consider the section x-y in the rhombohedral arrangement of spheres 
having a diameter i as shown in Figure 34, the dotted lines indicating 

+ CENTER OF SPHERES IN LOWER LAYER 

0 M •• •• »• UPPER *• 



Figure 34. General Arrangement op Rhombohedral 
Packing. 


spheres not cut by the section. Let the height between the layers be 
ETj and let P be the point of contact between the two spheres B and D; 
then for the primary spheres (Figure 35A), AP = dy/%/2, AE - d, AT 
= d/Vs, {ETY = {AEY - {ATY = 2dyz oxET = 

Within the unit cell is the void (Figure 28). The dimensions of the 
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largest sphere which can be inserted in this void are shown in Figure 35 A. 
This is called the secondary sphere. Referring to Figure 34 it is seen 
that this sphere is bounded by six spheres having centers B, C, D, E, F, 
and H, and its center will be on the line CE. By geometry, we have from 
Figure 35Aj^at CT = CP + PT = i-s/3/2 + {d/6)-\/d = 2d^/3; 
ET = dV2/3; (CE)^ = (CPy + (EPy = 2d\ and CE = dV2. There- 
fore, if dz represents the diameter of the secondary sphere, d + ^2 = 
CE and = rf(V2 — 1 ) = 0.414d^. 

Referring again to Figure 34, we note that the void formed by the 
spheres A, B, D, and E is symmetrical about any of six planes. The 
point K in Figure 35B will be the center of a tertiary sphere, and this 
lies in the plane of EA and the contact P between the spheres B and D, 
The center must also lie on the plane of BD and the contact Q of the 





Figure 35 . Location and Relative Sizes op ( A ) Secondary, ( 5 ) 
Tertiary, and (C) Quaternary Spheres in a Rhombohbdral Packing 
(White and Waltin, 15 ) 37 ). 


spheres A and E, This plane is represented by the line PQ, In addi- 
tion, the center of K must lie vertically below E on the line ET. Note 
that there will be two tertiary spheres formed within a unit configura- 
tion of eight primary spheres. 

To compute the diameter of the tertiary sphere, we have triangles 
AET and EKQ similar and as a consequence EKjEQ = AEjET; 
whence EK = EQ-AEfET = dl2\/W^- But EK = (d/ 2 ) + (^ 3 / 2 ) 
where dz is the dia m eter of the tertiary sphere. Hence, dz = 0.225(i. 

The secondary and tertiary spheres are major insertions in the voids 
of a rhombohedral arrangement of eight primary spheres. It is dear 
that the secondary sphere does not completdy fdl the center cavity, but 
allows for eight spheres of smaller diameter’ to be inserted about it. 
These spheres may be termed (following White and Walton) quaternary 
spheres. The axis of one of these spheres is the vertical line JU (Figure 
3S.C)„anilJ^jqenteE-L,will lie on this axis aud 
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C and J. If di denotes the diameter of the quaternary sphere, we have 
from Figure 35c and other geometrical facts 

JU = ET/2 = df2VV^ 

JL = 0.207d + di/2 
CL = d/2 + di/2 
CU = dvW3/2 

LU = dV^/3 - 0.207d - di/2 = 0.201rf - di/2 

{cuy = {CLy- - (Luy = o.209d' + 0 . 702^^4 

Hence, = 0.495d/2.804 = 0.177<i and we note that the edge of the qua- 
ternary sphere is 0.024i above the line CP, 

The computation for quinary spheres is more involved. There are 
apparently many spaces, especially in the void about the tertiary spheres, 
which may be filled. It is not difi&cult to compute the diameter of the 
quinary sphere to fit these voids. The center will lie on the axis ET and 
the diameter of the sphere will be 0.155d. Unfortunately, these 
spheres (four for each tertiary sphere) are too large. If we fit the 
quinary spheres between the tertiary and quaternary spheres, we obtain 
a value oi d^ = 0.116 and this is the maximum size which can fit within 
the rhombohedral arrangement under discussion. 

The effect of distributing the gradations just computed in a primary 
rhombohedral arrangement is shown in Table 27. We see that the 
voids are reduced by such gradations to less than 15 percent. By using 
material finer than 0.116d, it is conceivable that voids of lesser amounts 
can be obtained. 


Table 27 — ^Effect op Size Gradations on Proper riES op a RnoMuoiiEDRAL 
Packing (White and Walton, 1937) 


Property 

Primary 

Secondary 

Mixture with — > 

Tertiary Quaternary 

Quinary 

Diameter 

d 

0.414d 

0.225i 

0A77d 

OTlOd 

Relative number 

1 

1 

2 

8 

8 

Volume of space 

0.624(i» 

0. 037^5 

0.00Gd!» 

0. 0020^3 

O.OOOBd* 

Volume of spheres added 
Total solid volume of spheres 

0.524d» 

0. 037^3 

0. 012^3 

0.02td8 

0.0004d» 

added 

0.524d* 

0.561d3 

0.573d^ 

O.S9Si’ 

0.602d» 

Fractional voids in mixtures 
Weight of spheres in final 

0.2595 

0.207 

0.190 

0.158 

0.149 

mixture (percent) 

Total surface area of spheres 

77.08 

5.47 

1.76 

3.31 

0.97 

in mixture 

- . . .} , , . ’ . 

3.14d* 


4,0Qd^ 

4,77 d^ 

6. lid* 

. .. j 
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Had we used a cubical arrangement to begin with, the decrease in 
porosity would have been greater through addition of the first sphere, 
and thereafter the other spheres would have had about the same effect 
as in the case of the cubical cell above. It is noted from this discussion 
that the decrease in porosity is not very marked with the addition of 
fine particles, unless they are small enough to fill the smallest interstices. 
It is also to be noted that had the original void been filled only with fine 
particles of one size the decrease in porosity would not have been as 
great as the above. This is evident if we refer to Eq (6-12) and with 
certain arbitrary assumptions regarding values of d- and d calculate 
the number of particles to fill the unit-void in question. The computa- 
tion of of the mixture may then be made and it will not be found as low 
as expected. In passing it may be mentioned that no method is avail- 
able for distributing the various components above determined so as to 
achieve the practical maximum density with particles of the diameters 
computed. The discussion merely serves to point out that not only a 
definite grading of sizes, but also a frequency pattern, are necessary to 
obtain maximum densities. The extremely low values of voids obtain- 
able by Furnas' theory are indeed noteworthy, in view of the require- 
ments outlined. 


BULKINESS 


Bulkiness of a packing is defined as the reciprocal of the apparent 
density, that is, in terms of Eq (6-10) 


bulkiness = 


1 = 1 
Pa p(l - d) 


Eq (6-22) 


In a preceding paragraph it was pointed out that in a binary system it is 
possible to increase the apparent density without increasing the volume 
of the system as a whole. Since specific volume and voids are related 
by Eq (6-20), the ordinates of Figure 32 may be changed with no alter- 
ation of the curves. The curves pertain to a binary system having voids 
of 0.50, both components having the same specific gravity. As an ex- 
ample, it is seen that if the size-ratio of spheres is 0.02, and the percent- 
age of fines is 35 percent, there would be a volume saving equal to 


2.00 - 1.39 ^-.^ OAK 
X 100 = 30.5 percent 

While the curves shown in Figure 32 exemplify conditions in a binary 
system of spheres, they are, nevertheless, indicative of what takes place 
in any similar type of system, even though composed of irregular par- 
ticles. 
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Systems of more than two components will possess a slightly greater 
degree of bulkiness except, as might be expected, when most of the ma- 
terial is extremely fine. In general, it may be said that mixtures of 
different-sized materials greatly increase the efficient use of packing 
space. The problem of proper proportions to obtain a minimum bulki- 
ness can be approximated by methods previously outlined. 

The subject of bulkiness, particularly with regard to particle-size, has 
received but scant attention. It is important in view of its commercial 
aspects in packaging powders. The principles of bulkiness are partially 
explained in the foregoing paragraphs, in so far as proportioning in ac- 
cordance with particle-size distributions is concerned. However, there 
are other characteristics of packings of fine particles which were investi- 
gated by Cocking (1921) and Roller (1930). 

It is an observed phenomenon that bulkiness increases with decreasing 
particle-size. Cocking utilized this fact to standardize certain proper- 
ties of pharmaceuticals, and indicated the degree to which tapping af- 
fected bulkiness, RoUer subsequently investigated the relation of 



1 2 3 4 5 6 7 8 9 10 20 30 40 60 80 100 

AVERAGE PARTICLE DIAMETER (MICRONS) 


Figure 36. Bulking Properties op Various Powders. 


particle-size to bulkiness in four powders: Anhydrite, gypsum, Portland 
cement, and chrome-yellow powders. These powders were carefully 
sized by elutriation and the surface mean diameters determined in ac- 
cordance with Eq (3-13), Roller states that his selection of this meas- 
ure of diameter is more significant than the usual arithmetic diameter. 
The latter merely accentuates the fact that the smaller particles are 
more frequent in number and that the arithmetic means for the powders 
studied will be approximately the same. However, it is difficult to 
justify this reasoning since bulkiness is determined by the superincum- 
bent weight of powder and the shape of the particles. Surface considera- 
tions appear to be minor. For these reasons, although not essential, it 
would seem that a volume mean diameter is indicated. 

Roller investigated the effect of varying container size and amount of 
material required in determining bulkiness. Bulkiness was determined 
by tapping each type container until no more material was required to 
fill it to a predetermined level. These studies indicated that cylindrical 
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containers were satisfactory, provided the ratio of height of the powder 
to the diameter of the tube was 6 or greater. This is necessary in order 
to reduce the dispersive jogging effect of tapping. The results of Roller's 
studies are shown in Figure 36 and it is evident that the bulkiness (as 
well as the voids) increases as the particle-size decreases. The relation- 
ship between voids and particle-size may be considered as consisting of 
two parts, one which may be expressed by the equation 

= K(l/d)^ Eq (6-23) 

for values of d less than a critical diameter dc; and the other 

§ = constant = C 

for values greater than this. Combining these two equations, we may 
calculate the critical diameter 

d, - Eq (6-24) 

The critical diameter varies with the different powders and ranges from 
14.3 to 28.5 ju. Data pertaining to the values of constants K, w, C, and 
are shown in Table 28. 


Table 28 — Bxjlkiness Constants of Different Powders 


Powder 

K 

n 

C 

dc 

Anhydrite 

0.98 

0.320 

0.42 

14.3 

Gypsum 

0.75 

0.160 

0 44 

28.5 

Portland cement 

1.01 

0.290 

0.43 

16.2 

Chrome-yellow 

0.76 

0.10 

0.55 

21.4 


RELATION BETWEEN VOIDS AND PORE-SIZE 

The development given for determining pore-size in terms of particle- 
diameter applies only to an array of spheres of equal size. When the 
spheres are of different sizes the solution is possible only by involved 
statistical procedures. However, the average pore-diameter may be 
determined experimentally by means of the Poiseuille equation (see 
Chapter 15). Traxler and Baum (1936) used this method in the fol- 
lowing manner: The Poiseuille equation is 

Q ’tD/p , , 

^ ~ t ~ 128/xZ, ^ 

where q is the rate of flow in a unit-time, De the diameter of the capil- 
lary, P the pressure producing flow, L the length of the capillary, and 
M the viscosity of the liquid. If there are N capillaries, then 

_Q irND.^P 
* t . 128mL 


Eq (6-26) 
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The cross-sectional area -4^ of the sample which is not filled with solids is 
given to a close degree of approximation by the equation Ac = -4^?, 
where A is the ar^a of the packing and the voids. Also, if the area Ac 
is composed of capillaries with diameter Ac = ttNUc^I 4. From these 
two equations we obtain the equation N — AA^J'kD^, Substituting 
this value of N in Eq (6-26) and solving for Dc 

Be = Eq (6-27) 

If a gas is made to flow through the packing and the pressure-drop is 
P = Pi — Pa, where Pi and Ps are observed terminal pressures (abso- 
lute), the value of g must be corrected as follows: 

2 (barometric pressure) 

2.,, - Pi -f Pj ® 

Using Eq (6-27), Traxler and Baum obtained the following equation 
expressing the relation between pore-diameter and voids 

In Pe = 6 + 0.019z^ Eq (6-28) 

where 6 is a constant which must be determined for each material. For 
particles of the order of 3.5 & has a value of approximately 0.1. In 

terms of average particle-diameter Dc is approximately 2d for particles 
less than 2 /x; hd for particles from 2 to 3 /x; 7d for particles 3 to 5 /Xi 
and 9d for particles > 5 /x- It is assumed, of course, that the particles 
are more or less uniform in diameter and that the density of the packing 
is homogeneous. 

Reduction in Volume Due to Settling — Let d-i be the voids in a given 
random packing of particles, and the voids in the same packing after 
tapping or vibration. Also, let the height of the original packing be Hi, 
and the final height Then the decrease in the height of the packing 
will be 

AET = Hi - i32 = Hi(t^i- d- 2 ) Eq (6-29) 

The volume decrease, if the packing is in a container of uniform cross- 
sectional area, A, will then be given by the expression 

volume decrease = A AH = AHi{d^i — Eq (6-30) 

WaU Effect — ^When particulate matter is packed into a cylinder or 
column, the voids along the wall will be greater than in the body of the 
bed. Furnas (1929) examined the nature of these voids for a circular 
container, and obtained the relation for the wall voids, 


= [t> + 1(1 - ^)] 


2 ^ 

D 


Eq (6-31) 
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where is the voids in a volume of the center portion of the packing 
(approximately the over-all voids), f a factor experimentally determined. 
d the average diameter of the particles, and D the diameter of the con- 
tainer. The approximate value of ^ was found by Furnas to be 0.3. 
The area of the ring to which Eq (6-30) is applicable is 

A^a = TrDd/2 Eq (6-32) 

When the diameter of the particles is very small in comparison with the 
diameter of the container, the wall effect may be appreciable. The 
method of accounting for the difference in packing voids with regard to 
flow of fluids is discussed in Chapter 13. 

Induence of Particle-Shape and Moisture on Porosity — Graton and 
Fraser (1935) examined the influence of particle-shape on porosity under 
dry and wet conditions. All samples studied by these investigators 
passed an 18- and were retained on 35-mesh Tyler screens. Their 
results for several materials are shown in Table 29. The loose state was 
the arrangement assumed by the particles when poured into the test 
container. The compact state was achieved by tapping the test con- 
tainer. In the wet state the material was first wetted and poured into 
the measuring container filled with water. After the desired packing 
was obtained, the material was dried at 110 deg C, collected, then 
weighed and its volume determined. It is to be noted in Table 29 that 
wet materials pack more loosely than dry materials. 


Table 29 — Influence op Particle-Shape on Porosity 


Material 

Sp. gr. 

Dry 

Loose 

Com- 

pacted 

Wet 

Loose 

Com- 

pacted 

Spherical lead shot 

11.21 

40.6 

37.18 

42.40 

38.89 

Spherical sulfur shot 

2.024 

43.38 

37.35 

44.14 

38.24 

Marine sand 

2.681 

38.52 

34.78 

42.96 

35.04 

Beach sand 

2.658 

41.17 

36.55 

46.55 

38.46 

Dune sand 

2.681 

41.17 

37.60 

44.93 

39.34 

Crushed calcite 

2.665 

50.50 

40,76 

54.50 

42,74 

Crushed quartz 

2.650 

48.13 

41.20 

53.88 

43.96 

Crushed halite 

2.180 

52.05 

43.51 



Crushed mica 

2.837 

93.53 

86.62 

92.38 

87.28 


STUDY OF PACKING STRUCTURE 

We have defined normal packings as packings formed by dropping 
particles singly into a container. The arrangement assumed by the 
particles determines the voids. In addition, the arrangement of par- 
ticles together with the general shape of the particle materially affect the 
resistance to flow of fluids through the packing. Therefore, it is of inter- 
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est to investigate the general relationship of particles to each other. 
For this purpose we may resort to either of two methods, depending 
upon the size of material dealt with. In the case of large solids, the 
particles may be set in a thin mixture of plaster of Paris, and the packing 
then sectioned. The tracings shown in Figure 37 are from photographs 
of such sections made by Furnas 
(1929). It will be noted that there 
is a relatively large amount of open 
area with both broken solids and 
lead shot. 

When arrangements of fine par- 
ticles are to be examined, recourse 
must be had to the microscopic 
technique used by sedimentary pe- 
trologists (Milner, 1940). This is a 
so-called “thin-section’^ technique 
which requires considerable skill in 
manipulation. H. Harper et al 
(1936) described methods for exami- 
nation of soils which can be used 
with most fine materials. Since the 
sample to be studied must be con- 
solidated with a minimum disturb- 
ance of the pore-space, Harper 
studied several consolidating sub- 
stances including sodium silicate, 

colorless and black lacquer, paraffin, naphthalene, white enamel, Canada 
balsam, and many other materials. Most successful results were obtained 
with thin lacquer (about 1 part lacquer to 2 parts thinner). This mix- 
ture is applied to the packing and dried. The packing may then be sec- 
tioned, or one end ground to a suitable depth for examination. Harper 
recommends that the end being ground should receive frequent applica- 
tions of lacquer to prevent disintegration. 

Problems 



Figure 37. Cross Section of 
Packings Containing Spheres 

AND iRREGtn-AR MATERIALS. {A) 

Iron Ore, 6/8-mbsh; (B) Iron 
Orb, 3/4-mesh; (C) 3-0 Shot; 

{D) 4-0 Shot. (Reduced one-half.) 


1. There are 210,000 partides per cu cm in a packing whose voids by measurement 
amount to 34.6 percent. Calculate the nominal diameter of the par ides in mm units. 

2. The packing of Problem 1 is shaken until the percentage of voids is decreased 
to 31.3 percent. Compute the amount of shrinkage in volume. 

3. Determine the pore-size in Problems 1 and 2, assuming that the value of h of 
Eq (6-28) is 1.0. 

4. Given fine metallic partides averaging 0.01, 0.1, and 1 ram in diameter, 
« 0.4 and p ~ 5.0. Determine the percentages of each which will give a mixture 

of maximum density. 


CHAPTER 7 


BEHAVIOR OF PARTICLES 
UNDER PRESSURE 


T he whole problem of computing pressure distributions in particu- 
late packings is one of great complexity. In addition to the fact that 
we are unable to deal with a material whose apparent density is not uni- 
form, we must consider added difficulties such as diffusion, sliding fric- 
tion, deformation of individual particles, cohesive forces, and perhaps 
others. The quantitative relationships of these factors to particle size 
must remain empirical for the time being. In the paragraphs to follow 
we shall be concerned only with a limited theory of the problem, of 
particles under pressure. 


THE RECIPROCAL THEOREM 


Consider an assemblage of rigid particles in contact with each other 
and assume that a point pressure is applied to one of the particles inside 
the assemblage; then the pressure will be trans- 
mitted in diminishing amounts to all particles im- 
mediately in contact with it and there will be a 
varying degree of displacement of these particles, 
assuming that there is no permanent deformation 
or slippage of the particles themselves. In such 
a case the following theorem, known as the re- 
ciprocal theorem, holds: If at a point A in an 
assemblage of particles a pressure Pj^ is applied 
causing a displacement 5^ in the direction R^, and if 
as a result a displacement ds and pressure P sin the 
direction Rb is noted for a particle at point 5, then 
a pressure at the point B in the direction Rswill 
cause displacement 5^ of particle A in the direction 
Rji. A proof of this theorem is perhaps best dem- 
onstrated graphically. 

Figure 38 shows a section (not necessarily plane) 
of a group of particles all in contact with each other. The points A 
and B are designated, as are also the pressures and their direction. 
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Figure 38 . Lines 
OP Pressure Trans- 
mission IN A Packing. 
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Without loss of generality we may assume that the lines of pressure 
transmission are I and II or I, II, and III, or whatever we may desire. 
As long as the resultant is Pb in the direction Rsy the number of paths 
and their directions to B are immaterial. We must vShow that if con- 
ditions atP and B are reversed, the displacements will also be reversed. 
That such must be the case is obvious since the lines of pressure in 
either case are the same as are their component directions, the only 
change being in the magnitude of the pressures along the paths. 

The foregoing is a fundamental theorem of great importance and holds 
only so long as (a) no slippage occurs between the particles, and (6) there 
is no permanent deformation of individual particles — that is, the par- 
ticles are perfectly elastic, as we noted before. The theorem is particu- 
larly valuable in establishing boundary conditions where multiple pres- 
sures are applied to an extended packing of particles. 

ANGLE OF REPOSE 

As already noted, the reciprocal theorem does not include specifically 
conditions where sliding between particles takes place. Geometrical 
alterations between granular material affect reciprocity of pressure and 
displacement. 

By itself the stability of a mass of particles depends upon the mutual 
friction between grains. This applies in the absence of adhesive forces. 
Water, for example, tends to hold many particles by surface tension. 
Therefore we shall consider our particles dry and separate grains, and 
that internal and external stability of the mass are functions of mutual 
friction. Rankine (1858) stated the general law regarding behavior of 
particles as follows : The resistance to displacement by sliding along a 
given plane in a loose granular mass is equal to the normal pressure ex- 
erted between the parts of the mass on either side of that plane, multi- 
plied by a specific constant. This constant is called the coefficient of 
friction and is the tangent of the angle of repose. This angle is simply 
the maximum angle at which a granular material, when piled, will not 
slide. Its value varies with size and kind of material but rarely exceeds 
48 deg and is usually taken as 34 deg. 

Mathematically stated; if pn denotes the normal pressure per unit 
area and pt the resistance to sliding per unit area, then the angle of re- 
pose, 0, is simply given by the expression 


^ = Eq(7-1) 

As a corollary of the principle just given we may state that a necessary 
and sufficient condition for the stability of a mass of particulate matter re- 
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quires that the direction of the pressure between the portions into which 
it is divided by any plane should not at any point make an angle with 
the normal to that plane exceeding the angle of repose. 


MASS OF PARTICLES LOADED WITH THEIR OWN WEIGHT 


This problem has been solved by Rankine and applied to the pressure 
of the earth loaded with its own weight. Obviously, in this case gravity 
causes the vertical pressure which in turn causes the mass of material to 
spread laterally. The vertical pressure is proportional to the depth. If 
the surface is inclined at an angle 0, and w is the weight of a unit volume 
of particles, then the pressure at a depth z is 

pz = wz cos d Eq (7-2) 


The pressure parallel to the surface, was shown by Rankine to be 
given by the expression 


t>o 


cos $ — cos^ d — cos^ 

QOS 6 + COS^ 6 — COS^ (l> 


Eq (7-3) 


where is the angle of repose mentioned above. For a horizontal sur- 
face, 0 = 0, and if we consider the horizontal pressure px as parallel to 
the ,x-axis, that is, perpendicular to pz, 

pz = wz Eq (7-4) 


and 


Px 


wz- 


1 — sin 
1 + sin 


Eq (7-5) 


For the special case ^ = <#> 

pz — Px — cos ^ Eq (7-6) 


Now suppose that a mass of particles 
inclined at an angle 6 (d < <t>) is confined 
within a vertical retaining wall (Figure 
39) and we desire to determine the total 
pressure Pe exerted by the particles 
against this wall per unit of width. 
It can be shown that the pressure 
is given by the expression 



AN Abutment. 



Eq (7-7) 


where z is the distance from the top surface to the base of the wall and 
pz and pB are as defined in Eqs (7-2) and (7-4). The center of pressure 
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tneasured from the top surface at the retaining wall is simply 
When the surface is horizontal, 0 = 0, and 


1 — sin <ji 
2 ' 1 + sin 


Eq (7-8) 


and when 6 = <l> 

P, = ^ cos 6 Eq (7-9) 


EFFECT OF PRESSURE ON POROSITY 

When pressure is applied to a mass of irregular particles confined in 
a chamber, the particles tend to consolidate and reduce the porosity. 
A marked decrease in porosity has been observed with regard to oil 
sands and shales far below the surface of the ground. In this connection, 
Athy (1930) has shown that the porosity of compact material below the 
earth's surface is given by the formula: 

= do • exp (— hz) Eq (7-10) 

where d is the porosity at depth z below the surface, di the porosity of 
surface clays, and b a constant ranging from 3 X 10“^ to 3.5 X 10“^, 
when z is given in feet. On the basis of his studies Athy found that 
while the porosity of surface clays is 45 to 50 percent, that of shale 6000 
ft below the earth's surface is approximately 5 percent; compaction is 
therefore considerable. On the other hand, it must be remembered that 
this compaction resulted not only from a rearrangement of the grains, 
but also from possible recrystallization. The Athy equation cannot 
be applied to an experimental packing under pressure without some modi- 
fication since, in addition to rearrangement of the particles, crushing 
may take place without any eventual consolidation, and perhaps with 
only a comparatively slight change in porosity. In application of the 
Athy equation, Hedberg (1926) has shown that the porosities of shales 
at the same depth in any specific locality are practically the same. 
Hedberg claims that the porosity at any given depth may be taken as a 
measure of the compaction which the shale has undergone. 

PRESSURE DISTRIBUTION 

Point Load — ^The .general solution of the pressure-distribution in a 
medium, generated by a point load applied to a packing of unlimited 
depth and extent, is due to Boussinesq (1876, 1885) 

t. - (3i>/2«>) cos‘« - [1 + ■ 5 E, (7-11) 
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where p. is the pressure intensity measured at a point defined by the 
coordinates r and s or 0 as shown in Figure 40. The origin of the co- 
ordinate system is taken at the p 

point where the pressure is ap- 
plied. This formula, as in the 
case of the previous formulas, is 
independent of the characteris- 
tics of the material (assumed 
elastic and isotropic), and in 
value depends only on geometri- 
cal constants. The general valid- 
ity of Boussinesq's pressure-dis- 
tribution equation is substanti- 
ated in part by experiment. The 
units of pt are determined by the 
choice of units for P and z. Thus, 
if P is in tons, and z in feet, then 
pz is given in tons per squarefoot. 

In addition to Eq (7-11) we have two other equations of interest. The 
horizontal pressure intensity pr is given by the expression 



Figum; 40. Coordinate System: Ap- 
plying TO Eq (7-11). 


and the vertical shear at r by 

- C7 1 o\ 

where v is Poisson’s ratio and other 
terms are as in Eq (7-11). The 
nature of these forces is shown in 
Figure 41. 

If we divide Eq (7-11) by Eq (7-13) 
we obtain the relation 

T,, r 

indicating that the resultant stress 
passes through the origin. If this is 
denoted by pR, we have 



Figure 41. Unit Pressure 
Components in a Packing Dub 
TO A Point Pressure on the 
Surface. 


Pb = Vp,^ + Tr/ = 


3P 

2ir 


(f2 +:2a)2 


3P 


cos^ 6 
r* + z* 


Eq (7-14) 
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A further important and simple relation may now be discussed. Let 
a sphere of diameter D be placed with its center on the s-ordinate through 
P and tangent to the plane s == 0. For every point on the surface of 
this sphere 

^2 _|_ 2;2 = ^Qg2 Q 

Thus, substituting this expression in Eq (7-14) we conclude that for all 
points on the sphere the total stress is constant and equal to SP/2tD'^, 
As we have stated, the Boussinesq equations are based on the assump- 
tion that the material dealt with is elastic and isotropic. Of course, this 

is not the case, although there is 
evidence that the form of pressure 
distribution obtained from the above 
equation conforms to experiments 
at considerable distance from the 
point of pressure application. In 
view of the importance of pressure 
distribution in granular material, it 
is remarkable that Boussinesq's 
derivations were not subjected to 
further study until comparatively 
Figure 42. Weiskopf Coordinates recently. Weiskopf (1945) directed 
FOR A Point Pressure. attention to the obvious limitations 

of elastic constants on which the 
original Boussinesq derivations depend, and presented a wholly new 
approach to solution of the problem of pressure distributions. Let us 
turn our attention to Figure 42 which shows — as in Figure 40 —-the 
application of a point pressure P to a semi-infinite mass of granular 
material. Pi and indicate radii to a vertical line at a distance r 
from P. These radii are chosen so that 

Ri^ = (z/cy + 

R2^ - (czy -f 

where c is termed a particulate constant which for irregular particles has 
a value of 4.5. Weiskopf then proves the following relations to hold 
(without regard to sign) : 

"" X(C2 - 1)(^2 ~ 172) 

( \ ® \ 

“ ir(c2“- l)^ “ 
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Note that Eqs (7-15) and (7-17) also give 

Pz ^ 

Tfz r 

as above. 

Distributed Load — If the pressure is distributed over a beam of 
length 26 and unit width, as shown in 
Figure 43, with a uniform loading of 
Po per unit length, then the stress in- 
tensity pz at any point {x, z) is given 
by either of the equations: 

Po 


^3 = — [a — sin a cos (ai + ag)] 

TT 


or 

pz 


-1?^ + 



Figure 43. Coordinate System 
Applying to Bq (7-18). 


Pof . . 

= — sin 

TT L 

(2^ - Eq (7-18) 

where ri^ = + (x — by and + (x + by 

Along the center line (the 2 ;-axis), the pressures are given by 

Sin a) == - (sm -1- j = kP, 

Eq (7-19) 


where u = bjz. Values of k for various values of u are given in Figure M. 



Flours 44. Viu;DB» or Ccoistaiit in Eft (7-19). 
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Weiskopf’s corresponding solutions for a distributed load of unit 
width and length 2a in accordance with the coordinate system shown in 
Figure 45 are given below: 

Pz = (7-20) 

Pz = («i - Eq (7-21) 

It; 

where Po is the load per unit length. 

Pressure Distribution Due to a Loaded Disc — ^We may solve the pres- 
sure distribution along the axis of a loaded disc from the following equa- 
tion. If Po denotes the pressure intensity on the disc and D is the diam- 
eter of the disc, then 

PnZ^ 

pz = ^^^2 _|_ ^2^/8 -^p Eq (7-2f3) 


Limitation of Pressure Equations — Eqs (7-11) to (7-23) are useful as 
first approximations in determining the nature of pressure-distributions 



Figure 45. Weiskopf Coordinates for a 
Distributed. Pressure. . „ . 


in a packing (as soil, for ex- 
ample) when loaded at a point 
or along a given area. Of 
course, the pressures computed 
from these equations can be 
applied only for distances con- 
siderably removed from the 
point of application. The cri- 
terion for determining this 
critical distance was discussed 
by Froelich (1933) who de- 
veloped an equation giving the 
radius of a- hemisphere, with 
center at the point of applica- 


tion of the pressure within 


which plastic flow takes place. The equation was developed for 
cohesionless sand and defines the limits within which the Boussinesq 
equation (Eq 7-11) does not hold, namely, 



Eq (7-24) 


where P is the weight applied,_io tte^ density of ^the^ packing, and k a 
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constant (fe = sin where represents the internal friction ranging from 
20 deg to 35 deg). 

Similarly, for a distributed load Froelich has shown that a “plasticity- 
condition^’ equation (applying to Eqs 7-18 and 7-19) may be derived 
and a limiting value may be found, which the surface load, Pq, 
must not exceed if valid readings are to be found near the surface,’ ’ This 
equation is 

Po' = TcP^IXcot ^ - (7r/2 - <!>)] Eq (7-25) 

where the terms are as previously defined, 

ExpeTimental Data—lihe Boussinesq equations, as has been pointed 
out, apply to solids which are infinite in extent. For mathematical 
reasons, these solids must necessarily be isotropic and elastic. There- 
fore, application of the equations to particulate packings is subject to 
confirmation by test. Unfortunately, experimental tests are rather 
limited. Some work has been done by Kogler and Scheidig (1927- 1929) 
in Europe, confirming the limitations of the Boussinesq equation in a so- 
called “region of disturbance” (approximately as given by Eqs 7-24 and 
7-25). Exterior to this region, the Boussinesq equation appears to hold. 
It must be evident, however, that the nature of the load and the special 
characteristics of the soil, especially its motion when subjected to pres- 
sure, are matters of great importance. 

In this country, Goldbeck (1926) and Moran (1925) studied the dis- 
tribution of pressure in packings of loose sand. Goldbeck applied a 
load of 5000 lb to a 13 ^/ 2 -in. plate and studied the distribution of pres- 
sures through a bed of sand. Moran carried out experiments of similar 
nature, and arrived at the following conclusions: 

1. The amount of elastic compression and crushing is so small as to 
be negligible when refenred to the total movement of tie plate. 

2. The sand immediately below the plate and inside a surface, which 
is approximately a 45-deg inverted cone having the plate as its base, 
moved downward with the plates. 

3. All the sand exterior to the inverted cone had a component of 
motion away from the axis. 

4. All the sand exterior to the inverted cone had a component of per- 
pendicular motion which appeared to be downward for all the sand exte- 
rior to the 45-deg lines drawn downward and outward from the edge of 
the plate, and upward for the sand exterior to these lines. 

Kdgler and Scheidig’ s results for a 63 cm diameter disc load are shown 
in Figure 46. The pressure distribution is characteristic and contours 
of constant pressure intensity may be termed Boussinesq pressure bulbs, 
It will be noted from the figure that there is an upper region where no 
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vertical pressure exists and as a consequence pressures are necessarily 
greater near the center. This condition is contrary to the Boussinesq 
formula for multiple pressures, derivable from Eq (7-11) by superposi- 
tion (see Timoshenko, 1934), and may be attributed to the non-cohesive- 



Figure 46. Boxjssinbsq Pressure Bxjlbs for Point 
Pressure. 


ness of the particulate matter used. The unstressed material is confined 
to a region starting at the edge of the disc and extending in a direction 
about 35 deg from the vertical. At increasing distances from the disc 
the angle increases until all bulbs conform to Boussinesq’s theory, in the 
present instance at about 180 cm below the disc. 

The differences between Goldbeck’s results and those of Kogler and 
Scheidig emphasize the difficulties of determining pressure distributions 
accurately in non-cohesive packings. Unquestionably, if the packings 
were wetted, so that particulate friction alone were not responsible for 
transmittingpressure, the Boussinesq formulas would prove satisfactory. 

RESISTANCE OF PACKINGS TO IMPACT 

When a pile is driven into unconsolidated material which is infinite in 
extent, a relation may be developed giving the resistance encountered 
by methods of elementary mechanics. The common velocity v between 
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two perfectly elastic bodies after impact, and before restitution takes 
place, is given by 


» = (1 + e) 


mva 

tn + m' 


Eq (7-26) 


where m is the mass of the hammer applied to the pile, and nt' the mass 
of the pile. The velocity of the hammer before impact is Vq, and the 
coefficient of restitution e. Since m = W/g and m' = W'/g, where W 
and W' are the weights of hammer and pile, respectively, and g the ac- 
celeration of gravity 


(l-fTV'/PV) 

Squaring both sides of the equation and multiplying by W'l2g, we obtain 

w'v^ _ ( 1 + e y 

2g 2g \1+W'/W) 

Now Wo“ = 2gH, where H is the height of fall of the hammer, and 
W'v^/2g is equal to the work done by the hammer. The work done is 
equal to the resistance 01 encountered by the pile times the distance 
traversed by the pile and hammer together after impact, say I, Thus 

If the pile is driven to a total depth L after successive hammer blows, 
the total work will then be 

2 ^ ~ W H Eq (7-28) 

The value e varies as follows : 

For wood piling 0 . 15-0 . 2 

For concrete piling 0.2 -0.3 

For steel piling 0.5 -0.6 

Eqs (7-27) and (7-28) take no account of the shortening of the pile due 
to the resistance encountered. However, this may be accounted for by 
the equation 

AL' = edlL'MJE Eq (7-29) 

where AL' is the amount of shortening, L' the length of the pile, A is 
cross-sectional area, E the modulus of elasticity, and « a coefficient. 
The value of e depends upon whether the resistance encountered is due 
to wall friction or to the point of bearing. The usual values taken for 
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« are 1.0 for full point bearing, and e= Vs for uniform friction. If the 
friction increases uniformly with depth, e is taken as ^1%. 

Eq (7-27) assumes that H, the distance from the top of the pile to its 
starting position, is constant. The equation, however, does not allow for 
the force expended in deforming the pile. Zesiger (cited by Plummer 
and Dore, 1940) derived a complete expression to allow for this defor- 
mation, as well as the factors above discussed. 


(i + w'/w) 

1+ jW'H k + eL/AE 
"V 2 ■ 1 -f W'/W 


Eq (7-30) 


where k has the value 2 or 3 X 10~^ in./lb. if the pile is driven in sand 
and gravel. Other units, namely e and e, are dimensionless. 

It is noteworthy that this formula is independent of the diameters of 
particles and depends only on the values of e and k. 


DIFFUSION UNDER PRESSURE 

In Chapter 6 we gave a brief account of the normal manner of filling 
voids. By such a procedure we may reduce the void space to very small 
amounts. In powder metallurgy the void space is reduced partly by a 
deformation of particles and partly by a diffusion through slippage of the 
finer particles to the void spaces. This may be termed particle-pressure 
diffusion. 

There is no established relationship between variables affecting the 
above diffusion. However, if we assume that the slippage forces are 
negligible as compared to the pressures applied to the particulate mass, 
and if we confine the mass within an immovable boundary, by means of 
dimensional analysis we may arrive at a sort of possible diffusion rela- 
tionship. Let the diffusion S) be regarded as a function of some average 
particle diameter d, the apparent density of the mass pg and the pressiure 
intensity p, that is 

D = vid, Pa, p) 


[L2T-1] = k • [L]“ • [ML“»]‘[ML-iT“*]* 
0 = h+ c 
2 = a — Zb ~ c 
-1 = - 2c 


Then 



BEHAVIOR OF PARTICLES UNDER PRESSURE 161 


From which, c = V 2 , & = - V 2 , a - 1, and 



Thus we see that the diffusion coefficient varies directly as the average 
particle size and the square root of the pressure intensity, and inversely 
as the square root of the apparent density. This equation appears to 
be in a reasonable form, although it is obvious that a wide dispersion of 
particle size is needed to cause diffusion. If particles are all of the same 
size, the diffusion should be a minimum. The term under the radical 
sign has the dimensions of velocity squared so that 2D may be said to be 
directly proportional to the diameter of the particles and the rate at 
which the pressure is applied. 

Some further consideration of Eq (7-31) leads us to the following 
alterations. For we may suppose that the diffusion does not begin until 
a certain critical pressure intensity p, is reached, and that no diffusion 
proceeds beyond an ultimate pressure Pu. Furthermore, we observe 
that the apparenf density increases with pressure in such a way that 
Pa = Pa • exp ( — ap/ Pc) where a is a constant. There is reason to suppose 
that this is a proper form of function as we have seen above. Hence a 
suitable equation describing diffusion under pressure is 



exp i-apl2po) 


Eq (7-32) 


where fe' is a new adjusting constant and pa is the initial apparent den- 
sity. Thus, 3D is not constant, and depends upon other things being 
equal. In general, the ultimate mixture is most homogeneous with 
materials having a high pu and a low p^ both of which are observable and 
measurable parameters. 

In powder metallurgy, the pressure is generally applied slowly, so that 
the reorientation of fine particles is given sufficient time. Impact pres- 
sures — that is, those which are applied suddenly — curtail reorientation 
and the diffusion is of limited extent. As a rule pressure should be 
applied slowly, and the larger the mass of material the more slowly 
should the pressure be applied. When diffusion is complete, the par- 
ticles may be deformed and the interstices filled by extrusion. The pres- 
sure curve for forming a given article from an apparent density pa to 
one Pa may therefore be considered as in three steps: (a) Compaction 
by pure slippage; (b) diffusion of fine particles; and (c) deformation. 
In the last-mentioned case, the usual elastic constants of a homogeneous 
mass may be assumed to hold. 
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Particle-diffusion may be accelerated by use of a suitable lubricant 
thus reducing internal sliding friction. 

VOID PRESSURE 

When metal powders are compressed, numerous small cells are sealed 
off. The air within these cells often approximates the pressure to which 
the powder is subjected in the process of giving it cohesiveness and shape. 
The behavior of these cells when the compressed powder is heated is im- 
portant from a general practical viewpoint, and also in regard to forma- 
tion of certain alloys to which powder metallurgy is adapted. It might 
be expected that the process of heating sealed cells would tend to disrupt 
the void structure, and injure the strength of the compressed powder as 
a whole. That this is improbable can be shown in an elementary way 
by considering what happens in a single cell. We shall attribute to this 
cell a spherical shape and a uniform thickness of shell structure, continu- 
ous throughout. This procedure is an over-simplification, though as 
an average of conditions in a packing it is not unreasonable. 

Let the diameter of the spherical cell be D^; then if p is the intensity 
of air pressure within it and 5 is the thickness of the shell 

= irDM Eq (7-33) 

where E is the tension in the shell due to the pressure. Hence 

£ = Eq (7-34) 


As the temperatxure changes, both the volume of the cell and the air 
pressiure within it change. If the diameter of the cell changes by an 
amount dD„ then energy relationships lead us to the following: 

• dD, = pdV Eq (7-35) 


where dV represents the change in volume of the air,. From the equa- 
tion for an ideal gas, 

pV = BT Eq (7-3G) 

we have 


pdV+ Vdp = BdT 
and on substitution into Eq (7-35) 


From Eq (7-35) 
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so that 


But 


dT ■ dT 


- 647r3S 


p*' dT 


5 1 


pdTj 


£» _ _ 07/ ^ gjgj- 

p^ 6453 04^gs 04^53^ 


and on further reduction and substitution of the value of E in Eq (7-34), 
we obtain 


_ 3D,\ _ 

p dA ^sj 


The solution of this equation is obtainable by direct integration, and is 
Tp W^) -1] = constant Eq (7-37) 


Thus, we see that the relationship between temperature and pressure in 
the cell depends upon the cell diameter and the shell thickness. If po and 
Tq indicate the initial pressure and temperature (absolute) existing in a 
given cell, then 


/p yva -n ^ Xq 

W ^ T 


Eq (7-38) 


As a general rule A is always greater than 8. Hence an increase in 
temperature is accompanied by a decrease in the air pressure in the cell, 
and the converse if the temperature is decreased. Heating, therefore, 
does not tend to disrupt cells, unless the stresses brought into being de- 
stroy the cohesiveness of the sheU. Cases can also arise, of course, when 
8 > Dv so that the pressure is directly proportional to some fractional 
power of r. Only when 5 > > I>„ is the pressure proportional to the 
temperature, a situation which occurs infrequently in the compression 
of metal powders. Note in the special case of 5 > that the presstire 
decreases very rapidly as the temperature increases. 


Problems 


1. A point load of 1 ton is applied to a homogeneous soil. Determine the pres- 
sure-distribution contour equivalent to 0.25 ton. 

2. Given a mass of particles of uniform height, determine the pressure at any 
depth z. 

Note : Here the pressure p per unit area is proportional to the density of the mass 

Pa 

p = kpa 

Hence, due to the action of gravity, at any depth z 

dp/p = {g/k)dz; ^ « C exp (gst/fe) 
where C anc? k are constants and g the acceleration due to gravity. 



CHAPTER 8 


DIFFUSION OF PARTICLES 


I T IS often observed that dust in still air diffuses throughout the space 
surrounding its point of origin. This diffusion is due in part to tra- 
jectorial forces at the source although the diffusion, especially in the case 
of fine particles, is similar in some respects to molecular diffusion. The 
larger particles, generally greater than 5 ju in diameter, settle fairly 
rapidly. When the particles are of colloidal or molecular dimensions, 
and issue from a source in a motionless fluid, the diffusion constant differs 
in many respects from the constant used in the case of turbulence. 
Moreover, in practical cases, being more concerned with suspensions in 
turbulent media we must develop an approach to a study of diffusion 
phenomena somewhat different from that which has been used in gas 
or colloidal theory. In our case we are not greatly concerned with the 
mean free path of particles, since their inertia is quite large and tempera- 
ture alone cannot set them in motion, but rather with statistical meas- 
ures of the turbulent fluid elements and their motion. This turbulence 
may be due to the motion of the fluid itself, to convection currents in the 
fluid caused by temperature differences between its various elements, or 
to motion from other causes to be discussed later. In the following we 
give only a brief analysis of colloidal diffusion. Later we shall consider 
the essential features of the theory of turbulence and special investiga- 
tions by various workers who have given a rigorous analysis of the 
physico-mathematical theory concerning diffusion of particles coming 
within the scope of this discussion. 

THERMAL DIFFUSION 

... Brownian Motion — E;xtremely small particles suspended in a fluid 
are in constant motion due to bombardment by molecules of the fluid. 
The motion of these small particles is commonly referred to as Brownian 
motion. It may be shown that when the particles are suspended in a 
gas they follow the relationship PF = {nlN)BT, where P is the pres- 
sure, V the volume, n the number of particles into which 1 gram-mole- 
cule of the disperse phase is disintegrated, N the number of gas molecules 
(Avogadro’s mnnber), B the gas constant, and T the absolute tempera- 
ture. The length of path followed by a particle in any given direc- 
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tion at a given time t was obtained by A, Einstein (1906) and is expressed 
by the following equation : 

-sr ^ , X 

21 (RiV 

where (R is the frictional resistance of the fluid and is equivalent to 
Stokes’ equation for the resistance of a sphere in streamline motion, 
Ziriid. Hence 





t 

SttjluZ 


Gibbs (1924) has given the following essential information with regard 
to particles in Brownian motion: (1) the particle moves with uniform 
velocity; (2) smaller particles move more rapidly than larger ones; 
(3) particles in high concentration move more rapidly than those in 
dilute concentrations; (4) particles move more rapidly through media 
of lower viscosity; (5) for constant viscosity the amplitude of the motion 
is directly proportional to the absolute temperature; (6) due to gravity, 
particles gradually arrange themselves so that their concentration is 
greatest at the lowest layer. 

The diffusion of small particles depends upon many factors. In addi- 
tion to Brownian motion, we must consider the effect of gravity and the 
motion of the fluid in which the particles reside. Ordinary diffusion as 
understood in colloid chemistry must be modified considerably when we 
deal with turbulence. However, we still retain the usual definition of 
diffusion, namely that it is the number or mass of particles passing a unit 
cross section of the fluid in unit-time and unit-concentration gradient. 
That is, if dw particles (or mass) move through an area A in time dt 
and dC/dx is the concentration increase in the x-direction, then 


1 . . ^ 

Ai dt dx 


Eq (8-2) 


where 3) is the diffusion coefficient and is equal to X^y as given in Eq 
(8-1). Thus, for particles in Brownian motion 


V ^ . 1 

2t N ZtjjuI 


Eq (8-3) 


The dimensions of 3) are obviously [L^T""^] and are the same as those of 
kinematic viscosity v = fx/po. 

By means of the hypsometric formula it is not difficult to determine 
the diffusion coefficient of a suspension of colloidal particles at any height. 
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The^iypsometric formula relating the decrease in density of a gas with 
increasing height L is 

r _ 6Er P, 

^ “ rgNd^ip - Po) P 


where d in this case is taken as the diameter of the gas molecule, p its 
density, Ro the pressure at the lowest point, and P the pressure at height 
L. Now, these pressures are proportional to the number of molecules 
(or particles, in the case of a suspension) so that we may write 


&BT . Co 

“ nNd^ifi - Po) C 


Eq (8-4) 


where the C’s are the number or mass of particles per unit volume corre- 
sponding to the P’s. Using Eq (8-3) we have 2BT/N = SirpSDd, so 
that substituting in Eq (8-2) 


rglJPip — Po) 

9Mln|“ 


Eq (8-5) 


From this equation we may also determine the length of path at any 
time t at height L, since 2D = 

The diffusion equations thus far developed assume that the particles 
are colloidal and not affected by any motion of the fluid itself which is 
regarded as stationary. If we limit our discussion to particles in the size 
range from 0.5 to 5 which remain in suspension for rather long periods 
of time, and if these particles are emitted from a point source and not 
subject to disturbance by the surrounding fluid, it is obvious that the 
concentration of particles at any point must be proportional to the dif- 
fusion constant and inversely proportional to the square of the distance 
from the source. Let C be the concentration per unit time, pUvSvSing a 
point at any distance R from the source, then 

C oc I Eq (8-()) 


since the distribution is over a spherical surface with the point source as 
center. Moreover, it has been shown that in large-scale diffusion phe- 
nomena such as cloud billows and smoke from tall stacks, when influ- 
enced by a slight wind the particles proceed downstream and diffuse in 
accordance with Eq (8-6). In other words, if the particles rem ai n in 
suspension and if the scale of the phenomenon is large and not interfered 
with by terrain, the cross-sectional expansion of the doud or smoke is 
inversely as the square of the distance along a line perpendicular to a 
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fixed plane or line taken as the origin. In the former the plane referred 
to is that passing through the center of the mass. 

DIFFUSION DUE TO TURBULENCE ' 

In this section we shall discuss the simplest forms of turbulence, and 
following Dryden (1939) we shall consider two types, namely, isotropic 
and non-isotropic. Isotropic turbulence, as it applies to a given fluid, 
may be defined as one in which the eddying motion is so distributed that 
the components of motion in different directions have the same average 
magnitude and no correlation exists between the components in different 
directions. Such a form of turbulence is produced by wire screens and 
honeycombs or may be found in a fluid along the axis of the duct in which 
it is flowing. It is also found at heights above the ground where the 
motion of the wind is uniform. 

Non-isotropic turbulence is less uniform and applies to conditions such 
as the motion of the wind near the ground or in a fluid at some distance 
from the axis of the duct in which it flows. It is characteristic of condi- 
tions of flow where the motion of the mass of fluid along any given direc- 
tion is not uniform from one layer to another. For example, a mass of 
air flowing along the surface of the ground encounters frictional resist- 
ance and there is a progressive decrease in its motion as we approach 
the surface. The effect of this resistance is transmitted upwards for 
hundreds of feet and the change in velocity along the direction of flow 
sets up shearing stresses between successive layers. This shearing causes 
an upward and downward displacement of small components of the mass, 
each tending to preserve the horizontal motion originally imparted to it. 
Thus if one of these components of the air mass moves upward it tends 
to retard the horizontal motion in the layers above, and conversely if a 
component moves downward. 

A complete theory of turbulence is still lacking, so we must restrict our 
discussions to two general cases of interest to us: (a) the diffusion of 
particles from point or line sources where the turbulence may be said to 
be isotropic, and (6) the behavior of particles near large land surfaces — 
as for example, dust storms. We shall begin our discussion with an ex- 
planation of the meaning of eddy-diffusion, which is characteristic of the 
conditions to be more fully discussed later. 

The diffusion constant of Eq (8-2) applies to a still fluid, and to par- 
ticles of very small size. Large particles can diffuse only if the medium 
is in a state of agitation or turbulence. A moving fluid such as air or 
water produces the necessary conditions for diffusion, especially near 
boundary surfaces. As we have stated, the gradient from layer to layer 



168 


MICROMERITICS 


as we move from such a surface creates shearing stresses causing upward 
and downward movements of many fluid elements. 

It is obvious that the dimensions of the dilTusion constant in any 
theory of diffusion must be the same as those of Eq (S-2), Thus, if SD« 
is written for the coefficient of turbulent or eddy diffusion, 

SD = SD, = [L^T-i] 


Now the units of shear are and for a fluid moving in the 

^-direction with a velocity 





Eq (cS-7) 


where denotes the shearing force in the :x;y-plane and is the viscosity 
of the fluid. It is easily shown that the shearing force is also given by 
the expression 

r.. = a)po^ Eq (K-R) 


.since [i — SDpo, po being the density of the fluid. The value of 3D is there- 
fore that of the kinematic viscosity /u/po. The tenn p may be identified 
with the coefficient of eddy viscosity, and © with ©e for the case of 
turbulent mixing. 


DIFFUSION DUE TO MOTION OF A FLUID MASS ABOVE A 

PLANE SURFACE 

The computation of p<, and hence ©, can be accomplished by means of 
a second equation for the shearing stress, Let the mean values of 
the velocity components in the x-, y-, 2 -directions be denoted by v^, Vy, and 
and let the instantaneous deviations from these values be denoted by 
Vx\ Vy', and v^. Hence, if Vx, Vy, and are the actual velocities we must 
have that o* = »* -f vj, Vy = Vy A- Vy, and d* = »* -f Vy. If the flow of 
fluid is assumed to take place in the jc-direction, the velocities to the 
right and left and up and down at any point counterbalance each other, 
so that Vy and % must be zero. Hence, Vy = Vy and Vi = v,'. 

Consider the volume of fluid passing up or down through a unit area 
in any horizontal plane. .The mass of this fluid in time di is simply 
ptVyidi. The momentum of the same mass having a velocity (in the x- 
direction) is and this is transferred vertically upward through the 
horizontal plane. If ilf t denotes the transfer of momentum vertically 
upward 


ft = poO*»«diC 
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so that substituting the values of and a* above 

J/t = PQV^vdt = pofe + Vx'){v^ + Vz')dt 

= PaiVxVi + VxVt' + Vx'Vi + Vx'Vi + VxVz)dt 

But since the flow is in the x;-direction and the upward and downward 
components of velocity counterbalance each other, the mean value of 
these components is zero. Hence 

M\ = po(VxVz' + Vx'Vz')dt 

The above equations apply to time dt. Over an extended period of time 
the average momentum transferred is obtained from the integral 

-^t = /o' Poivz^z' + VxW)dt Eq (8-9) 

where the bar, as before, denotes a time-average. Also we may write 

= J'o PoVxVzdt 

and this represents the average momentum transfer per uni t time, or 

M\ = poVxVi Eq (8-10) 

where the term VxVz is the average value of the product. Returning to 
Eq (8-9), we then have 

M t = Pov^i + PfPix'Vz Eq (8-11) 

Note that although the mean value of Vz is zero {%' = 0) it does not fol- 
low that the mean value of Vx'vz' is zero. This disparity is due to a nega- 
tive correlation between Vx' and arising from the fact that the hori- 
zontal component of wind velocity increases with height, »*, the vertical 
velocity being positive. The average vertical velocity % is zero, hence 
Vz is positive. In rising the fluid element tends to retain its initial hori- 
zontal velocity, Vx, and since this is less than the average horizontal ve- 
locity Vx at the new level, Vx' is negative. When the fluid moves to a lower 
level and Vx is negative, the horizontal velocity is greater than % in 
the lower adjoining layer and »» is positive. Hence the instantaneous 
deviations and v,' are necessarily of opposite signs; when one is nega- 
tive the other is positive, and conversely. Hence, vjvz' must always be 
negative. 

On the other hand the product is zero because % in any given 
situation is constant. Hence, Eq (8-11) becomes 

M\ = po^V Eq (8-12) 

also M\ = —M\, where If i is the force exerted by the upper air on 
the lower. Thus for t„ of Eq (8-7) 


Tm - -poWjV 


Eq (8-13) 
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is the average transfer of momentum and represents the tangential force 
per unit area due to the turbulent motion of the fluid. More generally, 
combining the effect of viscosity 


dvx 


= — p^Vx Vz 


where the first term predominates only when the fluid is in streamline 
motion, as near boundary surfaces. 

In the above equations it is not usually possible to measure the instan- 
taneous deviations v/ and v/. The average velocity Vx is easily ob- 
tained, however. If an element of the air moves through a distance X' 
upward, it is obvious that 



We now make an assumption which is important and is borne out by 
experiment. It is that on the average in turbulent motion there are equal 
amounts of kinetic energy associated with the three component velocity 
deviations v/, Vz'. Hence Vz' must, on the average, be proportional to 
the distance the turbulent eddy travels, X', and to dv^ldz. Hence 



Remembering that Vx' and are of opposite signs, and writing r for 
Txz and for the constant of proportionality, we get 



The term X is called the mean mixing length. It may be regarded as 
the distance traveled by the eddies from their point of origin to the point 
where they lose their identity and mix with the turbulent fluid surround- 
ing them. It is related to the size of the eddy and in general the larger 
the eddy, the further it travels before disappearing. It is borne out by 
observation that the size of an eddy is directly proportional to its dis- 
tance from a boundary surface. Hence, with a chimney emitting smoke, 
or in dust storms, X is proportional, in either case, to the height, z, of the 
cloud above the ground 

X = kaz Eq (8-15) 

The constant ko is called von Karmdn^s turbulence constant. Using 
this value of X 


- - (W (s) 


Eq (846) 
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Returning now to our fundamental concepts of eddy diffusion and eddy 
viscosity, as given by Eq (S-7), we have that 


and 


= (M-- 




dz 


Ue = Po(*o3) 



Eq (8-17J 


Solving for d%/dz in Eq (8-16), we proceed: 

^ = -1 fr 

and if r is considered as constant, we may integrate between correspond- 
ing limits and and Zx and obtaining after rearranging terms 





^^2 - 


In-' 

Zi 


Eq (8-lN) 


The term '\/ r /po is identified as having the units of velocity and is usually 
called the ‘‘drag” velocity. If denotes this velocity, then r/po. 

We see, therefore, from the above equation that average velocity meas- 
urements at two given heights suffice to determine We shall have 
more to say in this connection when we consider sand storms. 

The effect of fluid turbulence, in so far as a suspension of particles is 
concerned, is to cause the particles to be agitated in conformity with the 
motion of the fluid. This effect applies generally to small particles 
which do not settle rapidly, and to concentrations not so great as to inter- 
fere with the free motion of turbulence in the fluid. Under these condi- 
tions, in the case of a fluid moving over a bed of fine materials, we may 
write that 


-po(te)‘ 




dC 


dz = 


Eq (8-19) 


which is the analogue of Eq (8-16) and where Cm now is the amount of 
material picked up from the bed and dC/dz is its concentration gradient 
in the fluid. From this equation, using the developments given for the 
case of fluid turbulence, it is not difficult to show that 

Of course this equation is subject to the limitations set forth above. 
The significance and the units of the various terms are discussed in 
Chapter 19 (pp. 398-407). 
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DIFFUSION FROM A POINT SOURCE 

Following Taylor (1921, 1935), we may now modify slightly the basic 
ideas presented in the previous paragraphs and consider the nature of 
diffusion of particles originating from a point source and moving with 
the fluid in a specified direction. Before proceeding, however, it is 
necessary to state that while heretofore we have spoken of average 
velocities and concentrations, they may be replaced by root mean square 
values if observations on these quantities are made at stipulated inter- 
vals, rather than recorded continuously. The use of root mean square 
values for various quantities in the following paragraphs in no way alters 
the basic concepts of our treatment of turbulence. 

The essential feature of Taylor’s theory of turbulence is that it is 
unnecessary to stipulate anything about the motion of individual por- 
tions of a fluid in order to investigate such properties as composition and 
momentum. It is only necessary to assume that such statistical calcula- 
tions as exist between the velocities and other specified properties of 
an element are functions of time or space differences. If is the velocity 
of an element of fluid in some specified direction at time /, and 
and Vt+ t' its velocity an instant earlier and an instant later, respec- 
tively, the correlation coefficient may be written as follows: 

If the turbulence is uniform with respect to space and time, 

= a / V, + 

so that 

< Kq (.'^-2 1 ) 

In the above equations the bars, as before, indicate the time average and 
p® is the mean square value of v which fluctuates beca use o f eddies. Inte- 
grating the product of the average velocities Vt and v, - gives 

J'oVtVt-t'di' = Sa^rvHt' — 

We have also that 

JoVtV,-,'dt' = VtJoVt- t'dt' — i'll ~ 5^' 

or essentially 

4>4t' 


Eq (8-221 
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where | is the average displacement of the fluid element in the time t. 
The term may be regarded as the mean square displacement of many 
particles. Solving for at any time h, 

= 2^-/0'' fU 4 tdt' 

where v'^ is written for v^. This equation offers a means for solving for 
the intensity of turbulence since at points close to the source the 
elements are closely correlated at short time intervals and <^>5 = 1. 
Hence 

|2 = 
or 

= Vf/h 

If denotes the mean velocity in the x-direction, vj^i == x (x being very 
small) and 


X 


In the case of linear flow, v is the mean velocity at right angles to Vx. 
Also, it is clear from Eq (S-22) that 


dx Vx^ 


Eq (8-23) 


At great distances from the source of turbulence there is no correlation 
between velocities of the same element and hence = 0. Let the inter- 
val of time be then is finite and 

v'Jo*<f>vdf = = constant 


for all values of / > ^2 and x > X. The term ^2 may be said to be the time 
required for the element of fluid (or particle) to lose its velocity identity 
in the surrounding fluid- The term Xo is a length factor which determines 
the scale of turbulence and corresponds to X as determined in Eq (8-14) . 
Again using Eq (8-22) 


dx Vx^ 


Eq (8-2-4) 


Note that from the relation I — vt the integrations of the various func- 
tions discussed can also be carried out between 0 and x. 

Using Eq (8-24) we may obtain the eddy diffusion constant for 
obviously 


% ^ 

2 dx 


fi^Xo 


X 


= fD, 




Eq (8-25) 
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which is dimensionally correct and is similar to Eq (8-3). Integrating 
Eq (S-25), we obtain 

|2 = _ Xo) Eq 

Vx 

which applies to the diffusion of particles for large values of x. The 
value of I® may be obtained from observation, and hence and Xo may 
be calculated, the latter really being a factor defining the extent of turbu- 
lence in so far as diffusion itself is concerned. Hence, if 3^^. and Xo are 
known, then from Eq (8-25) 


which determines the intensity of turbulence. 

Significance of Correlation Coefficient — Let denote the correlation 
coefficient between velocities at points in an element of turbulent fluid 
at times differing by and let <l>r denote the correlation coefficient be- 
tween deviations of the concentration C of a suspended material from the 
average of the surrounding concentrations at different points in the cle- 
ment in the same time difference. 

The function merely expresses a probability relationship. Of 
course, there are infinite possibilities between coincidence or orthogonal- 
ity of Vt and v/y (0 5 5 1), but the actual probability of any event 

within this defined range is quite small. Hence, we may apply the 
Poisson relationship. The probability (l>(n) of w-coincidences in a space 
of time, t, is 

<#>(»} = ^ (a«)“ exp i-kt) 

where ^ is a function of time. Hence the chance that no coincidences 
occur in this interval of time is 

<l){0) = = exp i—kt) Eq (8-27) 

and 

<l>„ = exp (—kj) Eq (8-28) 

<l>c = exp Eq (8-29) 

where fe. and kc are constants having special significance. These assump- 
tions are important since they are substantiated by experiment, as will 
be shown later. If, for the moment, diffusion is determined solely by 
correlation of velocities at different points of an element in the time 
interval t, we have by application of the above relation to Eq (8-22) 
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= 2v^J^%gdt = 2v^J'Qexp (~kj)dt 
= 25“^*^** exp {-k,x/v,) dx/v^ 

This equation is the general eddy diffusion equation for a fluid. Thus, 
when Vx/kt is small in comparison with x, 

[1 — exp (— k^Jvx)] — k^/vx 
d^^ _ 2t>°a; 
dx %- 


which is identical with 
with X, 


Eq (8-23), and when Vx/k„ is 
dx Vx^ ° 


large as compared 
Eq (8-31) 


where Vx/k„ is now identified as Xq (Eq 3-24), and has the dimensions of 
length. Hence, kj, has dimensions [T“^], as of course it must. 

Mention may be made here that in the case of a pipe in turbulent flow, 
the intensity of turbulence along the axis is about 3 percent of the mean 
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FICURB 47. RBLAtlONSMIP BETWEEN Xo, AND Vz FOB 
Water Flowino in a Channel One Ft Wide (Kaltnski 

ANP FiBN, 1^). 
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velocity, and Xo is about 0.34 times the diameter of the pipe. At Vo 
radius, the value of \/ is twice that at the axis. 

Experimental Investigations — Kaliiiski and Pien (1944) have pre- 
sented interesting evidence of the relationships between S)e, Xo, and Vx. 
Some of their results as applied to a water channel 1 ft wide are shown in 
Figure 47. Note the correlation between Xo and SD^. The data shown 
apply to the injection of an easily determined fluid into the stream. 

Work by the same investigators showed that plots of values of 
230 gXo against x/Xo all lay on the same curve, regardless of channel width 
and flow speeds, provided the latter were in the turbulent region. The 
curve obtained was essentially a straight line for values of > 1 

and x/Xo > 2. From such a curve 4>v may readily be calculated, for, us- 
ing Eq (8-22) we have 



whence 


dx^ z^jXn 


and 



Hence, <t>v is as the second derivative of the curve described. Plots of 
values of 0^ thus obtained lie on the curve = exp (— x/Xo). 


DIMENSIONAL APPROACH 


If we regard v and Vx in Eq (8-31) as instantaneous velocities in an ele- 
ment of turbulent fluid, then v/vx is essentially equal to Since 
d'^^/dt = 3De, it is clear from Eq (8-30) that is proportional to the fol- 
lowing quantities: 




Vi>r 




Xo0„^ 


ICq (8-32) 


The term 0o of course is dimensionless. Note especially that 3)^ is 
proportional to v and Vx and hence | and x, and that therefore v is propor- 
tional to Vx and | to x. Hence, we conclude that the spreading of a mass 
of particles from a point source depends upon the distance traveled and 
not on the time taken to travel the distance. 

It is clear from the foregoing that 3De is proportional to a number of 
variables, some of which are proportional to each other. From a dimen- 
sional standpoint, the following identity holds: 

a)e = kVxS 


Eq (8-33) 
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Similar identities of different variables also hold, but the above is per- 
haps the most useful and will be used in preference to others. The term 
Vx is the velocity of the fluid in the x-direction and | is the mean displace- 
ment of the elements of a diffusing mass of particles from a plane passing 
through the center of gravity and normal to the direction in which the 
diffusion takes place. If the mass originates close to a horizontal 
boundary surface, then the mean height, s, of this mass must be nearly 
proportional to f. Hence, in general, for vertical diffusion above a plane 
surface, we may write 


Eq (8-34) 

where ki is a constant. The product kiz is identified as being propor- 
tional to the mixing length, X, and as it applies to the equation set forth, 
it is equivalent to ki'^koz) where ki is another constant and ka is von 
Karman’s constant. 

Let us now consider Eq (8-25) to obtain the significance of k in Eq 
(8-33). It is clear from Eq (8-25) that 


'^dx V 


or 

dx yj 

Hence the ratio d^dx is a constant and must be equal to k of Eq (8-33), 
and 

k = kx Eq (8-35) 

This constant differs slightly in numerical value from ki since it applies 
to lateral diffusion. The constant ki of Eq (8-33) applies to vertical dif- 
fusion. Actually, in regions remote from boundaries, k = fei, but near 
horizontal plane surfaces, infinite in extent, as for example smoke com- 
ing from chimneys and moving with the wind over the earth's surface, 
k is slightly larger than 

In connection with the diffusion of smoke from chimneys by a wind, 
values of k and ki have been determined by several investigators. 
These values vary considerably, but if an average value of ki = 0.05 is 
used, h = 0.08. 


Problems 

1. Determine the influence of diffusion on a suspension of fine particles in a fluid. 
Note: It may be shown that the force of diffusion (Berg, 1940) amounts to 
(-^BT/N)d In Ck%/dh where B is the gas constant. T the absolute temperature, N 
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Avogadro*s number, and Cu the concentration at depth h and time t. Hence, we 
may write 

HTTpQfxv *= (7rd^/&){p — (^3T/N)d\u. Chtjdh* 

Since 3D = BT/BirpN, a possible solution of the problem, omitting boundary effects, is 

= t X"" 

where Co is the concentration of the homogeneous suspension and y = (^' — k)/2 
VS. Here h' is the distance through which particles of a given size have sedimented 
during the time t. The integral is the probability integral for which tables arc readily 
available for its computation. If we denote the integral and its constant by d>(y), 
we have 

=* 0 when y = d and y = 0 when h' — // = 0. 

Hence the concentration at depth h' = V 2 C'o, and 

y ^ (y - h)i3/4:TNpd/BTt). 

2- The fact that the velocity fluctuation within a cloud of suspended particles is 
greater as the mass of the suspension increases is not readily apparent. Yet this 
is easily demonstrated by means of a remarkable theorem due to Poincar6, which 
may be stated as follows: If we have given a suspension of discrete particles each of 
mass m moving under no forces except their own natural attraction (gravitation, 
electrical or vortical), then if T represents the total kinetic energy of the system and 
W the potential energy of the system arising from their mutual attraction, 

2T+W^ 0. 

If we now write T « where is the mean square velocity of a particle 

of mass m, and W = — where ^ may be regarded as the Newtonian potential, 

then Poincare’s theorem takes the form 

= 0 . 

Hence the average value of averaged over all the separate massCvS is equal to the 
average value of ^/ 2 ^. 

Suppose we now consider a cloud of smoke particles having a total mass M and 
a mean radius R. The average value of will have an order of magnitude GM/R 
where G is the gravitational constant. Thus, on the average 

z/2 GM/R 

and we see that to a first degree of approximation, 

V ccy/TijR oc -y/pv/R a -y/pR^/R ocR 

where V is the volume of the cloud suspension. Hence, the internal velocity of agi- 
tation is proportional to the size of the cloud. This important relation holds for a 
steady state, that is, when no new particles are added or old ones removed from the 
cloud of suspension. It may be shown that the growth of the cloud due to agitation 
does not disturb its dynamic equilibrium. 

In the case of a cloud of charged particles, let the totality of charge be ^ and k the 
specific inductive capacity, then 
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As an illustration of the amount of agitation to be expected in a cloud suspension, 
assume the following: 

Average radius of cloud = = 0.5 km = 5 X 10 ‘ em. 

Average concentration of particles = 10® per cu cm. 

Average diameter of particles = IGOju = 10“ ^ cm 
Density of particles = p = V 2 g per cu cm. 

If G = 6.66 X 10“ calculate the order of magnitude of the velocity of agitation. 



CHAPTER 9 


ELECTRICAL, OPTICAL, AND 
SONIC PROPERTIES 


M uch has been written on the basic behavior of particles in electri- 
cal, optical, and sonic fields, and it is not possible here to cover 
completely the mass of information available. We can only indicate 
briefly how small particles behave when subjected to the fields men- 
tioned. The properties outlined have many important applications. 
Some of these are indicated, but in general the material presented covers 
the theoretical factors which explain the behavior of particles to give 
as wide an application as possible. 

ELECTRIC AND MAGNETIC PROPERTIES 
Electrification of Particles* 

Charge on Atmospheric Dust — ^The extent to which atmospheric 
dust is charged has never been satisfactorily determined. Some work 
has been done on dust storms, such as investigations by Rudge (1912) 
in the Sahara Desert. Because of the dryness of the climate such 
storms are accompanied by strong electric charges. Rudge states that 
during a Sahara Desert dust storm the voltage gradient, which normally 
seldom exceeds 200 volts per meter, may be reversed in polarity (that is, 
becomes negative) and exceed 500 volts per meter. Voltage gradients 
may even exceed 10,000 volts per meter. An interesting observation 
was that both the atmospheric dust and the earth were negative at 
a given place. Usually the atmospheric dust is positively charged. 
Small lightning discharges from clouds are frequently reported. 

* Charge Taken by Particles — Since 1900 several investigations have 
been made on the nature of dust electrification. Knoblauch (1901) 
determined the charge on particles of many different materials placed 
on plates of platinum, sulfur, glass, and paraffin. This dust was then 
dropped on a grounded copper plate and the charge noted with an 
electroscope connected to the different plates. Knoblauch’s experi- 
ments were carefully made. He found that platinum and paraffin 

* Voltages given in this section are electrostatic unless otherwise specified, A 
discussion of electrical units will be found later in this chapter. 
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plates as a rule were positively charged with acid substances, and 
negatively charged with alkaline substances. Except with a few acid 
substances, sulfur plates were usually positive. Knoblauch assumed 
that the charges were developed in a molecular layer of water which 
was absorbed on all surfaces. This molecular layer contained dis- 
solved ions from the surface beneath. Thus, for glass the solution was 
alkaline; for platinum and paraffin the solution was neutral; and for 
sulfur it was acid. In the case of organic substances, the surface layer 
was acid or basic, depending on the nature of the ionization. 

Later work by Rudge (1913) resulted in classifying the charge assumed 
by dust clouds formed by air currents. His experiments were made 
with a 2-cm X 20-cm brass tube to which was added a similar length of 
brass gauze. This ensemble was mounted on an insulated base and 
the gauze end connected to an electroscope. Dust to be tested was 
placed in the free end of the solid-brass tube and a puff of air from a 
bellows directed obliquely against the dust. As the dust moved through 
the tube it imparted its charge to the gauze. From numerous tests 
made with this apparatus, Rudge concluded that the charge acquired 
by dust particles is in part determined by their chemical composition. 
Thus, confining ourselves to air, Rudge has shown that: (a) Nonmetallic 
dust becomes positively charged; (p) metallic dust becomes negatively 
charged; (c) dust of acid-forming oxides becomes positively charged; 

(d) the dust of basic-forming oxides becomes negatively charged; 

(e) with salts, the charge depends upon the relative strength of the acid 
and basic ions. This classification applies to compositions of distinct 
chemical character. In many organic compounds, such as plastics, as 
well as in many minerals, the division is not so well defined, Rudge 
was convinced that the charges observed were actually carried by the 
dust particles and not by the air, which was believed to carry an opposite 
charge. The charge upon the air usually observed was considered due 
to extremely fine particles which do not settle readily or which move 
with such slow velocities that they escape capture by the charged elec- 
trodes. 

The observations resulting in this conclusion were stated by Rudge 
as follows: 

1. A dust-and-air mixture blown through a gauze and thence upon 
a radioactive collector imparted to one obstruction a negative charge 
and to the other a positive charge. 

2. Other gases than air generally caused no difference in results. 

3. Air blown over various dusts cemented to electrodes showed no 
charge unless particles of the dust were detached; air passing gently 
through a tube, containing dust carried no charge unless some of the 
dust ^so passed through cotton-wool plugs. 
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4. Oppositely charged electrodes placed in a dust-laden atmosphere 
each attracted a certain amount of dust. In most cases there was a 
marked difference in the amount of dust collected on the electrodes and 
the greater this difference the greater the charge carried away by the air. 
The charge carried away by the air was always opposite to that upon the 
electrode which carried the greater quantity of dust. 

These observations led to the conclusion that the charges are not due 
to surface contact or friction since insertion of various plugs or filters in 
the apparatus did not affect the charge. 

Of the many dusts tested, Rudge found that mercuric sulfide (HgS) 
developed the highest charge. An amount of less than Vs when 
blown into the air caused a rise in potential of 6 to 8 volts. The density 
of the cloud was approximately 5 X 10 g per cc. 

V. E. Whitman (1926) extended Rudge’s investigations by using a 
polarity recorder. In this device the particles fell between electrically 
charged plates and their motion was photographed. Whitman’s studies 
show the presence of positive, negative, and neutral particles in all dust 
clouds, even of very pure substances. The ratio of positive to negative 
electrification was found to change as the larger particles settled out. 
However, no evidence was found that large particles carry an opposite 
charge from small particles in a given cloud. The range of particles 
studied was from 0.1 mm to submicroscopic dimensions. 


Table 30 — ^Net Charge Acquired by Blowing Fused Quartz through Tubbs 
OF Different Materials. Whitman (1926) 


Tube 

material 

Weight of 
dust used 
(g) 

Charge on 
tube 
(esu) 

Charge on 
cloud 
(esu/g) 

Aluminum 

0.13 

+78 

-600 

Copper 

0.13 

+55 

-425 

Platinum 

0.13 

+89 

-685 

Steel 

0.13 

+61 

-470 

Nickel 

0.13 

+54 

-415 


Table 31 — Net Charge Acquired by Blowing Equal Volume of Various 
Substances (0.24 cc) through a Brass Tube 


Material 

Wd^ht 

Charge on 
tube 
(esu) 

Charge on 
cloud 
(esu/g) 

Borax 

0.15 

+1 . 5 

-10 

Sodium bicarbonate 

0,17 

-2.0 

+12 

Lime (CaO) 

0.07 

-8.1 

+115 

Fused quartz (SiOt) 

0.13 

+11.5 

-88 

Ammonium chloride 

0.19 

+2.1 

-11 

Sodium carbonate 

0.12 

+0.1 

-0.8 

Sodium fluoride 

0.13 

+5.9 

+5 
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A most important observation by Whitman, which substantiates 
Knoblauches earlier work, was that the net charge acquired by a dust- 
cloud depends on the nature of the surface from which it is raised. By 
blowing ground fused quartz and other substances through tubes made 
of different materials, Whitman found that the net amount of charge on 
the dust per gram was by no means constant. Some of Whitman’s 
results are given in Tables 30 and 31. 

The investigations of B5ning (1927) deserve special mention. Until 
his work was published it had been assumed that electrification of par- 
ticles was produced by friction or contact with dissimilar substances. 
Although Rudge (1912), as mentioned above, observed that during sand- 
storms the charge on the dust was negative and that this charge in- 
creased so as to produce voltage gradients up to 10,000 volts per meter, 
he did not recognize that such increases could be produced by the dust 
itself. Boning demonstrated that charges could also be produced by 
friction and contact between the particles themselves, even though 
similar in composition. On the basis of his experiments Boning ad- 
vanced the theory that the charge developed in a dust-cloud was the 
result of differences in size and mass of the particles. He assumed that 
all particles carry a rather loosely bound layer of negatively charged 
particles of the nature of “free” electrons. On contact or collision two 
particle masses behave like true elastic spheres, the resultant charging 
of the particles being accomplished as follows: 

1. If the masses of the two particles are equal, there will be an equal 
exchange of negative charge. 

2. If a large particle collides with a small particle, the latter acceler- 
ates so fast that it loses its attached charge, and the amount of charge 
lost is gained by the larger particle. 

3. If a small particle collides with a large particle, the former re- 
bounds and loses its attached charge to the larger particle. 

Boning also stated that in the general case of different-sized particles 
of the same or different material, the charge is determined by the net 
gain or loss during collisions. When dusts of various materials sus- 
pended in air were blown into a grounded metal tube containing irregular 
material having the same composition as the dust, and thence to a 
collector separated from the ensemble, the collector was found to be 
positivdy charged. The negative charge remained in the tube where 
the collisions occurred. 

Charge Produced by Dust in Moving Air — ^When dust particles are 
moved in the air stream of a duct, the particles become charged. Where 
inorganic dusts (and certain metal dusts, such as aluminum) are moved 
a discharge may cause the dust to explode, Nuckolls (1939) reported a 
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series of tests using grain, wheat, starch, zinc oxide, lycopodium, and 
cotton lint, moved in an exhaust system. No charge was detected on 
the system when it was grounded, but when a copper plate or screen was 
exposed to the dust and connected to a voltmeter, charges ranging from 
200 to 7500 volts were produced. Ungrounded systems showed charges 
in many instances exceeding 10,000 volts. In these experiments from 
5 to 20 oz of material were used in a 3-in sheet-metal duct. The air 
velocities used did not exceed 316 ft. per min. Nuckolls* data indicate 
that there is some relation between the quantity of dust carried in the 
system and its rate of movement. Thus, 6 oz of grain conveyed at 136 
ft per min produced 500 volts, while the same amount when moved at a 
velocity of 316 ft per min produced 2500 volts. Comparative amounts 
of wheat, starch, and lycopodium produced over 6000 volts. Similar 
work done earlier by Blactin and Robinson (1931), using coal dust, 
showed that with an air speed of 450 ft per min a given feed developed 
4000 volts; when the rate of feed was doubled, the voltage increased to 
5800; and on quadrupling, the voltage increased to 7000. When the 
velocity of the dust cloud was 2600 ft per min, potentials as high as 
20,000 volts were obtained. 

Effect of Humidity — Nuckolls found no charge on dust moved by 
an air stream when the relative humidity exceeded 65 percent. Walther 
and Franke (1929) performed a number of experiments with particles of 
brown coal (similar to lignite). Their investigations consisted of ad- 
mitting dust at a known rate in a horizontal glass tube. The material 
was conveyed a distance of about one meter through the tube, and thence 
to a short length of copper tube connected to an electrometer. Copper 
wire was wound around the glass tube for most of its length and grounded. 
The dust in all tests was negative and the tube (inside) was positive. 
By varying the humidity and temperature of the air and other gases, 


Table 32 — Effect op Tewperatxjrb and Humidity on Dust Particles of Brown 
Coal in a Moving Air Stream. (Coal Initially Dry). Walther and Franke 

(1929) 


Gas 

Temperature 

(degC) 

Relative humidity 
(percent) 

Voltage 

Air 

100 

90 

6000 

Air 

100 

0 

7930 

Air 

Room 

90 

2000 

Air 

Room 

60 

2300 

Air 

Room 

0 

4460 

Nitrogen 

Room 

90 

900 

Nitrogen 

Room 

0 

3160 

Carbon dioxide 

Room 

90 

460 

Carbon dioxide 

Room 

0 

2740 
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Walther and Franke obtained the results given in Table 82. It will be 
noted that the voltage increases with temperature and decreases with 
increasing humidity. By replacing the air with inert gas, the voltage 
generated was much less than with air. 


Properties of an Electric Field 

l\Iol)ility of I ons If we have two planes perpendicular to the x-axis 
at a potential difference V such that ions are produced, and if the ions 
of one charge have a mean velocity v^, then 


‘ 0 % ^ Li _ 

dVJdx E 


Eq (9-1) 


where E is the force due to the electric field acting on the ion and u is 
called the mobility of the ion. Since E has the units of electric pressure, 
u may be said to be the average velocity acquired by an ion per unit of 
electric field intensity. More generally, using the electrostatic system 
of units, the mobility of an ion is ex- 
pressed as the average velocity acquired 
by an ion due to a unit voltage gradient, 
that is, as cm per sec per volt per cm. 

The value of u is independent of E in the 
range employed in practice. However, it 
is about 24 percent greater for negative 
ions than positive ions in air. As regards 
mobility of ions at different pressures, it 
may be said that in general the mobility 
of positive and negative ions varies in- 
versely as the pressure. 

Now, electric current is defined as the time-rate of change of a charge. 
Suppose that a given charge ^ is made up of N unit charges €, then ^ = 
Nt. If these charges are streaming in the direction of x (Figure 48), the 
total current I may be obtained as follows: 



Figure 48. Coordinate Sys- 
tem FOR Charged Plates 


I = 


dt dx * 


where we have written Vt for dxjdi. Hence, using the value for in 
Eq (9-1), 


I = 


d{m) 

dx 


•Eu 


If we write n for the number of charges per xmit volume, and i denotes 
the current flowing across a unit area 
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i = ime^E Eq (9“2) 

and if the numbers of both positive and negative charges per unit volume 
are each equal to w, and their respective mobilities are denoted by w+ 
and w- 

i = n€{'u+ + u^)*E Eq (9-3) 

Diffusion of Ions — Ions diffuse in accordance with Eq (8-2) where 
for w and C we may use N and n, respectively. The diffusion coefficient 
SD retains its significance as given in Chapter 8. Values of 3D vary with 
ions of different kind and size, and with the condition of the air. Thus, 
positive small ions in air possess an average diffusion coefficient of 
0.030, and negative small ions of 0.043. For moist air the diffusion coef- 
ficient of both kinds of ions is about 0.033. 

The effect of pressure on diffusion is easily ascertained. Writing our 
diffusion equation as above outlined, we have that the rate of passage of 
ions through a unit area is 

1 dN _ ^ 

A dt ^ dx 


We may consider this equation as signifying the passage of particles 
with an average velocity Vi in the ^-direction defined by the expression. 



dn 

dx 


Since the ions are gaseous molecules, they produce a partial pressure 
which at constant temperature is proportional to n so that 


The term dpfdx is recognized as the force acting upon a unit volume of 
the gas in the 3C-direction, so that if this is regarded as unity, Vt is simply 
equal to 2)/^. 

In case we consider a unit volume having a charge we in a field whose 
intensity is £, 

Vi = E-we- {^/p) 

Identifying Vi/E as nip in Eq (9-1) and noting that njp is the same for 
all gases at the same temperature, 

u = (w/:^) « € * 3) 

Writing Na for Avogadro’s number at a pressure p\ we have njp « 
^Jp\ so that 
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Conduction of Electricity through Gases — There is a theorem of elec- 
trostatics due to Gauss which states that if a volume of charge resides in 
a body, the space rate of change of electric intensity is equal to times 
the volume density of charge. Let there be and ions carrying each 
a unit of charge € in a unit of volume between parallel plates perpendicu- 
lar to the x-Qxis (Figure 48). If the electric intensity is E, by Gauss' 
theorem we have therefore 

^ = 47r{n+ - n-)-e Eq (9-4) 

and if the respective mobilities of and n- are u+ and u-y the current 
flow through a unit area i is from Eq (9-3) 

i = 

Solving for the volume charges, we then have from these two equations 

_ 1 ( i ^ dE\ 

~ 11+ 4- u\e iit' dx) 

1 _ _ IJ^ 

+ u^\E 47r dx ) 


Some simplification of these equations is possible if for m- — n- we write 
n as the excess number of charges per unit volume of either sign ; we have 
using Eqs (9-2) and (9-4) subject to these changes, when the intensity is 
uniform dEfdx = E/x 


ne = 


Attx 


Eq (9-5) 


and 


Airx 


Eq (9-0) 


The units are electrostatic, but they are easily converted to practical 
units by use of Appendix IV. 

Small and Large Ions — ^The ordinary ions we have thus far discussed 
are single charges residing on molecules. There are, in addition to these, 
so-called Langevin or large ions. These are to be found in the atmos- 
phere and are actually fine dust particles of the order of tobacco smoke 
in size (0.05 ju)* On them reside multiple charges. The mobility of 
these ions is from Viooo to Vsooo that of ordinary ions and easily measured 
by means of appropriate apparatus. 

In a field with a constant ionizing source, the number of large ions 
depends upon the number of particles and is not affected by the number 
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of ordinary ions; for when there is equilibrium, the number of dust 
particles which take on a charge (say positive) must equal the number 
which 'lose such a charge. A positively charged dust particle may lose 
its charge by combining with one or more negative ions, or by coalescing 
with another dust particle which is negatively charged. The loss in the 
second case must, however, be negligible compared with the first since 
the large ions are less active. Even with relatively high concentrations 
of dust particles the number of charged molecules remains infinitely 
great by comparison. De Broglie (1909) estimates that in a state of 
equilibrium about 10 percent of the dust particles would be charged. 
Furthermore, where a feeble or strong source of ionization is used, the 
number of charged particles is the same when equilibrium is reached . 

Some further light may be cast upon the above discussion by the fol- 
lowing analysis. Assume that there are n uncharged particles in a unit 
volume of air, and let n-{- and n- be the number of particles charged as 
indicated. If now and w'- represent the number of ordinary ions 
in the same unit volume, the number of uncharged dust particles which 
acquire a positive charge in a unit of time is (xnn'+ where a is a constant. 
The number losing their positive charge is jSw+n'-, where ^ is another 
constant. When the state of equilibrium is reached we must have 

For negative ions, an analogous condition holds, such that 

Therefore, we see that the proportion of charged and uncharged particles 
depends only upon the ratio of to n'-, and not upon the absolute 
magnitude of these quantities. This is an important theorem dtie to 
J. J. Thomson. 

Rate of Charge of Particles in an Electric Field — The proccjss of 
charging small particles in an electric field is of considerable practical 
importance. A particle in an electric field is not completely charged 
instantly but assumes a charge which is dependent upon the dielectric, 
the diameter of the particle, and other variables. Pauthenier et al, 
(1932, 1934), assuming that the particle being charged is so large that 
the effects due to diffusion of the ions toward it can be neglected and 
that each ion striking the surface of the particle gives up its charge, 
obtained the following relation 

^ ^ + 2/] ■ 4 " (l + TTuntt) (0-7) 

where ^ is the charge acquired by the particle in the time i, d tlie di- 
ameter of the particle, k the dielectric constant of the particle, E the 
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strength of the external field, n the number of ions per cc, u the mobility 
of the ions, and € the electronic charge. For a conducting sphere the 
term [1 + 2 (fe — \)/{k + 2)] is equal to 3. Eq (9-7) maybe con- 
verted into more convenient units by substituting for where i is 
the current density, and E the voltage gradient at a given point, thus 
obtaining 

^ ~ ^ (m)] • ^ • ( r+ L/fi ) Eq(9-8) 

In air the mobility of ions may be taken to have a value of approximately 
1.8 cm per sec per volt per cm (about 600 esu). If we are concerned 
with a particle inside a cylindrical electric precipitator the value of n in 
Eq (9-7) may be calculated by Eq (9-5) 

E 

^ 47rjf?€ 

where R is the distance of the particle from the axis of the cylinder. By 
substituting i/E in this equation for we may easily calculate the 
mobility u (Eq 9-6) 

where i and E are in electrostatic units. 

By means of Eq (9-8) we can calculate the relation between the charge 
and the diameter of a particle for any instant of time, or for any current 
density and potential gradient. The data computed by Eq (9-8) have 
been verified experimentally by Fuchs et al (1936) for particles 0.5 to 
3 ju in size. 

When t is very great, note that Eq (9-8) reduces to the following 
equation 

and 

® ■ f (r+Ws) ^ 

From this expression the amount of charge received by a particle at any 
time / may be derived * 

Units oj Electrostatics — We will devote some space for a few remarks 
relative to electrostatic units. 

* Computations pertaining to motion in an electric field are given in Chapter 21. 
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We cannot assign the units of mass, length, or time directly to the 
electric charge because we do not know the nature of the dielectric con- 
stant k. However, the force exerted by two charged particles is a real 
force measurable in terms of mass, length, and time, and is as definitely 
an observable physical fact as, for example, the tension on a siring 
holding a ball. The electrostatic system of units is based on Coulomb’s 
law which states that the force of attraction or repulsion F between 
charges ^ and is proportional to their product and inversely propor- 
tional to the square of their distance apart, 



In terms of dimensional units 

[MLT-2] = 

in which the unit of k is written [^o]; hence we derive 

[^J - 


The units of e are the same, of course, and this is a difference only in 
magnitude. 

Electromotive force or voltage, F, is simply the work done in moving 
a unit electric charge = 1) from a point R to Ri; since the voltage 
or potential is zero when Ri = <» , we may write by definition 


F = 


1 

kR’ 


or in units 


[V] = 


Otherwise, voltage is always a difference of potential, though in either 
case the units are the same. 

Electrostatic intensity, E, is the voltage gradient, so that 
[£] = [VL-i] = 

The above are sufficient for the rapid computation of all the quantities 
encountered in electrostatic theory. Thus, using the equation for ion 
mobility, u = Vi/E, where vt is the velocity of the ion, 

[u] = [LT-i]-[M‘AL-V«T-M-[ifeo-’^‘] 

Electric current I is given by the expression ^/t, and 

[/] = [MV«LVaT-“]*[V''»] 

also current density, i = I/A, where A is the area through which the 
current flows 


[i] = [MV»L-V.T-*].[jfeoV*] 
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Finally, witli regard to capacity, C = ^/F, and 

[C] - [L]-[ko] 

The magnitude of the units above are obviously dynamic if for [ko] 
we write [ko] = 1. Since the attraction or repulsion of charges is meas- 
ured in air, k is taken as 1 and [k^ is considered dimensionless. In the 
cgs we may define this attraction or repulsion as the force of 1 dyne due 
to two equal charges which are 1 cm apart in air. The amount of charge 
giving rise to this force under these conditions is called a stat coulomb. 
In general, the names of the various quantities developed above are the 
same as the practiced units with the prefix staL Thus, the electrostatic 
unit of current is the stat ampere, or capacity the stat farad, etc. How- 
ever, in this text we prefer to designate magnitudes as electrostatic, 
writing after them the letters esu (electrostatic units) . Conversion to 
practical units is accomplished by factors given in Appendix IV. 

Magnetization of Particles 

Interest in magnetization of particles is centered on a special group of 
magnetite materials, Fe 304 . Magnetic properties of these materials are 
important in metallurgy from the standpoint of iron-ore separation 
and copper losses caused by the formation of magnetite in reverberatory 
and converter slags. 

The properties of finely divided magnetite in a magnetic field were 
first studied by F. C. Thompson (1916). A general theory has since been 
outlined by Dean et al (1934), and later by Gottschalk and Wartman 
(1935). The latter investigators assumed that each individual parti- 
cle, as well as the finest physical subdivisions of each particle, are 
small magnets or magnetons. In a magnetic field the elements will 
“line up*' and remain in position until thrown into a random orienta- 
tion by the application of heat. The technique of measurement of 
the magnetic properties of finely divided substances was outlined by 
Gottschalk (1935a). Briefly, the method used consisted of two identical 
cylindrical capsules with secondary windings and soft-iron end-plates. 
The material to be tested was placed in one capsule while the other 
capsule neutralized the galvanometer throw due to the field. The 
design features as well as the method of calibration used are given in 
detail by Gottschalk and Davis (1936). 

Experimental Results — Gottschalk and Wartman (J^oc cit) investigated 
the properties of a number of magnetite powders. ' Magnetites from 
four sources were purified and sized, each size-fraction then being 
analyzed for FesO^. Only size-fractions bdow 100-U. S. mesh were 
studied, Sizesbelow350-niesh were air elutriated by the Roller method. 
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Thus, the mean particle-sizes studied ranged from 180 to less than 5 /x. 
For most of the magnetites it was found that the Fe 304 content did not 
change much with particle-size. However, definite relationships were 
found to exist between permeability and particle-size for various field 


strengths. At low field strengths, 
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Figure 49 . Permeability of Ural- 
MOUNTAiN Magnetite at Various 
Field Strengths. Variation with 
Particle Size. 

which must be applied in order 
Figure 51 shows the straight-line 


there was a marked decrease in 
permeability as the particle-size 
decreased. Some data from Gott- 
schalk and Wartman’s investiga- 
tions are shown in Figure 49. 

The magnetic properties of finely 
divided material should be affected 
by the degree of packing. By 
varying the degree of packing in 
the above-mentioned capsule, 
Gottschalk and Wartman obtained 
the results shown in Figure 50. 
The coercive force, which has been 
plotted as the ordinates of the 
graph, is for the hysteresis loop at 
saturation and indicates the tenac- 
ity with which the material will 
hold its magnetism, that is, it 
indicates the strength of the field 
3 make the magnetization vanish, 
relationship which generally occurs 



Figure 50 . Variation op Coercive Figure 51 . Variation of CoBRavB 
Force with Pacbung Density. Force with Specific Surface (Mag- 

netite.) 


when the coercive force is plotted against the surface of the particles. 
In the figure, the reciprocal of the diameter, expressed in reciprocal 
micron umts, is plotted. (The diameters in this instance were measured 






ELECTRICAL, OPTICAL, AN!) SONIC PROPERTIES 193 


with a micrometer eyepiece.) Gottschalk concluded that the 

linear relation shown in the figure ’was real and was not affected by 
packing density or by magnetic contact between particles. There 
appears to be no satisfactory reason for this relationship. 

Later, Dean (1938) tested the existence of dipoles at the surface of 
metallic substances. His studies were based on the premise that if 
dipoles exist, then metallic powders should absorb energy in an alter- 
nating field having a frequency of the same order as their natural fre- 
quency. He estimated that this natural frequency should occur be- 
tween 0 and 100 kilocycles, and very close to 50 kilocycles. Using mag- 
netite, Dean found that "when the losses through a core made of the 
particles were plotted against frequency (ohms per henry per cycle 
versus frequency) the losses observed were due to eddy currents and 
independent of particle-size. He concluded that no space existed for 
the dipoles to oscillate at the points of contact between the particles. 
However, when the magnetite was mixed with sand, there was a definite 
departure from the previous straight-line relationship and a sharp up- 
turn in losses at the expected natural frequency of the dipoles (about 50 
kilocycles) . He assumed that the sand permitted the dipoles to oscillate 
by furnishing an internal open surface. 

Work was also done with pastilles of aluminum (30-mesh), antimony 
(150- and 325-mesh), galena (200-mesh), and copper (325-mesh). The 
method of making these pastilles is described in the next section. The 
results obtained showed that the D.C. resistance (0-frequency) was high. 
The resistance decreased rapidly as the frequency approached the 
natural frequency of the dipoles and then increased. Dean's con- 
clusions were as follows: 

‘*The behavior of powdered metallic substances in high-frequency elec- 
trical circuits is in accord with the conception of electrical dipoles at 
metallic surfaces. These dipoles are anchored to the lattice at one end 
but have the other end vibrating freely around the electron pair as a 
center under the influence of gravity and thermal agitation/' 

CONDXTCTIVITy OF SMALL PARTICLES 

The electrical conductivity of small particles depends upon their 
method of packing, that is, the number of contacts and the nature of 
the contacts between particles. If a given packing of conducting ma- 
terial is placed between two electrodes and voltage is applied, the total 
heat produced in a given time t will be 

H = JPm Eq (9-11) 

where J is the mechanical equivalent of heat, I is the current, and (R the 
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resistance. The rate of heat increase will be 

iHIdt = JP(Si 

From Newton’s law of cooling 


Eq (9-12) 
Eq (9-13) 


where T is the temperature of the body, To the temperature of the sur- 
roundings, and k a constant. But, the specific heat of a substance is 
defined as = dHfdT, where Kj, is the specific heat at constant pres- 
sure. Hence, using this relationship as well as those given above 

Hence 


K^kjT - To) 


Eq (9-14) 


This relation was developed by Dean and Koster (1935) to determine 
whether galena (lead-sulfide ore) followed Ohm’s law at low current 
densities. Experiments were made using particles of various sizes 

made into pastilles. These pastilles were 
made by placing a 3-g sample in a special 
holder and tapping in a uniform manner 
until it occupied a minimum volume. The 
specimen was then subjected to a pressure 
of 175 kg per sq cm for 3 hrs, thus forming 
the pastilles. The particles used in these 
tests were measured by means of a camera 
lucida. The projected areas of from 50 to 
150 particles were measured with a plan- 
imeter. The square root of the mean thus 
Figure 53 . Test of Ohm’s obtained for each group of screen-sized 

Law FOR Pastilles Made OF material was taken as the mean diameter. 

100/200-mbsh Lead Sulfide. Experimental results obtained by Dean 

and Koster are shown m Figures 62 and 
53. The first figure shows the relation between current and voltage 
((R = E/I) for pastilles made of 100/200-mesh galena. If the galena 
obeyed Ohm’s law aH of the lines would pass through the origin. The 
relationship between voltage and current was found to be as follows: 

E = I<R + E' Eq (9-16) 

where E' is the intercept on the ordinate axis expressed in volts. This 
tends to show that the specimens used developed a self-electromotive 
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force. This effect was observed by Dean and Koster even before cur- 
rent was passed through the specimen, so that it could not be attributed 
to chemical polarization. The value of £' was found to be dependent 
upon temperature and grain size 

E' cT+ C Eq (9-16) 

where c and C are constants depending on particle-size. The cause of 
the self-electromotive force was not determined, although it was pointed 



Figure 53. Variation op Resistance with 
Temperature for Various Sieve Sizes op Lead 
Sulfide. 


out that it could not be thermal since such a force would reverse at low 
temperatures. It is probable that the method of packing causes a dif- 
ference of potential among, its parts. Some sections of the packing were 
undoubtedly subjected to more work (^d hence deformation) during 
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pressing than others. The self-electromotive force may also be due to a 
gradual slow expansion of the pastille as it tends to attmn a state of 
equilibrium. 

In regard to Figure 53, it will be seen that the relation between 
resistance and temperature (deg K) is given by the equation 

(R = ffi-exp (b/T) Eq (9-17) 

where a and b are constants. Now, combining Eqs (9-15) to (9-17), we 
obtain 

E = al-exp {b/T) + cT - C Eq (9-18) 

Values of the constants given in this equation are shown in Table 33. 


Tablb 33 — ^Values of Constants in Eq ( 9 - 18 ) for Galena Pastilles 


Screen 

size 

(1) 

Mean 
projected 
camera-1 ucida 
area 
(sq mm) 

(2) 

Mean 
diameter 
col. (2) 
(mm) 

(3) 

Value 
of a 
(ohm) 

(4) 

Value 

ofb 

(deuX) 

(5) 

Value 
of c 
(volts 

X io») 

(6) 

Value 
of C 
(volts 

X 10») 

(7) 

<200 


... 

0.122 

2436 

5 20 

1511 

100/200 

0 0129 

0.144 

0.0294 

2638 

3.10 

913 

80/100 

0.0369 

0.192 

0.0164 

2477 

0 70 

229 

60/80 

0.0587 

0.242 

0.0110 

2390 

0 73 

221 

40/60 

0.177 

0.421 

0.0334 

1839 

0.35 

101 

20/40 

0.617 

0.786 

0.376 

601 

0.20 

60 


OPTICAL PROPERTIES 
Diffusion of Sunlight 


Dust suspended at high altitudes tends to diffuse sunlight. The 
particles absorb, scatter, and deflect the sunlight in all directions, thus 
illuminating the air itself as well as objects in the shade not receiving 
direct sunlight. Suspended particles are also partly responsible for the 
intensity and duration of twilight. When the sun’s rays fall on the 
upper air obliquely, the light is scattered hnd irradiates the earth with a 
faint, soft light. Gibbs (1924) states that after the eruption of Krakatoa 
in 1883 a faint, reddish corona of large radius was observed surround- 
ing the sun; the inner edge of the corona was 12 deg, and its outer edge 
23 deg from the sun. From the observed angular diameters of this ring 
the deflecting particles were calculated to be 0.002 mm in diameter. 

Dust and smoke particles have a capacity for absorbing and radiating 
heat. This may affect the atmospheric temperature in several ways 
(1) The heat rays may be absorbed in part by the dust particles and thus 
tend to warm the surrounding air by conduction, (2) the intensity of the 
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original rays is diminished so that the normal temperature rise at 
ground level is also diminished, and (3) the radiant energy from the 
ground and from the dust particles is checked. This principle is em- 
ployed for the protection of orchards and garden crops from frost. 
Smudge pots for producing smoke clouds are placed at frequent intervals, 
thus checking the loss of surface heat from the ground. To date no 
determination has been made on the relative effect of atmospheric dust 
and smoke particles in regard to atmospheric temperature. Consider- 
ing that the mean free path of particles in normal air is many times the 
diameters of the particles themselves, it is doubtful if the influence is 
ordinarily very remarkable. It is only when the particles are in ex- 
ceedingly high concentration, as in the case of smudge pots placed 
several feet apart in an orchard, that temperature effects would be 
noticeable. ' 

Intensity of Scattered and Reflected Light 

Small Particles — The optical properties of suspended particles 
depend on a number of variables. In his important contributions on 
the color of the sky, Rayleigh (1871) set forth the equation governing 
the intensity of light scattered by small spherical particles of uniform 
size in a gaseous medium. This equation for a single particle is as 
follows: 

Ja _ 47r2(/in - 1)2 sin2 - 1)'*A 

/o WX* 3iVX« / 

where I, is the intensity of the scattered ray in a plane normal to the 
line of vision to the particle, Jo the intensity in the plane normal to the 
incident ray, iu„ the refractive index of the medium, P the angle between 
the incident and scattered ray, I the length of path of the incident ray 
through the medium to the particle in question, N the number of par- 
ticles per unit-volume, r the distance of the observer from the particle, 
and X the wave length of the incident light. The equation assumes 
that (a) the particles are identical, (6) they are equally numerous 
throughout the medium, (c) they are not too close together, and (d) 
they are small in comparison to the wave length of light used. The 
exponential term on the right side of the equation is the extinction 
factor. Some simplification of Rayleigh's equation is possible by noting 
the following: For a volume of medium Vo the number of particles will 
be iV Vo so that the total scattering is obtained by multiplying the right- 
hand side of the equation by this quantity. Also (ji^ — l)/N is pro- 
portional to the density of the medium, and hence to the volume of each 
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particle, say V. Substituting these equivalents in Rayleigh’s equation, 
we obtain 


Is kiVoNV^ _ / feiVFA 
Jo" ) 


where ki and h are constants. The shape of the volume Vq need not 
be specified. Differentiating Is/Io with respect to we see that the 
ratio is a maximum for X = hVH, If the subscript max denotes the 
maximum value of the ratio /,/Io and X, then 




Hence the wave length of the dominating color increases as I increases 
= hVH) which explains the variation in color occurring at twi- 
light. We also note from the extinction term of Rayleigh’js equation 
that light of very short wave length is rapidly lessened on passing 
through the medium, while the scatter term shows that very little light 
of long wave length is diffused by the small particles. The dominant 
color of the sky therefore lies somewhere between the most scattered and 
least scattered radiation, or in other words, between the shortest and 
longest wave length of visible light, which is in the blue of the spectrum. 

Utilizing the scatter term of Rayleigh^s equation as simplified above 
we have 


Is _ r ttFoW ^ kCd^ 
lo 


Eq (9-19) 


where d is the diameter of the particle, C the concentration of the par- 
ticles in the medium, and k a suitable constant. 

In the case of direct light, the decrease in intensity is measured by the 
extinction term, that is 

I [ k2V^t\ ( hic^Nd^t\ 

_ = exp 

Thus we see that within the limitations of Rayleigh’s assumptions, as d 
increases the ratio of residual to initial intensity, J/Jo diminishes, as it 
also does when I and N increase, although not at as great a rate. The 
influence of any variation in X is also evident. 

Cheveneau and Audubert (1920) made extensive studies of Rayleigh's 
formula and have given a modification which they state is more general, 
namely 

I = Jo-^p (— kNld/K") Eq (9-20) 

where ^ is a constant, « is a variable exponent, I is the transverse dis^ 
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tance, and N is the number of particles per unit-volume. This cor- 
responds closely to the equation developed by Simon et al (1931) 

/ = 7o-exp i-K'Nld) Eq (9-21) 

In this equation the wave length has been lumped into the constant 
K' Using this equation for spherical particles. Drinker and Hatch 
(1936) have shown that a concentration of 350 particles per cc having a 
uniform diameter of 2 would require a distance, I, of 47 meters to re- 
duce the intensity of the light 5 percent, that is, from 100 to 95 percent. 

Cheveneau and Audubert’s equation, and that attributed to Simon 
et al, were developed by Werner (1923) on the following basis: Let 
there be a suspension of iW particles per unit-volume; consider a imit- 
surface of these particles, in number, and let there be Nl such sur- 
faces through which the incident beam passes. If the particles are cir- 
cular, such that the cross section of each is irdV4, and if the area of the 
beam is A, then the latter covers an area N^Aird^/4: of particulate ma- 
terial. Hence 


dl = I(AN^d^/A)dl 

and integrating dl between the limits Jo and J, and I from 0 to Nl we 
obtain 


J == Jo-exp (- N^ArdH/A) 

so that if iVo denotes the number of particles per unit- volume and A is 
taken as unity* 

J = Jo-exp (-iVo7rdV4) 

With increasing particle-size, the intensity of scattered light obeys a 
new law. Stutz (1930) studied the transmission of monochromatic 
light of different wave lengths through suspensions of zinc oxide. These 
suspensions were carefully sized and covered a range of 0.1 to more than 
1 .0 fx. It was found that the intensity of the scattered beam increases 
rapidly to a maximum as the partide-size approaches the wave length 
of the incident beam and then decreases with further increase in par- 
ticle-size. From these data Stutz concluded : (a) That the maximum 
turbidity is independent of concentration, (5) that the particle-size at 
which the maximum turbidity occurs varies wdth wave length, and (c) 
that suspensions coraprised! of particles over 1 ju in size transmit all wave 
lengths with equal facility. 

Large Particles — ^The intensity of light reflected from particles 

* This equation is often referred to as the Beer-Lambert law. Birtce d® is pro- 
po^onal to partkle-surface, we may substitute for this the specdfic surface 1/d. 
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larger tliaa the wave length of the incident beam has been shown by 
Tolman etal (1919a , b, c) to be given approximately by the equation 


Jr = 


KC 

d 


Eq (9-22) 


where C is the concentration (mass) of dust per unit-volume, and d the 
diameter of the particles. Note that for a given concentration the in- 
tensity of reflected light varies inversely as the particle-diameter, and 
that for a constant particle-diameter the intensity of reflected light 
varies with the concentration. If we write C = pNd^, where p is the 
density of the particles, and N their number per unit-volume, we have, 
substituting in Eq (9-22) 

I, = K'Nd-^ Eq (9-23) 

where K' includes a number of optical constants. Thus, we see that 
the reflected light is a function of particle-surface. This fact has been 
used in developing certain apparatus for measuring particulate surface. 

Absorption — ^The light absorbed by a suspension is, of course, the 
difference between the light transmitted with and without particles 
present. Thus, using the Cheveneau and Audubert equation Eq 
(9-20), the absorption is 

1 — ^ = exp (— KNdl/\*) Eq (9-24) 

With reference to Eqs (9-22) and (9-23) we cannot write the absorption 
equation since much depends upon the surface characteristics of the 
particles. Their color, opaqueness, and other optical characteristics 
have an important bearing on absorption so that no general equation 
can be given. 

Mixtures of Particles — ^The development thus far concerns a 
medium composed of particles of rmiform size. When a mixture of 
different sizes is used, the following equation due to Cheveneau and 
Audubert may be used: 

I = Jrexp (- o/wO Eq (9-25) 

where m represents the total mass of the particles Nd\ and a and p are 
two constants depending only on the nature of the granules in suspension 
and the wave length of light used. This formula has some interesting 
applications. Thus for a given medium, detennination of the ratio 
I/Iq permits us to obtain the total mass of its constituent particles. 
This measurement is possible whenever we have a suspension which 
does not settle too rapidly. It is only necessary to calculate the con- 
stants a and ^ of the exponential formula from two determinations of 
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known concentrations. We can likewise obtain the mass m without 
calculating it by formula. In fact, all that is required is construction 
of a curve for the values of ///o for known concentrations of the given 
medium. Then, to determine the concentration of another suspension 
of the same kind we merely measure 7//o, and relate it to the standard 
curve. In essence this is what is done with the Tyndall meter, de- 
scribed in another section of this chapter. In the present instance the 
value of the Cheveneau and Audubert equation lies in the fact that it 
permits determination of the physical constants of the suspension. 



Figure 54 . Illustrating Principle op Tyndall Meter. 

Tyndall Meter — The Tyndall meter is a device developed by 
Tolman and Vliet (1919) for measuring the intensity of a Tyndall beam. 
The apparatus is shown in Figure 54 and consists of a central cell which 
contains the suspension to be measured. This is illuminated by a light 
beam whose intensity has been standardized. This beam of light passes 
through the cell. The intensity of the resulting Tyndall beam in the 
cell is measured by means of a photoelectric meter, or an illuminometer. 
Several variations of the Tyndall meter are possible, as follows: 

1. ^ Instead of a cell containing the suspension in either gas or liquid 
medium, the cell may be connected at right angles to the plane of the 
pap^ to a suitable gas-chamber, or by means of a glass cylinder to any 
liquid susfjension which is made to flow through it. Thus, it is continu- 
ously possible to observe the change in concentration which takes place 
in' a given medium. 

2. The photoelectric cell may be connected to a recorder and a com- 
plete permanent record of change conditions in any suspension medium 
determined. The theory of the device has already been given. (See 
Eqs 9-19, 9-20, and 9-23). 
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From a consideratioa of these equations it may be seen that for a 
given concentration of particles larger than 1 the reflected light varies 
inversely as the diameter of the particles, while for particles less than 
1 M the intensity is as the cube. 

Hatch and Choate (1929), in studying the relationship between the 
strength of a Tyndall beam and parameters of particle-size, obtained 
the relation 


log Tm = log 85.0 - log d, - 5.757 log^ <r, Eq (9-26) 

where Tm indicates the value of T 5 aidaII readings for suspensions in 
distilled water of 50 mg per liter, is the geometric-mean diameter of the 
particles, and the geometric-standard deviation. These constants 
are explained in Chapter 3. Comparison of Eq (9-26) with Eq (3-46) 
shows that the Tyndall reading is a measure of the specific surface. 
The use of the Tyndall beam as a means of measuring particle-surface is 
described in Chapter 16. It must be remembered that Eq (9-26) is not a 
general equation, but has been found to apply to dusts such as quartz, 
granite, and calcite. Particles with other surface characteristics will 
alter the first term to the right of the sign of equality. 


Polarization 


In addition to transmitting, absorbing, and reflecting, small particles 
in suspension polarize light. The degree of polarization varies with 
the angle at which it is observed with Nicol prisms. Usually the 
polarization is a maximum at right angles to the light beam passing the 
particle-suspension. In addition to angle, the degree of polarization 
depends upon particle-size and concentration. 

Light scattered by small particles will be completely polarized if they 
are optically isotropic and distributed entirely at random. This 
polarization will take place in any plane normal to the scattered rays. 
In practice complete polarization by a suspension of particles is never 
realized, and consequently suitable corrections must be applied to 
Rayleigh’s equation to account for the shape of the particles. 

Cans (1912, 1920) and Lange (1928) developed some interesting 
relationships concerning polarization of light by suspensions of particles. 
If Ip and Ip' are the intensities recorded for the natural and polarized 
components, respectively, and if 


6 = 


Ip + Ip' 


Eq (9-27) 


then, 6 is proportional to the concentration as shown by Gans 
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= 2aC Eq (9-28) 

1 + 1 ^ 

where a is a constant depending upon the shape and size of the particles 
and C is proportional to the concentration. The value of 00 is defined 
by Eq (9-27) as the * ‘depolarization’' at zero concentration, that is, for a 
single particle. Lange has given the equation for determining 0o in 
terms of and 62 for two corresponding concentrations of suspensions, 
Cl and Gz. Thus 



(l + 1 

(l-t-fe*) 

-^1 

Cs' 


H-gOe) 


Eq (9-29) 


where it is assumed that the concentrations Ci and C 2 are known. For 
a given wave length and for particles of uniform size and known con- 
centration the relation between the depolarization and particle-size d is 
easily determined from Eq (9-28). Stutz (1930) obtained fairly good 
agreement between values of 60 and particle-size derived experimentally 
and calculated from Eq (9-28). 

Hatch and Choate (1930) derived an expression connecting particle- 
size, polarization, Tyndall reading, and other constants of the suspension 
The expression obtained was as follows: 


-^ ] + i (log - log Eq (9-30) 

where d,, is the geometric-mean size of the suspension, the Tyndall 
reading, b the Tyndall reading given by nonpolarized light when the 
maximum light reading had a value of 10, and m and C constants de- 
pending upon concentration, optical properties of the material, and 
characteristics of the apparatus. The constants C, K, and m are 
determined by the physical properties of the material, and also by the 
characteristics of the apparatus. Values of these constants for three 
different materials are given in Table 34. 


Table 34 — ^Valub op Constants in Eq (9-30) 


Material 


' 


c» 

Constant ■ 

k 

m 

Silica 

74.1 

0.898 

0.627 

Granite 

' 74.1 

0,893 

0.627 

Calcite 

113.8 

1.860 

0.291 


“For susDensioqs of 50 mg ixer liter of water. 
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In measuring the Tyndall beam and polarization, Hatch and Choate 
used the Tyndall meter previously described. Observations were made 
with water suspensions. A Nicol prism was placed at right angles to 
the beam and so mounted that it could be rotated about its axis. Two 
readings were obtained, one of which gave the strength of the full light 
beam and the second the strength of that portion of the beam which was 
composed entirely of nonpolarized light. The latter was obtained by 
turning the prism 90 deg from its position of maximum reading. Hatch 
and Choate obtained good agreement between observed diameters and 
those calculated by means of Eq (9-30). The average size of material 
used ranged from 1 to 50 in diameter. 

Photospheric Particles 

It is well known that small particles are repelled by light rays with an 
intensity which is proportional to the surface exposed to light. Thus, 
if the radiation pressure equals p, we have 

p = W* 

where d is the diameter of the particle and fe is a constant. If we con- 
sider a particle having a diameter d at the sun’s surface, we have a pres- 
sure exerted which is equivalent to 2.75 dynes per sq cm. The force of 
gravitation is obviously proportional to the cube of the diameter, that is 

g = k'd^ 

where k' is a constant. Hence, it is possible that the repulsion exerted 
on the particle may be greater or less than the pull of gravity, depending 
upon its diameter. It is clear that as the diameter of tlie particle 
d imini shes, the force of repulsioh becomes greater than the force of 
gravity. If the particle is capable of absorbing all radiation (black 
body) and is of unit-density, the repulsion will equal the gravitational 
force when d equals approximately 1.5 ju. Figure 55 shows the relations 
between repulsive and gravitational forces, and diameter. 

The reasoning given in the preceding paragraph has given rise to the 
theory that finely charged dust or smoke may reach the earth from the 
sun. This theory was suggested by Arrhenius (1900). The particles 
may be charged both positively and negatively, although some are un- 
doubtedly neutral due to recombination of particles with opposite charge. 
The particles are charged by the ultraviolet radiation at the sun’s surface 
and by the high temperature Not all the particles reach the surface of the 
earth, since some are drawn back into the sun and others remain in inter- 
stellar space. Gibbs (1924) cites Fleming as having computed “. . . . 
that particles of unit-density and of particles, say equal to 0.16, 0.50, 
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and 1.0 /X projected from the sun at the velocity of 200 km per sec, would 
reach the earth in 22 hrs, 42 hrs, and 76 hrs, respectively, their final 
velocities being 1700, 780, and 350 km per sec.’* 

EFFECT OF SOUND 

The familiar test for antinodes due to standing sound waves in a 
closed horizontal cylinder is well known to students of elementary 
physics. Fine dust initially scattered through the cylinder gathers at 



FiGxnRE 55. Variation op Ratio op Light Pressure 
TO Gravitation for Particles of Unit Density and 
Various Diameters. 


certain fixed points when sound waves are set up. The points at 
which the dust gathers are so spaced that their distance apart measures 
the wave length of the sound produced. 

In addition to this phenomenon, sound waves of very high frequency 
and amplitude have a faculty of coagulating small particles. Thus a 
cloud of fine dust or mist introduced into a vertical column with an 
oscillator for producing sound waves on one end will coagulate or force 
the particles to coalesce. This causes the suspension to settle rapidly. 
Devices which accomplish this are called “sonic flocculators,*' The 
vibratory element consists of a thin plate actuated by a ferromagnetic 
metal or alloy rod connected to it. This rod is placed in a high-fre- 
quency magnetic field causing the element to be deformed. For ex- 
ample^ a nickel rod placed in a field of 100 gausses decreases in length 
approximately 0.00004 cm per cm length. Hollow tubes are more 
effective for the production of sound waves since the so-called magneto- 
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strictive effects do not penetrate deeply. In almost every particular 
the sound field produced in the cylinder is essentially the same as that 
obtained in the usual dust-tube experiment above referred to. Floccu- 
lation at the antinodes can be seen in a cloud of ammonium chloride 
when the cylinder is held vertically. 

Briefly the action taking place is as follows: When the column is made 
to resonate by adjustment of the reflector on the end opposite to the 
sound-producing mechanism, the radiated and reflecting waves interfere 
in such a manner as to produce a standing wave. The nodes and anti- 
nodes correspond to minimum and maximum intensities of sound. 

Theories of Sonic Flocculation — ^Theories pertaining to the action 
of sonic flocculations have been advanced by Andrade (1931~1932a, &), 
Brandt and Hiedemann (1936), and St. Clair (1938, 1940). Particles in 
a sound field being caused to vibrate with the gas in which they are sus- 
pended set up attractive and repulsive forces, similar to those of two 
spheres moving together in a fluid.* 

The particles in a sound field, however, behave in a peculiar manner 
which is not quite so simple. St. Clair points out that at a frequency of 
5000 cycles, particles of 0.5 fx or smaller (density = 1.5) have an am- 
plitude and velocity the same as that of the surrounding gas, while 
particles of 10 ix will scarcely vibrate at all. The intermediate sizes will 
pulsate out-of-phase with the pulsations of the gas stream. Thus 
particles 2 jx will have an amplitude of 0.87 that of the gas and will be 
about 30 deg out-of-phase. It has been suggested by Brandt and 
Hiedemann that the flocculating effect is due to the increased number of 
collisions between the particles due to the kinetic energy imparted to 
them. However, as St. Clair points out, this cannot be the sole factor 
since flocculation is observed at a few hundred cycles for which the sus- 
pended particles remain stationary. 

If we consider two spheres in the vibratory field of a gas stream it may 
be shown that the forces acting on the spheres (in the icis-plane), pro- 
vided the motion is streamline, are (Konig, 1891), 

f. - - 

R = - ^“*y*’ eosl)(3-5cos*8) 

where di and dz axe the diameters of the particles, vo the maximum 
velocity of vibration, po the density of the fluid, 6 the angle between the 
line of centers and the 2 -axis, and / the distance between them (the 

* See. for example, Eamsey (1920), pp. 199-207. 
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center of one particle being taken as the intersection of the 3 ; 5 -axis) . We 
see, therefore, that the forces are proportional to the square of the velocity 
of the gas relative to the particles. Hence for rapid flocculation, as St. Clair 
points out, it is necessary that the particles do not participate to too 
great an extent in the motion of the gas. There is, therefore, a mini- 
mum frequency, depending on the size and density of the particles and 
the viscosity of the gas, below which these forces will not be effective. 

St. Clair states that the lowest frequency which is found effective for 
small particles is about 4000 cycles. About 7000 cycles are required for 
tobacco smoke. With regard to rate of flocculation, St. Clair (1940) 
found that the rate of flocculation was proportional to the power input 
and almost proportional to the concentration of suspended material. 
By rate of flocculation is meant the relation between the final and initial 
average particle-size determined by optical methods similar to those 
implied in Eq (9-30). 

On the basis of what is the most extensive work thus far done, St. 
Clair concluded that flocculation by a sound field may be attributed to 
two effects* (1) To the increased effective diameter of each particle as a 
result of the hydrodynamic forces set up between them, and (2) the 
radiation pressure of the sound field causing the particles to concentrate 
at the antinodes. 


Problems 

1 . A particle 2 m in diameter having a dielectric constant 3 . 1 is placed in an electric 
held for 0.02 sec. The constants of the field are as follows; voltage gradient 900 
volts per cm, current density 9 X 10”® amp per sq cm. Calculate the charge on the 
particle in terms of the number of unit-charges. Note: 1 unit-charge = 4.8 X 10”“ 
esu and 1 amp == 3 X 10® esu. 

2* If the gas stream, in which the particle in Problem 1 is suspended, moves 
through the cylinder at 1 meter per sec, how far has the particle traveled through the 
cylinder before it is 90 percent charged? 

3. For a given concentration and size of suspended particulate material, plot the 
variation of intensity with distance traversed by a beam of light. (Use Eq 9-21 ) 

4. Using Eq (9-21) how much more light will pass a given distance through a dust 
concentration of 10 million particles per cu ft having an average diameter of 1 m 
than through the same distance if the concentration of 60 million particles per cu ft 
has an average diameter of 3 /i ? Assume the optical properties of the two dusts to 
be the same. 

6, Compare the result obta'ned in Problem 4 with the result that would be ob- 
tained if Eq (9-23) were used. Discuss the limitations of both equations. 

6. Discuss the method for determining the constants m, and C in Eq (9-30) 
Note the ratio b/(lQ — b) varies logarithmically with size, as follows: 

( io - & ) = log -K + w log dm 
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But by Eq (3-25) 

log dav log -f- 1 151 log2 fr. 

And for the generalized Eq (9-26) we have 

log Te = log C — log dg — 5 757 log^ cTg 

7. For the "Senate-House Problems and Riders (Mathematical Tripos)” for the 
year 1875, P. G. Tait proposed the following for solution: "Show that a cloud of 
binall particles or of fine dust if only deep enough, however far the particles may be 
separated in comparison with their diameters, can give a brightness equal to half 
that of a slab of the same material similarly illuminated by a distant source of light.” 

Note: Let /o be the amount of incident light, la the amount absorbed. It the 

amount transmitted, and Ir the amount reflected, then 

Jo = /a + + Jr 

1 = hj^Ji + ^ = e + 

io -/o 


where d represents the fraction of light absorbed and transmitted and B, the fraction 
of light reflected. If we imagine the cloud to be divided into layers, (1—5) repre- 
sents the amount of incident light absorbed and transmitted and BBt the amount re- 
turned. Arranging our analysis layer by layer, we obtain 


Layer 

1 

2 

3 


Amount received 
1 

1 -5 

(1 - oy 

etc. 


Amount returned 

dOr 

(1 - eyedr 
(1 - efee, 

etc. 


the factors (1 — 5), (1 — 5) 2 , etc , being squared because of the loss on return. Hence 
the total amount of light returned is the sum of the terms of the last column which if 
the layers are thin and infinite in number is 

,9, [1 + (1 _ 9). + (1 _ (,). + etc. - = f 

when B is very small Hence, under the most favorable conditions, the amount of 
light reflected from a cloud of particles cannot exceed half the amount reflected from 
a slab composed of the same particles. 



CHAPTER 10 


THERMODYNAMICS OF PARTICLES 


BEHAVIOR OF PARTICLES IN A HEAT FIELD 


I T IS well known that in the immediate vicinity of a hot body 
the air is relatively free of small particles. Thus, a hot wire which 
is placed in a cloud of dust will have a well-defined area which is free of 
any particles. This effect is not due to radiant energy of a hot body 
since these particles are in a state of continual motion and have surface 
temperatures equal to that of the hot wire. It is believed highly prob- 
able that conduction of heat from solid bodies to gases affords the most 
reasonable explanation. Cawood (1936) advanced this theory and set 
forth its mathematical basis. His analysis is based on the concept of a 
small cylinder of gas of a length about twice the mean free path of the 
gas in a temperature gradient above a hot plane. The cylinder is fur- 
ther assumed to have a very small radius so that convection currents 
cannot affect the movements of molecules parallel to the axis of the 
cylinder. The perpendicular velocity gradient of a convection cur- 
rent is conceived as discontinuous and varying in steps having the order 
of magnitude of the new free path of the gas.* Hence the velocity on 
both sides of such a cylinder will be approximately equal. Now if a 
smoke particle in the middle of the cylinder is considered, it will be 
bombarded by the gas molecules in all directions. However, we are 
considering only the collisions caused by molecules moving perpendicu- 
lar to the hot plate, If the force per unit-area parallel to the plate is 
taken as E, then the total force on one side of the spherical particle (of 
diameter d) being considered is 



sin $ cos Odd ^ — p 
4 


The force on the spherical particle due to the bombardment of the gas 
molecules may be computed by a method due to A. Einstein (1924). 


* Cawood cites Knudsen for justification of the assumption that if there were no 
convection currents then in any small surface in the temperature gradient NiVi = 
NiVi, As a consequence of this assumption which applies only at low pressures, 
« vjvi, jPi/Pa “ (Ti/T^yL, and Ni/N% « where vi and vs are 

average velocities corresponding to a difference of temperature Ti -- T%, 

209 
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Let Ui and be the number of molecules on each side of an imaginary 
surface and let vi and be their corresponding average velocities. 
Then the number of molecules colliding with the particle on one side 
of the boundary will be ^lu^rniVid^ and on the other side 
The differences in velocities of the molecules account for the heat flow. 
Assuming that the particle causes no interference, the flow across the 
imaginary boundary will be 

Eq(10.1) 

{ 711 V 1 == 712V2 approximately) 

where f is the heat or energy flow per unit>area and m is the mass of 
the gas molecules. From physical chemistry it iiiay be shown that 
the velocity of a molecule is given by the equation 

= ^BT 

and the change in energy by 

= _|5.g:.2x 

Hence 

Eq(10-2) 

where X is the mean free path of the gas, T the absolute temperature, 
B the gas constant, and the ratio dTfdx a temperature gradient. The 
excess of momentum AM from the hot plate is obtainable again from the 
Einstein concept. This excess is 

AM = ^^mxVid^'mvi — Eq (10-3) 

= •^^mxVid'^{mvi — mv^ 


so that if impulse due to recoil is neglected, AM is the force on the par- 
ticle. Hence 


AM = 


1 ^2 12 ^ 


1 dT X 
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where P is the pressure equal to nTB. From this point Cawoocl as- 
sumes that the excess momentum is equal to the resistance encountered 
by a particle moving according to Stokes’ law (with Cunningham’s cor- 
rection), that is, 


AM = 


STpLVpd 


1 + 


2A\ 

d 


where vq is the velocity, fx the viscosity of the gas, and A a constant, 
From these considerations we obtain 


P\Tcd^ dT ___ Sir/iVod 


8T dx 


1 + 


2A\ 


and 


Vq = 


= ?I^(l + ^ 


24:fxr 


d J dx 


Eq (10-4) 


In the final step, in order to estimate the accuracy of this equation, Ca- 
wood assumed that dT/dx is constant. If Tg is the gas temperature, 
then we have, approximately, 

T -Tg ^ ^ 

X dx 


From Eq (10-4), Vq = dx/dt, so that the time required for a particle to 
move from the plate to a point x is 


24m 


if + T^] 

PU 

(i) 



Eq (10-5) 


The time of movement of a particle from a given point near the plate to 
the edge of the dust-free space may be observed experimentally. The 
temperature of the gas is known and the temperature gradient is easity 
determined from the gas temperature and the observed thickness of the 
dust-free space. Cawood found that Eq (10-5) gives results of the cor- 
rect order of magnitude but somewhat greater than observed experi- 
mentally. The difference between the results obtained by Eq (10-5) and 
those obtained experimentally may be attributed to the fact that the 
temperature gradient is not constant. 

Experimental — Extensive studies of the nature of the dust-free 
space about hot bodies were made by Watson (1936) who established the 
relation between the thickness of the dust-free space and the tempera- 
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ture difference between the hot body and the walls of the containing ves- 
sels. If d is the thickness of the dust-free space and AT the tempera- 
ture difference, the expression derived is of the form 

8 = K(ATy Eq (10-6) 

where for bodies of different shapes the values of K and b are as given in 
Table 35. Watson then proceeded to obtain a single formula for all 
bodies and attempted to determine the manner in which K varied with 
shape and size. The rate of convective heat loss from a hot body is 
given by 

He = c(Ary-^^ Eq (10-7) 

where H^ is the convective heat loss per unit-time from a unit-area of a 
hot surface, and d: is a constant which has been experimentally deter- 


Tablb 35 — Values of K and b and c in Eqs (10-6) and (10-7) 


Type of body 

Value of 

K 

Value of 
b 

Value of 
c 

Vertical plane surface, 6 X 3 cm 

0.0061 

0.51 

0.000103 

Vertical plane surface, 3.1 X 3 cm 

0.0054 

0 55 

0.000163 

Horizontal circular rod, 0.9 cm diam 

0.0036 

0.49 

0.000093 

Horizontal circular rod. 0.46 cm diam 

0.0027 

0.65 

0.000125 

Horizontal circular rod, 0.0264 cm diam 

0.0015 

0.62 

0.000587 

Mean value of b 


0.52 



mined for horizontal rods and vertical planes. The value of c is inde- 
pendent of the length of the rod and extent of vertical plane. The 
values of c obtained by Fishenden and Saunders (1932) are shown in 
Table 35. The best relation between K and c as obtained by Watson is 

K - Eq (10-8) 

where jfiT' is a constant. Eq (10-6) reduces to 

8 = Eq (10-9) 

The mean value of K' for vertical planes is approximately 15.6 X 10""® 
and for horizontal rods is 7.6 X 10“"®. Thus, for horizontal rods 8 « 
7.6 X 10“® and for vertical plane surfaces 8 = 15.6 X 10""® 

where 8 is expressed in cm, AT in deg C, and He in calories 
per sq cm per sec. Watson reports that lies extended the work dis- 
cussed above to a study of the effect of air pressure on the dust-free sur- 
face for a vertical-plane surface 3.1 cm high and 3,0 cm wide. lels 
found that at any one temperature the thickness of the dust-free space 
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opposite the vertical-plane surface 3.1 cm high varied inversely as the 
0.61 power of the pressure. By combining the variation of 5 with AT 
and p we obtain the equation for the vertical plane, as follows : 

h = ii:^(Ar)o*52p‘-o.6i £q (10-10) 

where itC" is a particular constant for the type of body in question. 

THEORY OF HEAT CONDUCTION IN PACKINGS 

Within a packing there are two paths by which heat may flow through 
the particles and two paths by which it may flow through the pore- 
spaces. These paths are made clear by reference to Chapter 6. In the 
first case heat passes through the solid structure, and in the second by 
conveyance through the gas phase. Kistler and Caldwell (1934) give 
the following equation for conductivity in the latter case 

^ ^/0.0075 Ai 0.0037 ^ ,,,,,, 

— 2r^~p~ 

where Cg is the conductivity at 34 deg C referred to 4 deg C, fe a constant, 
p the pressure in mm Hg, and d the average diameter of the particles 
in cm. The over-all conductivity will therefore be 

^ ^ Eq (10-12) 

The value of Cs (the conductivity through the solid structure) will be 
independent of pressure. For air the constant k has a value of 1.75. 
Hence, the conductivity can be determined for any pressure by means of 
Eqs (10-11) and (10-12). 

If the material is porous and similar to silica gel, the two conditions 
referring to the packing as a whole apply to each granule. Kistler and 
Caldwell obtained the following rdation for heat flow through such ma- 
terial from the kinetic theory of gases 

Ct, = 5.8 X 10-' Eq (10-13) 

where Cig is the conductivity at 34 deg C referred to 2 deg C for the 
granule, and X is the mean free path of the gas molecules in cm within 
the porous body when the pressure is so low that all the molecules travel 
in straight lines until they strike some structural element. The con- 
tact conductivity of the granules may be assigned a value, say Cu- The 
value of Cu for silica gel is 0.8C,. The ratio of Cts/Ca should not de- 
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part greatly from this value for other materials 
conductivity is 


1 ^ 1 
C Cs + c. 


+ 


1 

Cls + Cig 


Thus the over-all 


Eq (10-14) 


Taking k = 1.75 and X = 4 X 10'® cm for air, and d the average diame- 
ter 4/10-mesh silica gel, Kistler and Caldwell evaluated the change in 
conductivity of the substances for pressures ranging from 0.00011 to 
760 mm Hg. Corresponding values of C determined by the above equa- 
tions were 2.7 and 5.1 cal per sec per deg C per cm X 10® and were in 
excellent agreement with experimental observations. Values of conduc- 
tivity for a number of materials are given in Table 30. 


Table 3i) — CoNDUcrrviTiBS of Various PartkAilate Substances 


Substance 

Temp range 
(deg C) 

Conductivity (cal/sq cm/sec/cm 
per deg change in 
temperature gradient) 

Sand 


0.00074-0.0026 

Quartz sand 

18-98 

0.0006 

Carborundum sand 

18-98 

0.0005 

Calcined magnesia 

20-100 

0.00034 

Infusorial earth 

17-98 

0.00013-0.00038 

Clinker, small grains 

0-700 

0.0011 

Ordinary brick dust 

0-100 

0.00039 

Powdered charcoal 

0-100 

0.00022 

Pumice 

... 

0.0006 


Specific Heat — The specific heat of particles is determined by heat- 
ing a given weight of a sample to nearly 100 deg C in a steam bath, and 
quickly stirring the hot particles into the water in a calorimeter. The 
temperature rise may thus be determined and the specific heat obtained 
from this observation and the known masses involved. Most soils, 
whether loams, sands, or clays, have specific heats ranging from 0.15 to 
0.20 cal per g per deg C. 

FLOW OF HEAT IN GRANULAR MEDIA 

The flow of heat in a granular medium may be approximated by the 
classical heat-flow equations of mathematical physics. Assume a pack- 
ing of particles contained in a rectangular box, one end of which is kept 
at a constant temperature. If T is the temperature at a distance x from 
the heat source, the flow of heat across an element of area A parallel to 
the heated surface will be —CA(bT/i>x), where C is the conductivity of 
the packing which is numerically equal to the quantity of heat flowing. 
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per unit-tiine, through a unit-area of a plate with a unit-difference of 
temperature between its faces. At a distance a; 4- dx, the heat leaving 
the same area will be 



so that the net amount of heat retained within the space dx will be 

If there are no heat losses, the quantity of heat added to cause a rise in 
temperature bT will be AKp(dT/bt)dXi where Kp is the thermal capacity 



Figure 56 . Tbmpbraturb-time Curves for Quartz Par- 
TiCLES Having a Size-Distribution as Shown in Table 
37 , 


of the substance (effective specific heat divided by apparent 
volume) . Hence 

jC ^ ^ 

Kp bx^ ^ bt 

The term C/Kp is called the diffusivity, Eq (10’15) may be solved by 
Fourier series for any boundary conditions. If the temperature of the 
packing at the start is To (room temperature), and that of one end 100 
deg C, then T = To when / == 0, and T = 100 when x = 0. Since the 
box is of finite length, i, the end limit may be defined by writing T = To. 
when X = L. The cotnplete solution is 

r - To = lool"^^ - - "yf -i - exp (- mWt/L^ sin ^1 
Li- -TT m i- J 

Eqa 0 -. 16 ) 

where m is an integer and a == C/Kp* 


specific 

(10-15) 
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Eq (10-16) is known to conform closely with experimental observations. 
The chief difficulties in applying Eq (10-16) are due to determination of 
the constants C and Kp, These are functions of many variables includ- 
ing temperature, packing voids, and particle size. 

Experimental Work — ^The nature of heat flow through a packing 
was studied by Patten (1909), using different materials with varying 
moisture content. The critical constants C and Kp contained in Eq 
(10-16) were carefully evaluated, Patten used a water bath of 100 deg C 

at one end of a box containing the 
packing, the porosity of the latter 
being adjusted in a uniform manner. 
Temperatures were taken along the 
center of the box. The changes of 
temperature with time for various 
distances along the center line are 
shown in Figure 56. The data are 
for coarse quartz particles having a 
size-distribution as shown in Table 
37. The distribution of temperatures 
along the center line of the test box 
after a period of 20 min is plotted in 
Figure 57. It may be seen from this 
figure that the temperature is less 
than 50 deg C at a distance of 2 cm 
from the heated face, thus showing that heat is conducted very slowly. 

Table 37 — Size-Distjeubutions of Coarse and Fine Quartz Particles Used by 

Patten (1908) 



Figure 67. Temperature Gra- 
dient FOR Air-dry Quartz Par- 
ticles Along Center Line of 
Container, When Rate op Tem- 
perature Rise at Every Point 
Is Constant. 


Particle-diameter 

(ram) 


Percent by weight in each size 
Coarse quartz Fine quartz 


1-0.5 

14.74 

1.01 

0.5-0.25 

58.22 

0.09 

0.25-0.1 

26.11 

0.10 

0.1-0.05 

0.61 

8.00 

0.05-0.005 

. . . 

80.47 

<0.005 

... 

10.84 


Patten studied the change on heat conductivity C, diffusivity C/Kf, 
and specific volume (the reciprocal of the apparent density) of various 
packings with varying moisture contents. Figure 58 shows some of the 
data obtained by Patten on coarse and fine quartz. The curves, with the 
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exception of conductivity, are characteristic of most packings. With 
increasing moisture content the heat conductivity increases rapidly and 
approaches that of water. On the other hand, the diffusivity rises to a 
maximum and apparently is a function of particle-size. The diffusivities 
are calculated graphically from data using increment forms of the equa- 
tion 

Diffusivity = £ = Eq (10-17) 





Figure 58. Effect of Moisture on Heat Con- 
ductivity, Apparent Specific Volume, and 
Diffusivity of Quartz Whose Size- Distribu- 
tion Is Given in Table 37. 

The determinations are based on values of T at a point 5 cm from the 
heat source. Numerically, these values are the ‘‘diffusivity rate of rise 
of temperature at 5 cm from the heat source per degree change in tem- 
perature gradient/’ 

The heat-conductivity data obtained by Patten were by no means 
uniform in character. This may be attributed to a number of factors, 
but particularly to the nature of the packings used. Conductivity when 
plotted against moisture content as illustrated in Figure 58 was linear, 
concave upward or concave downward, depending upon the material 
used. 

Relation between Partide^Size and Thermal Properties — ^The only 
data available giving the relation between particle-size and thermal prop- 
erties of packings are those obtained by Patten (1'909) on carborundum 
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of different degrees of fineness. His data are presented in Table 3S. 
It may be seen from the table that diffusivity and heat conductivity fol- 
low the same pattern and have two maxima. The specific volume de- 
creases rapidly up to 0.09 mm average diameter, and then is constant. 
The second maximum of the upper curves occurs while the specific vol- 
ume remains constant. Since the material was relatively free from mois- 
ture, it must be assumed that the differences are attributable not so 
much to particle-size as to the possibility that the samples tested were 
not from the same source, and therefore inherently different. 


Table SS— Effect of Particle-Size on Thermal Properties of Carborundum 


Average diameter 
of particle 
(mm) 

Apparent 

specific 

volume 

(cc/g) 

Period required 
for rise of 6 3 
deg C at 5 cm 
from heat source 
(min) 

Conductivity (cal 
per sq cm per sec 
per deg change in 
temperature 
gradient) 

DifFusivily (rate of 
rise of temperature 
at 5 cm from heat 
source per deg 
change in tempera- 
ture gradient) 

0.60 

0.584 

24.5 

0.00214 

0.175 

0.45 

0.548 

24.7 

0.00225“ 

0.280“ 

0.30 

0.559 

27.9 

0.00192 

0.243 

0.176 

0.659 

24.6 

0.00197 

0.213 

0.125 

0.601 

24.3 

0.00219“ 

0.217“ 

0.090 

0.596 

26.3 

0.00216 

0.256 

0.075 

0.625 

29.7 

0.00175 

0.220 

0.015 

0.945 

29.9 

0.00112 

0.185 

0.006 

1.066 

36.0 

0.000763 

0.163 


® Peak values. 


HEAT TRANSFER 

If a hot fluid is made to flow through a packing at lower temperature, 
heat will be transferred to the packing. If the latter is contained in a 
well-lagged pipe so that losses to the surroundings were kept at a mini- 
mum and thus rendered negligible, we may develop a differential eciua- 
tion whose solution gives the temperature of the fluid or packing at any 
point or time. 

Let us suppose that the pipe containing the packing is uniform in 
cross section, and that its axis lies wholly in the direction x. If A de- 
notes the area of the pipe and we consider a section between x and x + 
dx, then at times t and t dt the heat content of the packing is given 
by the expression 

K,T^Mx - K,(t^ + ^ dt^AMx = KM^dtdx 

where Kf is the specific heat of the packing, d- the fractional voids, and 
Tf the temperature of the packing. 
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At the same time t, we have for the heat content of the fluid K/Tf 
A&dx, and at time t A" dt 

K,'{Tr + ^ dt^AMx 

where is the specific heat of the fluid and T/ its temperature. But 
with the fluid crossing the plane at x, the amount of heat transferred in 
time dt is K'^TfA^vdl^ v being the velocity through the packing. At the 
same time the heat leaving at x + dx is 

The amount of heat conveyed to the packing is thus 

^ di/) 

From Newton’s law of heat transfer, the heat transferred into the 
element Adx in time dt is 


C{Tf — T^AMtdx 


where C is the coefficient of heat conductivity. Hence, we obtain the 
simultaneous differential equations which must be solved: 


jr 


dTA 


C{Ts - T,) 
C{T, - Tr) 


Eq (10-18) 


and these axe independent of'the porosity of the packing. 

By writing a = CfKp'v and b — CfKpV and introducing the new vari- 
ables m = b{vt — x),n = ax, Eq (10-18) becomes 


bm 

bn 


= Tr-Tp^ 

= Tp- tJ 


Eq (10-19) 


Solutions of this equation are given by Bateman (1944) and Furnas (1930). 

The transfer of heat from a fluid stream to a column of irregular par- 
ticles was studied by Furnas (1930a, 6). A closely allied problem con- 
cerning the transfer of heat from the container surface to gas flowing 
through the packing was studied by Colburn (1931). 

It is well Imown that the transfer of heat from the walls of a cylinder 
to a fluid flowing within it varies^ as the 0.8 power of the mass velocity. 



220 


MICROMERITICS 


The general equation obtained by Furnas for the coefficient of heat 
transfer from a gas to the particles of a packing through which it flows is 

^^0.72n0.320a.68i^-3*56t>®) 




Eq (10-20) 


where 

C = coefficient of heat conductivity measured in heat units per unit 
of packing volume per deg temperature difference; usual units 
are cal per sec per deg C per cc 

m = a constant; for limestone packings, m = 0.0073; for iron ore, 
0.0105; anthracite and other coals, 0.0050; blast-furnace 
charge, 0.0072. The values are in metric units, 
g = volume of gas flow per unit-time per square unit of cross-sectional 
packing area, expressed as liters per sec per sq cm 
T = temperature, deg abs, C 
d’ = fractional voids (dimensionless) 
d = diameter of particles, cm 


Furnas also derived equations for conditions simulating blast-furnace 
practice. These equations permit the calculation of the steady-state 
temperature at any point within a column through which the packing 
and a hot gas move counter to each other. Furnas assumed that the 
solids entering the column were at zero deg C. His equations giving the 
temperature at any point in the column ic-distant from the bottom are: 

b (i - Eq (10-21) 

(- J)] 

The latter equation gives the temperature of the solid at the bottom 
of the furnace when the solid fed at the top of the column of height L 
has a temperature of zero. The meanings of the terms included in these 
equations are as follows: 

J'A _ ^psQs j’ =s g'j" • Q' 

Kpgqj, ' ^poig 

i = ^ -I =e' - 1 

Tsx — temperature of solid at any point x 

T, = temperature of solid at bottom of column (exit) 

Tff = temperature of gas at bottom of column (entrance) 

C = value calci^ted by means of Eq (10 -20) 
q, = rate of solid flow in volume of solid material per unit-cross- 
sectional-area of packing per unit-time 
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Q„ — rate of gas flow, standard volume per unit-cross-sectional-area 
of packing per unit-time 

Afps = heat capadty of solid per unit-volume per deg 
Kpn = heat capacity of gas per unit-standard-volume per deg 

Thus, when Tj is known, T' and b may be calculated and the tempera- 
ture of the solid at any point determined by means of Eq ( 10-21) . Cor- 
responding equations were also developed by Furnas giving the tempera- 
ture at any point in the column, thus 

Tp* = r, - Q' (T, - r„) Eq (10-23) 


In {TL±^\ _ f>c=c 

\r + bTj--^, 


Eq (10-24) 


where is the temperature at any point x in the column. Therefore 
we see that Eqs (10-20) to (10-24) define completely the thermal condi- 
tions existing in a packed column with a counterflow of solids and gas. 

Colburn’s studies were made 
with 3-in. and iVrin. diameter 
cylinders provided with steam 
jacket. The tubes were approxi- 
mately 4.5 ft in length. The 
large tube was packed to a depth 
of 3.8 ft and the smaller to 1.5 ft. 

The heat transfer area in each 
case was 3.06 and 0.539 sq ft re- 
spectivdy. The packing material 
consisted of various substances 
including pebbles, porcelain balls, 
and zinc balls, ranging from ap- 
proximately 0.2 to 1 in. in diameter. Colburn derived the following 
general equation for heat transfer for turbulent flow 



Figure 59 . Relation op Wall Fac- 
tor TO Diameter of Particles and 
Container. 


Ht = K" Eq (10-25) 


where y is a constant which is a function of the ratio of particle-diameter 
d to the container-diameter D, Kp the specific heat of the gas, p the vis- 
cosity, and G the mass velocity. The value of K" depends on the ma- 
terial contained in the packing. Values of the factor y, which is essen- 
tially a wan factor, are shown in Figure 59. The significance of this 
waU factor has been discussed in Chapter 6. The curve of Figure 59 is 
to correct for the nonuniformity of packing next to the tube wall. Eq 
(10-20) was tested for air, using mass velocities ran^g from 0.2 to 2.6 
lb per sq ft per sec. Experimental results obtained were about eight 
times as high as would be expected for the same rate through the empty 
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container, Colburn obtained a value of == 8.0 for most packings, 
when G is expressed in lbs per sq ft of empty tube cross-sectional area 
per sec and ja in centipoises. 

The work of Furnas above described and those of others were re- 
examined by Lovell and Karnofsky (1943). Their mathematical stud- 
ies were confined to packings composed of spheres of uniform diameter 
and made allowance for resistance to heat transfer by conduction within 
the solids. The equation obtained by Lovell and Karnofsky, without 
correcting for resistance, is of the form encountered in the design of con- 
tinuous heat exchangers, 


In 



■Kpspd 


Eq (l()-2b) 


where T^o is the temperature of the spheres entering the exchanger, 
6 = Kpgqg/KpsO.^, p the density of the packing in the exchanger, t the 
time measured from the entrance of a sphere to the "section x, Ct the 
coefficient of heat transfer in heat units per unit time per unit area per 
deg temperature difference, Kp^ and the specific heat of the gas 
and sphere respectively measured in heat units per unit weight per deg 
temperature difference, and other terms are as previously defined. 
From this equation we may solve for Tgx and obtain an ai>proximate 
solution for the temperature of the gas in a packing at any section 
x-distant from the point at which the spheres enter. To correct for re- 
sistance to heat transfer by conduction in the spheres, it \s best to solve 
Eq (10-26) for 

~ T,o 
Tg - T,o 


and to subtract from this ratio the product 

^ Tg, - r,, 

Kpspd^ Tg — Tso 

where Cg is the conductivity of the solid in heat units per vSq ft per hr 
per (deg temperature difference per length). 

Values of Tg^t computed by this procedure will conform closely to the 
theoretical values set forth by Lovell and Karnofsky. 


Problems 


1. Calculate the amount of water vapor adsorbed by silica gel which has passed 
14- and is retained on 20-mesh Tyler sieves in 20 min, assuming a 8-in. thickness of 
the substance in a frame 3 ft X 3 ft in area, the approaching s<ir velocity being 100 
Ifm and the relative humidity 60 percent. 

2. Limestone having an average diameter of 3 cm is packed ii; a 100-cm cylindri- 
cal column. The voids are calculated to be 34.5 percent. Air having a temperature 
of 320 deg C is made to flow through the column at a rate of 500 liters per sec. Deter- 
mine the coefficient of heat conductivity. 



CHAPTER 11 


SURFACE PROPERTIES 
OF PARTICLES 


SHALL now discuss a subject of great importance to the tech- 
nology of fine particles — ^surface energy and the relation it bears to 
heat produced by particles on adsorption, wetting of particles, and other 
diverse phenomena which have found practical applications, such as 
flotation of ores and minerals. Information on this subject is still lim- 
ited. but sufficient is known to permit explanation of the behavior of 
particulate matter. 

If we concern ourselves with a liquid we become aware of the tautness 
(or state of tension) on its surface by noting that dust sprinkled lightly 
on the surface remains there even though its density is greater than that 
of the liquid. This tension is referred to as surface tension and can be 
shown to be characteristic of solids and gases as well as liquids. Surface 
tension, <r , is defined as the force with which the surface on one side of a 
line one cm long pulls against that on the other side of the line. 

SURFACE ENERGY 

The term ‘‘surface energy'^ means simply the following, or its equiva- 
lent : If a strip of surface one cm in width is stretched one cm longer, the 
work done is measured by the contractile force or surface tension, a, 
multiplied by the distance it is drawn out. The increase of surface by 
one sq cm is work done, or surface energy expended. This energy is 
stored in the surface and is released when the surface contracts. There- 
fore, we conclude that thfe molecules of a liquid near the surface possess 
more energy than those in the interior. Furthermore, from what has been 
said, the increase in energy in ergs per sq cm of surface is numerically 
equal to the surface tension in dynes per linear cm. 

Surface tension of a liquid or solid is markedly affected by tempera- 
ture or cleanliness so that values observed must take these variables into 
account. 

Contact Angl^— Suppose a clean glass plate is held vertically in water. 
The water will rise on both sides of the glass plate, and the free surface 
of the water is increased in spite of the contractile force — surface tension. 
The expanding force or negative tension is due to the attraction between 
the water and the glass. The condition described is shown for one side 
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of the glass plate in Figure 60. Let cr^a represent the negative tension 
between the water and the glass plate and ctwa the surface tension of the 
water-air interface. Then for equilibrium we must have 

O' wo ~ cos 6 Fq (ll-l) 


where 6 is the angle at which equilibrium takes place and is usually 
referred to as the contact angle for the two substances involved. 

If kerosene is used instead of water the negative 
tension is much greater and hence equilibrium cannot 
be achieved. Thus, the contact angle is 0 deg and the 
oil spreads over the whole surface of the glass. On 
the other hand, if the glass plate is held vertically in a 
pool of mercury, the mercury curves downward instead 
of upward at the line of contact. The contact angle in 
this case is about 140 deg so we conclude that the sur- 
face between mercury and glass has a positive or con- 
tractile tension. 

Thus far we have merely touched on the various 
forces entering into play with regard to surface phenom- 
ena. Suppose, as in Figure 61, the glass plate is held 
in a horizontal position and that a liquid denoted by L 
makes a contact angle B with it. Let A denote the air 
and 5 the glass plate (solid), and write the following symbols to denote 
the interfacial tensions: 



Figure 60 . 
Adhesion of 
Liquid to 
Solid. 


CsA surface tension solid-air 

(Xj^A surface tension liquid-air 

Csi. surface tension solid-liquid 

If now by any suitable means we attempt to separate the solid from 
the liquid in a direction perpendicular to each other, then work w^l will 
be done. The amount of this work (work of adhesion) is 

WsL = <^ 3 L Eq (11-2) 

There is no known method for determining directly the surface 
tension of solids against gases. However, we can determine the dif- 
ference as A — osl which is called the adhesion tension in Eq (11-2) by 
resolving the surface tension parallel to the solid surface. Thus, for 
equilibrium 

0-54 = (Tsl + cos B Eej (1 1-3) 

and 


Wsi == (Xla (1 + cos 6) 


Eq (11-4) 
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This last equation is susceptible of interesting interpretations: (a) It 
shows that 6 is (letcniiined by the relative strengths of the liquid to the 
solid and to the air. (b) If 0 = 0, = 2cri:,j, so that the liquid attracts 

the solid as much as it does itself. Hence the attraction of the liquid 
for itself is 20-^^. (^) If ^ == ir/2, the 

attraction of the liquid for the solid is 
half that for itself. And, {d) if 8 == t, 
there is no adhesion between the liquid 
and the solid. 

Therefore, we see that the contact 
angle is an important quantity. Yet 
unfortunately this is difficult to deter- 
mine since it is not a constant quantity 
even for a given liquid and solid. Its value is a function depending 
upon whether the liquid advances on a dry surface or recedes from a 
previously wetted one. Adam (1941) attempted to formulate the 
concept of frictional force involved in an effort to obtain an explicit 
relationship. If (R denotes this frictional force and it is assumed to 
operate with equal intensity when advancing or receding motions are 
just prevented, we have for the former 

— erSL = (^LA COS 8 a + (R 

and for receding motion 

<^SA <^SL ~ <^LA cos — (R 



s 


Figure 61. LiQino-SoLiD-AiR 
Interfaces. 


where 6^ and Or indicate contact angles for advancing and receding mo- 
tions, respectively. From these equations we obtain a value of the 
equilibrium contact angle 6 


cos d = 


cos 8 R + cos Oa 
2 


and 



Figure 62. Liquid-Liquid - 
Solid Interfaces. 


2(R == (rj,^(cos Sr — ,cos Sa) 

whence <R is determined. 

Contact Angle of Solid at Interface of 
Two Liquids — One other situation of 

practical importance should be considered, namely the contact angle 
of two liquids and a solid. Let one of the liquids be designated by A 
and the other by and the contact angle between them by ^AB (Figure 
62). Resolving our surface tensions, as above, we obtain, as in Eq 
(11'3)> the adti^ion tensions 


0‘s ~ cos 6sA 


Eq (11-5) 
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0's — ^SB ^ COS dsB (1 J”6) 

and at equilibrium 

o’sB — o'sA — ^As cos Oab 

The work of adhesion between the two liquids and the solid may be 
written 

"^SA ~ o’^ + o's — 

*^SB “ O’b + <Ts ^3B 

where the subscripts Aj B, and S apply to the surface energy of the com- 
ponent referred to. Thus, 

= 0-^ — 0-J5 + (Tab cos Bab Kq (11-7) 

If the fluid B is air, as and Wsb are both zero and ctab =* o-a- Thus, Eq 
(11-7) reduces to Eq (11-3) under such conditions. 

It is well known that under certain conditions 
one liquid will displace another from a particu- 
late mass (in a tube, for example). This will 
occur when the contact angle made by the 
liquid-liquid interface with the solid is acute, 
the direction of displacement being toward the 
concavity. This is shown in Figure 03, illus- 
trating a capillary formed of particles. The 
direction of movement will be as indicated as 
long as the angle of contact is small. The 
conditions for this situation are set forth by 
Eq (11-5), and Oab is acute as long as 

A "> 0-li 

The discussion just given again emphasizes 
the important role played by contact angle and adhesion tension. 
However, while the theory involved is simple and direct, we must have 
at our disposal prior knowledge of the contact angle values. These must 
be obtained experimentally — and often, as in the case of granular 
materials, we must be content with approximate determinations. As a 
matter of fact there is no completely satisfactory way of determining 
the contact angle of granular material. We shall here present an in- 
genious method due to Bartell and Osterhof (1927) which is one of the 
best, though not without limitations. Referring to Figure 64, we have 
a short cylinder 3 in, in length and 1 in. in diameter, capable of with- 
standing high pressures. The particles wetted with the liquid to be dis- 
placed are put in the end marked A and packed to a pressure of 150 



Figure 63. Particu- 
late Capillarity, 
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atm. The second layer, B, consists of the same particles wetted with the 
displacing liquid or gas and compressed to the same pressure. The 
cylinder is then sealed and end B connected by a capillary to a manom- 
eter capable of measuring the amount of displacement. The other 
end, A, is connected to a manometer for measuring the equilibrium 
pressure, this condition being reached shortly after connections to the 
manometers are made. In essence we have this: If the contact 


OAP.^ORP 
MEAS. PRES 



Mcap. for 

^^EAS.DISP. 


A = PARTICLES y/ETTED BY LIQ.OR AIR 




DISP. LIQ. 


Figure 64. Method op Measuring Wetta- 
bility OF Particles (Bartbll and Osterhop, 
1927). 


angle is less than x/2, liquid enters through the capillary at the 5-end, 
and a pressure p will be built up at the 4-end, which will be propor- 
tional to the surface tension of the liquid and the cosine of the angle, a 
situation analogous to that expressed by Eq (11-1). 

Now for any capillary of diameter (and in a packing we have many 
such capillaries) we shall show in Chapter 15 (Eq 15-2) that 


cos d = 


DcPogh _ QSlpDc 

A<t 4ff 


Eq (11-8) 


In our particular problem, using liquids A and B we have 9 = and 
<r = (fAB- The pressme p is measured in g per sq cm and in cm. 

The adhesion tensions of the particles, at the interface of two liquids 
A and B are easily written down and are precisely those of Eq (11-5). 
Let S denote the adhesion tension, then these equations become 

2sa = ffA cos 0SA 
^SB ~ cos OsB 

Subtracting 

^SB — (fss — O'SA 


and from our equation of equilibrium, Eq (11-6) 
<fAB cos 6j.B — (fSB ~ <f‘8A 




o’ab cos 6^ 


so that 


Eq (11-9) 


228 


MICROMERITICS 


These equations together with our capillary equation Eq (11-7) suffice 
to compute several important constants, as will now be shown. 

Carbon tetrachloride (CCh) is known to displace water from carbe^n. 
Using data of Bartell and Osterhof, let A denote the water phase and B 
the CCI4, and let the carbon be identified as S so that the above equations 
may be used without difficulty. The following data are known, being 
determined by other methods: ctsa = 0, (Tsb = 35', = 18. () X 

lO”"® cm, (Tab ~ 44.54 dynes per cm and p (from experiment) = G935 g 
per sq cm. 

Table 39 — Displacement Pressures for Organic Liquid- Water-Solid Inter- 
face Systems. (Bartell and Osterhof, 1927) 


Organic liquid ' 

Surface 

tension 

(dynes per cm) 

Intcrfacial 
tension — Organic 
liquid-water 
(dynes per cm) 

Displacement 
pressure 
(s per sq cm) 

Organic liquid displaces water from carbon black® 


Aniline 

43.40 

6.00 

1266 

Carbon tetrachloride 

26.12 

44.54 

6i)35 

Hexane 

17 82 

50.25 

3330 

Decaline 

31.00 

26 68 

4745 

Benzene 

28 25 

34.65 

5775 

Water displaces organic liquid from silica^ 


Aniline 

43.40 

6.00 

8 

Carbon tetrachloride 

26,12 

44.54 

409 

Hexane 

17.82 

50 25 

395 

Benzene 

28.25 

34.65 

205 

® Diameter of packing pores 

= 18.6 X 10- 

® cm. 


^ Diameter of packing pores 

= 4.2 X 10-* 

cm. 



Hence, using Eq (11-8) 

. 0935 X 981 X 1S.(5 X lO" 

4 X 44.54 


0.7103 


— Sgs = (Tab cos 9ab = 0.7103 X 44.54 = 31.63 dynes per cm 
If 6b == 72.08 (from tables) we have, since Sgs = vb cos Bbb, that 
SsjB = cos 40° 35' X 72.08 = 54.74 dyiies per cm 

Also 


= ^SB + oab cos Bab 
= 54.64 + 31.63 = 86.37 dynes per cm 

Certain experimental data obtained by Bartell and Osterhof are pre- 
sented in Tables 39 and 40. These apply to finely divided carbon black 
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and silica and illustrate the surface forces affecting the displacement of 
liquids from solids. In Table 39 it will be seen that the organic liquids 
displace water from carbon black, whereas in the case of finely divided 
silica the opposite is true. Table 40 gives the adhesion tensions com- 
puted as indicated above. 

Remarks on Adhesion Tension — ^It is clear that adhesion tension (or the 
work of adhesion) measures the degree of wetting of a solid by a liquid. 
A high interfacial tension in a solid-liquid system indicates a low adhe- 
sion tension and conversely a low interfacial tension is associated with a 
high adhesion tension. 

Among other things, a suspension of particles will be most stable in a 
liquid having the highest adhesion tension for the solid. Referring to 
Table 40 we see that the adhesion tension for silica in water and in ani- 


Table 40 — Solid-Liquid Adhesion Tensions. (Bartell and Osterhof, 1927) 





Liquid 

Displacement 
pressure 
(g per sq cm) 

Adhesion 

tension 

(dynes per cm) 

Displacement 
pressure 
(g per sq cm) 

Adhesion 

tension 

(dynes per cm) 

Water 


82.82 


54.74 

Aniline 

8 

82.00 

1266 

60.51 

Carbon tetrachloride 

409 

40.69 

6935 

89.45 

Hexane 

395 

42.13 

3330 

69.93 

Decaline 



4745 

76 38 

Benzene 

295 

52.43 

5775 

81.08 


line is high. These suspensions are stable and will give little evidence of 
flocking. Again, a suspension in a system of two immiscible liquids will 
tend to go to that liquid giving the higher adhesion tension with the 
solid. 

In a tightly packed particulate system with two liquids present, that 
liquid giving the higher adhesion tension with the particles will tend to 
displace the other liquid. 

ADSORPTION BY PARTICLES 

Any change in the surface of a particle by liquid or gas entails the re- 
lease of energy. For, as we have shown, the alteration of surface ten- 
sions involves work. Thus, we may expect that a mass of fine particles 
win release energy when wetted either by a liquid, a vapor, or a gas. This 
release of energy manifests itself by an increase in temperature of the 
wetted mass of particles — that is, in the formation of heat. The magni- 
tude of these effects will be discussed later. At this point we shall pre- 
sent the theory of adsotption wi^ which heats of wetting are allied. 
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Since the last quarter of the eighteenth Century, it has been known 
that finely divided matter is capable of adsorbing vapors and gases. 
This phenomenon has engaged, and continues to engage, the foremost 
students of physical chemistry. The fundamental relationships con- 
cerned are far-reaching, involving not only particle-size but the nature 
of the particle-surface, surface-energy, heats of adsorption, and many 
other phenomena. The concepts involved furnish the laws governing 
adsorption and evaporation for a given material and gas or vapor. The 
intricate and complex nature of adsorption and the theories pertaining 
to its mechanism are beyond the scope of this text. We shall consider 
only the more obvious and simpler phases of the subject, especially re- 
garding particle-size. 



Figure 65. Adsorption Isotherm. Water Vapor 
ON Titanium Oxide (25 dbg C). 

Theory of Adsorption — If at a given temperature we obtain by ex- 
periment the amounts of vapor adsorbed by a unit weight of small 
particles at various vapor pressures (up to the maximum vapor pressure 
Pq) and if we plot the data so obtained we shall have a sigmoid curve 
similar to that shown in Figure 65. This curve indicates the volume of 
water vapor adsorbed by a grain of titanium oxide at 25 deg C at various 
ratios of p and pQ. If a temperature other than 25 deg C had been used, 
another curve would have been obtained. Because such adsorption 
curves as shown in Figure 65 were investigated by van der Waals, they 
are appropriately called van der Waals’ adsorption isotherms. From 
such isotherms, as will be shown subsequently, may be determined par- 
ticle surface and certain surface energy constants of practical value. 

A possible theory concerning adsorption was developed by Langmuir 
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(1915), and recently extended by Brunauer et al (1938). The extent of 
adsorption is dependent upon the rate of evaporation and reactions tak~ 
ing place at the interface. (See section on hygroscopicity, Chapter 14). 
Thus, if the rate of adsorption is low and the surface is chemically in- 
active, the molecules will remain on the surface; while if the rate of 
evaporation is high, the molecules will leave the surface quickly. Lang- 
muir s theory is that adsorption is due to the difference of time required 
for condensation and evaporation of the molecules on a surface (assumed 
chemically inactive), and that actually not more than one layer of gas 
molecules is adsorbed. For this reason it is commonly referred to as the 
monomolecular theory in contradistinction to the polymolecular theory 
of Brunauer and his associates. However, the latter theory does not 
necessarily assume that all adsorbed gases on different solids are poly- 
molecular or that every layer is necessarily complete. It is a matter of 
general agreement that most nonporous solids adsorb more than one 
layer of molecules. 

The area s^, occupied by a molecule of a gas in closest packing on a 
surface is 

where M is the molecular weight of the gas adsorbed, po its density and 
Na Avogadro's number. The value of Sr„, is, of course, expressed in sq 
cm. Some values of computed from this equation are presented 
in Table 41. Hence, if we know the amount of any vapor listed in 


Table 41— -Area Occupied by Molecules op Various Gases and Vapors in 

Close Packing 


Vapor of 

Temperature 
(deg C) 

Area occupied by single 
molecule (sq. A®) 

Liquid nitrogen 

-195.8 

16.24 

Solid nitrogen 

-252.5 

13.8 

Liquid butane 

0 

32.1 

Liquid jV-heptane 

25 

45.0 

Water 

25 

10 0 


Table 41 which has been adsorbed at the temperature stipulated, and if 
we assume that the layer adsorbed is one molecule thick, we are in a 
position to compute the area of an irregular solid. 

Brunauer and his associates have developed from their theory of the 
adsorption isotherm the volume of a gas necessary to form a monomolec- 
ular layer on a mass of particles. Their equation follows : 

f) _ QmCp 

^ (po-P)[l+ iC-^DP/Po] 


Eq (11-11) 
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where Q is the volume of gas or vapor adsorbed at the pressure p, Qm the 
volume of gas or vapor necessary to form a monomolecular layer, and 
pi) Ihe vapor pressure of the gas or vapor at the temperature of the iso- 
therm. The quantity C is given by the expression 

C = exp [(El ~ EjyBT] Eq (11-12) 


where Ei is the energy of vaporization of the first layer of molecules, 
the energy of vaporization of the liquid, T the absolute temperature at 
which adsorption takes place, and B the gas constant in such units as 
to render the ratio (Ei — El)IBT dimensionless. In Chapter 16 we 
shall indicate how Eq (11-10) may be arranged so that C and Qm are 
directly determinable. 

When Qm is determined from Avogadro's number and the area occu- 
pied by a single molecule (Eq 11-10), we have a means of computing the 
area of a mass of irregular particles. Thus, if Qm is the cu cm of gas or 
vapor adsorbed per g of particles, Na the number of molecules per cc of 
gas adsorbed, and Sm the area in sq cm occupied by each molecule, the 
total surface S of the particles must be 

5;. = QJNASm Eq (11-13) 

The basic theorem of adsorption may be stated as follows: Adsorp- 
tion on a solid by a vapor continues as long as the process can occur with 
a decrease in the surface energy — ^free energy — of the solid surface. If 
TT denotes this decrease in free energy per unit area, we have symbolically 

TT = (T SO — SF Eq (11-14) 

where (Xso denotes the free surface energy of a clean solid or system of 
particles, and (tsf the same quantity when the surface is covered by an 
adsorbed film. (Free surface energy is the same quantity as surface 
tension, discussed earlier. It cannot, of course, be measured directly.) 
The decrease in free surface energy tt can be computed by a method out- 
lined by Jura and Harkins (1937) using the Gibbs adsorption equation 


^ ^ so — ^ SF — 



Eq (11-15) 


where S is the surface of the particles per g, Q the volume of the gas 
adsorbed per g of particles at pressure p and absolute temperature T, 
Q' the molar volume of the gas, and B the gas constant, its units being 
such as to render t in ergs per cm^. The above equation may be inte- 
grated graphically from adsorption isotherm data by plotting Q/p 
against p. Thus, r for any vapor solid system for any value of p/po may 
be obtained. 
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Once X has been computed for a saturated vapor of a liquid in equilib- 
rium with a given solid, we can determine the work of adhesion be- 
tween the liquid and solid as 

’^SL = + O'!, (1 + COS d) (Eq 11-16) 

where x^ is the reduction in free surface energy of the solid in equilibrium 
with the saturated vapor of the liquid. If 0 = 0, that is, if the surface 
is completely wetted, 

^SL = -TTfl -f 2a L — or s — (TsL + Eq (11-17) 

Also, we may write for p corresponding to Xa 

= Xo + a I, cos 0 Eq (11-18) 

and for 0 = 0 

. + o-i, = 0*5 — asL Eq (11-19) 

The heat of emersion per unit area (JT/) of a solid in equilibrium with 
a vapor can be shown to be* 

a: = - r - ^) Eq (11-20) 

where T is the absolute temperature and the partial derivatives are 
taken at constant pressure and solid area. The adhesion tension 

a Q-p — ai, ~ (fj, cos d Eq (lT21j 

may be used to simplify the equation. Substituting a^F from this equa- 
tion into Eq (11-20) 

if/ = (<rr - r ^) cos 0 + Tgj, sin & || 

Thus, when 6 = 0 

if/ = cr^ - = Hi, 

which is the ''total heat*' of the liquid surface and is obtainable for most 
liquids from tables of ai, and its variation with absolute temperature. 

If the adsorbed film is in equilibrium with the vapor, it will be about 
evenly distributed over the solid surface. If the actual solid surface is 
denoted by sq cm per g and that with the adsorbed layer by S^! sq 

* See, for example, Muller-Pouillet, Lehrbuch der Physik, Band III Pt. 1. Zweite 
Aufl, Braunschweig, 1926. 
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cm per g, it may be shown (Harkins and Jura, 1944&) that the latter is 
given by the relation 

5,.' = 4.185 X imiJI-h Eq (11-22) 

where is the heat of emersion of the film-covered solid (particles) in 
cal per g and Hl the total energy of the surface of the liquid. The 
difference between S^. and Smf is slight and correction may be made 
by a procedure outlined by Harkins and Jura (1944&). An average 
thickness of adsorbed film is about 20 A. Eqs (11-13) and (11-22) give 
results which are identical within the limits of experiment. The deter- 
mination of II ^ unfortunately requires an elaborate calorimeter and other 
equipment beyond the means of most laboratories. 

Mention should be made of an important relation first brought out by 
Jura and Harkins (1944). It is simply that the adsorption isotherm is 
closely represented by the equation 

In =5-4 Eq (11-23) 

where A and B are constants. Hence In pfp^ against Q plots as a 
straight line, from which the constants A and B may be determined. 
The surface of a particulate adsorbent is further related to A as follows: 

*5^ = k/VJ Eq (11-24) 

where is the surface per g of solid material and k a constant. Values 
of k when Sm is in sq m per g and Q in cu cm are given by the above 
investigators for the following gases: For nitrogen at —195.(8 deg C, 
k “ 4.06, for water at 25 deg C, ^ = 3.83, for w-butanc at 0 deg, k = 
13.6, and for w-heptane at 25 deg Ck = 16.9. The usefulness of the pro- 
cedure just outlined should not be underestimated. However, it cannot 
be used if the adsorption isotherm does not plot as a straight line in ac- 
cordance with the development given. 

It is of interest to note that since the number of molecules adsorbed 
per g of solid may be determined by the method of Brunauer and his 
associates, and the surface of the same solid by the technique just dis- 
cu&sedi then the area occupied by a molecule is at once determined. For 

N == QM 

Sn - Sm/N Eq (11-26) 

where N is the number of molecules adsorbed per g of solid, Qm^ the cu 
cm of gas adsorbed per g of solid, and Na is Avogadro’s number. 

Heat of Adsorption — Some data on the heat of adsorption on zinc 
oxide by different gases and vapors are presented in Table 42, This 
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table should be compared with data on heats of wetting given in Table 
45. It will be seen that the heat of adsorption of water is greater than 
the heat of wetting. There is, however, no relation between the heat of 
wetting and the heat of adsorption. 


Table 42 —Heat of Adsorption of Zinc Oxide Using Various Liquids. (Aver- 
age Diameter of Particles 0.607 /t. Specific Surface 1.8 Sq Meter/G) 


Gas or vapor 

Pressure of 
gas or vapor 
(mm Hg) 

Heat of 
adsorption 
(cal/g) 

Heat of 
adsorption 
cal/sq m 

Carbon dioxide 

49 

0.74 

0.4 

Ammonia 

49 

0.94 

0.5 

Sulfur dioxide 

90 

1.40 

0,8 

Benzene 

95 

0.10 

0.5 

Xylene 

7 

0.78 

0.4 

Pyridine 

20 

0.80 

0.4 

Water 

23 

2.40 

1.3 


So far as the adsorption of nitrogen by soils is concerned, Makower 
et al (1937) present data showing that from 0.36 to 0.98 cal are produced 
per g of soil. The soils tested had surface- 
areas ranging from 14.2 to 34.9 m per g. 

The amount was found to be directly pro- 
portional to the surface-area of the particles. 

Determination of Heat of Adsorption — 

The heat of adsorption may be determined 
by a method due to Ewing (1931) whose 
work on the measurement of the heat of 
wetting has already been cited. The de- 
termination is made by a calorimeter in 
which the sample is placed and the ad- 
sorbent material admitted. If the adsorb- 
ent is a vapor, it is admitted through the 
device a of Figure 66, and if a gas by means 
of the device h. The iron rod which is 
raised by an external permanent magnet is 
used to break the tips of the tubes con- 
taining the adsorbent material. 

Adsorption by Silica Gel — The adsorptive qualities of silica gel are 
well known. This material is highly porous and possesses a vast amount 
of internal surface. When the structure becomes saturated with moisture, 
the gel may be reactivated by heating. Not all gels are alike in their 
capacity to adsorb vapors and gases, since it has been found that small 
amounts of impurities may greatly affect this quality. 



a b 


Figure 66. Ewing’s Db- 
viCB FOR Introducing 
Gases and Vapors into a 
Calorimeter for Deter- 
mining Heat of Adsorption, 
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Adsorption capacity for water vapor appears to be little alTectcd at 
ordinary room temperatures and only slightly by velocity. It would 
be expected that the latter is important inasmuch as high ratc.s of gas 
flow bring more adsorbable gas into contact with the gel. At the same 
time, owing to the greater heat capacity of the larger volume of gas, the 
heat of adsorption is more readily removed from the gel. Particle-size 
is perhaps the most important single variable since the surface exposed 
in a given amount of material is greater as the particle-size decreases. 
Also, smaller particles permit a more rapid diffusion of heat. However, 
there is an optimum size which is determined by the volume of gas made 
to pass through the gel without disturbing the packing, the resistance to 
flow encountered, and the frequency of reactivation required. It has 
been found that for air the amount of water vapor adsorbed in a given 
time may be represented by the empirical formula 

M = 0.065fL\/r[(L9 + 6.1ci)(4.2 - 0.004o)]-*/. Eq (1 1-2C) 

where M is the water vapor adsorbed expressed in ,1b per cu ft of silica 
gel, f the relative humidity in percent, L the thickness of the bed in 
inches, t the time in min, d the average screen diameter in inches, and v 
the approach velocity in ft per min. The equation cannot be applied 
beyond the point at which saturation begins. It gives reasonably ac- 
curate results at ordinary temperatures and pressures for adsorbing 
periods up to 2 hrs. The data on which Eq (11-26) is based were 
obtained for humidities ranging from 16 percent to 70 percent, particle- 
diameters from 0.08 to 0.31 in., and air velocities from 40 to 400 ft 
per min. 

Volume Adsorbed’ by Particles — ^The volume of gas adsorbed by 
particles is a function of the surface-area. Most soils at ordinary tem- 
peratures and pressures adsorb from 5 to 8 cc of nitrogen per g. Colloid 
fractions of these soils averaging less than 0.05 m adsorb more than 
three times these amounts. It is interesting to point out that approxi- 
mately 0.8 of the nitrogen is adsorbed in forming a monomolecular layer. 
With regard to activated charcoal and silica gel, the amounts of nitrogen 
adsorbed may be more than 20 times those mentioned above for soils. 

Thickness of Adsorbed Film — Briggs (1905) determined the thick- 
ness of water vapor adsorbed by quartz particles. The surface was cal- 
culated from the mechanical analysis. By assuming that the water 
vapor was uniformly distributed over all the particles to the same thick- 
ness, Briggs obtained a maximum thickness of 2.66 X 10 cm in an 
atmosphere within one percent of saturation at 30 deg C. Patten and 
Gallagher (1908) repeated Briggs’ experiments for a number of soils. 
Their results for Norfolk sand, quartz flour, and a special soil sepa- 
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rate are given in Table 43. The adsorption data for Norfolk sand and 
quartz flour are the maximum possible under the conditions of the ex- 
periment, but for the soil separate the data are for adsorption taking 
place over a period of eight days. The data in Table 43 assume that 
the film is evenly distributed over the particles, that the densities of the 
vapors adsorbed are those of the liquids themselves, that the soil grains 
are spheres, and that the separations are clean-cut. 

More recent investigations by Makower ei al (1937), cited above, show 
that the thickness of nitrogen films adsorbed by soils were of the order 
of 3.3 X 10“® cm. On the other hand Harkins and Jura (1944a) 
report film thicknesses for water, nitrogen, and butane on titanium 
oxide of 15, 3G, and 64 A, respectively. The volume of gas adsorbed 
and the surface measurements made in these tests are the most accurate 
thus far obtained. 


Table 43— Adsorption CAPAcniBS of Different Soils and Vapors and the 
Thickness of Adsorbed Layer. (Temperature 28 Deg C) 


Soil 

Area per g 
(sq cm) 

Vapor 

Vapor 
pressure 
(mm Hg) 

Tliickaess of 
layer 

(cm X 10-6) 

Norfolk sand 

300 

Water 

28 1 

1.50 



Toluene 

33.5 

0.94 



Ether 

575.0 

2.83 

Quartz flour 

1260 

Water 

28.1 

0.64 



Toluene 

33.5 

0.36 

Soil separate 

320 

Water 

28.1 

2.00 



Toluene 

33.5 

1.42 



Ether 

575.0 

3.25 


The thickness of an adsorbed film may be determined by weighing the 
solid before and after adsorption. If we assume the density of the ad- 
sorbed film to be that of the liquid, and if the surface of the solid is 
known, the thickness 5 is easily computed. Thickness will, of course, 
depend upon the amoupt of vapor or gas adsorbed as well as on the size 
of the vapor or gas molecule. 

HEAT OF WETTING 

It has long been known that heat is generated when fine particles are 
wetted. This is a surface phenomenon which does not necessarily de- 
pend upon chemical activity. The latter is important and markedly 
affects observations; but entirely apart from chemical action the crea- 
tion of a film requires a certain amoimt of work which is expended in the 
form of heat. 
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The heat of wetting has been studied for many materials, with differ- 
ent liquids. Not all the data are accurate, and few even attempt to esti- 
mate the relation between the heat generated and particle-size. Studies 
made in the field of soil physics have provided many interesting results 
and some of the more important of these are presented here. Table 44 

Table 44— -Heat of Wetting of Various Soils, Wetted with Water 


Soil 

Surface area 
perg 
(sq cm) 

(cal/g) 

Heat evolved 

(cal/sq cm) 

Coarse quartz 

97 

0.150 

0.00155 

Fine quartz 

740 

0.386 

0.000522 

Norfolk sand 

300 

0 347 

0.00116 

Hudson River sand 

345 

0.179 

0.000519 

Galveston clay 

3280 

3.79 

0.00116 


shows the heat of wetting obtained by Patten (1909) for various soils, 
using water. The data show that there is little concordance between 
the various soils These soils (initially dry) are composed of many sub- 
stances, each of which produces heat to a different degree and which may 
also be chemically activated by moisture. Some question also arises 
with regard to surface measurements which at best are only approximate. 

Table 45 — Heat of Wetting Resulting from Mixing Different Amounts of 

Dry and Wet Soil 


Wet soil 
(g) 

Dry soil 
(g) 

Temperature 

rise 

(deg C) 

Heat evolved 
(cal) 

Moisture 

content 

(percent) 

35 

5 

0.65 

10.9 

20.1 

30 

10 

1.75 

28.0 

16.6 

25 

15 

2 24 

34.2 

13.6 

15 

25 

2.55 

35.7 

7.8 

10 

30 

4.05 

47.0 

5.0 

5 

35 

4.20 

52.9 

2.3 


When dry and wet soils are mixed, heat is produced. Wadsworth 
(1938) studied the effect of this mixing on Hawaiian soil, but failed to 
state whether such heat was free from chemical activity. His tests con- 
sisted in mixing various weights of dry and wet soils in an insulated con- 
tainer and then measuring temperature rise. Forty grains of soil were 
used in each test, and his results are presented in Table 46. Other tests 
based on soils of different moisture content when wetted with 100 cc of 
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distilled water indicate that the heat produced varies inversely with the 
initial moisture content. Wadsworth concluded that the heat produced 
may be represented by the equation 

Eq (11-27) 

where is the heat of wetting in cal per g, iifo is the heat produced with 
initially dry soil, h another constant, and M the percentage of moisture 
in the soil on a dry basis. 

Of significance are the data by Ewing (1931) dealing with the heat of 
wetting in zinc oxides. Ewing’s experiments were made with purified 
substances. Vapors, especially water, adsorbed by pigments affect their 
properties. Ewing’s results in Table 46 show that the heat of wetting 
varies according to the liquid used. The surface measurements indi- 
cated in the table were obtained by photographic measurement of about 
500 zinc-oxide particles. The average diameter was determined by 
Eq (3-10), that is, = ^nd^j'Znd^ and the specific surface by Eq (3-6), 
the density of the oxide being taken as 5,47 g per cc. 

Detailed studies on the effect of surface-area and heat of wetting are 
not available. However, it is known that the heat of wetting of silica 
gel, which is a highly porous material, is approximately 30 cal per g 
(approximately 200 times that of coarse quartz as shown in Table 46). 


Table 46 — ^Heat of Wetting of Zinc Oxide Using Various Liquids (Average 
Diameter op Particles 0.607 Specific Surface 1.8 Sq Meter/G) 


Liquid 

Heat of wetting 
(cal/g) 

Nujol 

0.20 

Benzene 

0.56 

Xylene 

0.64 

Pyridine 

0.82 

Linseed oil 

2.00 

1.6 Percent zinc oleate in benzene 

1.28 

5 Percent zinc oleate in benzene 

0.90 

Water 

1.12 


Determination of Heat of Wetting — ^The heat of wetting is determined 
by a calorimeter, although direct temperature measurements of a bulk 
of material are often used. Ewing described a method which permits 
determination of both heat of wetting and heat of adsorption by a simple 
technique. While intended primarily for zinc oxide, the method may be 
applied to other particulate material. This method is as follows: A 5-g 
sample is heated to 500 deg C in an electric furnace and evacuated at 
that temperature for several hours. The evacuation is made with a 
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mercury pump to about 5 X IQ-® mm Hg. The evacuated sample is 
sealed off and mounted as shown in Fig. 07. This device is then intro- 
duced into a calorimeter containing the appropriate welting fluid and 
the tip is broken. In order to compute the heat of 
wetting, the temperature of the sample must be 
known. 







CONDENSATION PROCESSES 

The vapor pressure of a liquid is affected by the 
curvature of the surface to which it adheres. 
Liquid on the convex surface of a particle with ex- 
tremely small radius of curvature exerts a vapor 
pressure greater than that on a plane surface. 
Conversely, the vapor pressure due to a thin film 
on a concave surface is less than that for a film on 


Figure 67 . 
E^tcng’s Device 
FOR Bringing Li- 
quid INTO Contact 
WITH Zinc Oxide 
in Calorimeter. 


a plane surface. Hence, vapor will condense more 
readily within a concave surface than upon a 
convex one. For this reason an irregular particle 
will condense moisture better than the surface of a 
smooth sphere with approximately the same diam- 
eter. The relation between the vapor pressures 
and the density and surface tension of a liquid 
was obtained by Lord Kelvin and is given in texts on physical chemistry. 
If the vapor pressure due to a plane liquid surface is denoted by po> and 
the vapor pressure above a curved surface whose radius of curvature is 
R denoted by p then, 


= ^ Eq (11-28) 

where a is the surface tension of the liquid, po the density of the liquid, B 
the gas constant, and T the absolute temperature. At a plane water 
surface at 0 deg C the vapor pressure is approximately 6000 dynes per 
sq cm. It is clear from Eq (11-28) that the logarithm of the pressure 
ratio varies inversely as the diameter. It is to be remembered that 
when the surface is convex and that for a concave surface p < 

p{Si so that p/p{i will possess values less than unity and the curve will be 
inverted. ^ Since we are particularly concerned with small particles ap- 
proximating spheres, that is, convex surfaces, the smaller the particle 
the greater the evaporation. Hence, it is impossible to condense mois- 
ture on small particles except at a very high vapor density. 

The value of surface tension is assumed to be constant for all radii, 
although when the particles are extremely small the value of surface ten- 
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Sion may differ from that ordinarily given in tables of physical constants. 

It has been shown that the tendency of droplets (with small particles 
as nuclei) is to evaporate rapidly due to the increased vapor pressure. 
In order to produce condensation it is necessary to modify the ratio of 
This may be done in several ways; 

1. By introducing particles having plane surfaces, the vapor pres- 
sures of such surfaces being equal to p. 

2. By introducing particles having porous surfaces such as activated 
charcoal and silica gel whose surfaces are internal and extremely small. 
Hence, having thus introduced a large amount of concave surface the 
pressure of the vapor becomes less than that of a plane surface. This 
constitutes the basic theory for the adsorption obtained by porous ma- 
terial such as activated charcoal. As the water vapor condenses within 
such porous material the radii of the concave surfaces are made smaller; 
hence their capacity to condense moisture increases until the porous ma- 
terial becomes saturated. 

3. By the introduction of small particles carrying an electrical charge. 
The addition of a charge to the surface of a particle diminishes the vapor 
pressure. J. J. Thomson (1903) deduced the following formula for 
charging liquid surfaces : 

where is the quantity of charge per sq cm of surface. It is readily 
seen from this equation that the application of a charge greatly modifies 
the condensation. Thus, a critical examination of Eq ( 1 1-2C) shows that 
when p/po is plotted against R it will have a maximum. The radius of 
the particle when this maximum is obtained is 0.63 iifi. Hence condensa- 
tion is impossible on a charged particle if the radius is less than this 
amount. Condensation is possible only when the vapor pressure de- 
creases as R increases, that is, when R < 0.63 ixpi. Unfortunately the 
phenomena of condensation and evaporation are modified under -some 
conditions, in a manner not accounted for by Eq (11-29). 

4. Condensation may be induced by substances having a strong 
chemical affinity for the vapor. Hygroscopic substances such as cal- 
cium chloride, sulfur trioxide, etc., rapidly combine with the water 
vapor and form droplets which have lower vapor pressures upon which 
more moisture readily condenses. Because they are essentially new 
substances these droplets possess a permanently lowered vapor pressure. 

EVAPORATION 

The evaporation of small droplets was studied by Langmuir (1913) 
who demonstrated that the rate of loss in weight is proportional to the 
diameter of the particle plus the water film, and not to the surface. 
Langmuir showed that the rate of loss of weight due to evaporation is 
given by the expression 

dw 2vd ^Mp 
dt “ BT 


Eq (11-30) 



242 


MICROMERITICS 


where —dw/dt is the rate of loss in weight due to evaporation, d the 
diameter of the particle plus the diameter of the water film, M the mo- 
lecular weight, p the pressure of the gas or vapor, B the gas constant, 
T the absolute temperature, and 2) the diffusion coefficient. 

Houghton (1933) has given a simple formula for the evaporation of 
small water drops. If denotes the initial drop diameter and d the 
diameter after /-sec, then 

d^ = d\ - 8k{p/ - p,)t Eq (11-31) 

where p/ is the vapor density close to the drop (saturation) and po that 
of the surrounding air, and k is ^ constant depending on drop size and 
vapor density difference (p/ — p„) given in Table 47. 


Table 47-~A^alues of h int Eqs (11-31) and (11-32), (Houghton, H)33) 


Vapor-density 
difference 
(g per cc) 

X 10-6 

100 

200* 

400 

—Size in mi 
600 

icrons 

800 

1000 

1600 

2000 

1 

0 26 

0.27 

0 27 

0 27 

0 27 

0 27 

0 27 

0.27 

5 

0 165 

0 17 

0 175 

0.18 

0.185 

0 19 

0.21 

(1.22 

3 

0 20 

0 205 

0 21 

0 215 

0.22 

0.225 

0.23 

0.235 

10 

0 15 

0 16 

0 17 

0.175 

0 18 

0.185 

0 19 

0 20 



TIME IN DAYS 

Figure 68. Curves for Fine Quartz 
Showing the Effect of Humidity 
UPON Rate op Evaporation. 


If evaporation takes place in k 
seconds 

= 8k{p,' — p,)(/o — t) 

or if we desire the total time for 
the evaporation of the complete 
drop 

k = day%k{p, - p,') Eq (11-32) 
These equations can only be con- 
sidered approximate for thin fihns 
surrounding particles. 

Patten and Gallagher (1908) 
presented data showing that the 
rate of evaporation from soils is 
linear until the moisture content 


approaches 1 percent. Some of their results for fine quartz exposed 
to atmospheres of different hupiidities are given in Figure 68. 

Evaporation from land and water surfaces has been studied extensively 
by Thornthwaite and Holzman (1942) who applied the general theory of 
turbulence outlined in Chapter 8. Using the proper modification of Eq 
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(8-20), if E denotes evaporation and Mi and Mo the moisture concentra- 
tions at heights and So, respectively, then 


E = ~ M2){vx2 - ^.rl) 

In (z2 /ziY 


Eq (11-33) 


where po is the density of the air, is von Karman’s turbulence constant, 
and the z;*s denote the mean wind velocities in the ^c-direction at Zi and 
22 - In ordinary terms, E being expressed in inches depth per hr, 


?>ZZh%hi — h ){:02 — ^ i ) 
In (22 /sj)2 


(Eq 11-34) 


and hi and h are the vapor pressures in mm Hg at heights zi and 22 , 
respectively, and Vi and are corresponding wind velocities in miles per 


hr. 


Problems 

1. Using Eq (11-11), calculate the amount of nitrogen adsorbed by a gram of fine 
particles, given Po = 76 cm, =» 10.3 cu cm per g, and C = 3.0. 

2. Calculate the surface of a g of titanium oxide powder, given that heat of 
emersion of the powder with water vapor is 0.409 cal per g and the enthalpy of the 
water surface 118.5 erg per sq cm. 

8 . Calculate the molecular area of water, assuming spherical molecules in '"closest” 
packing. 



CHAPTER 12 


CHEMICAL PROPERTIES OF 
SMALL PARTICLES 


T he rate of any chemical reaction taking place between solid and 
liquid or gas phases is markedly influenced by surface. As has been 
pointed out repeatedly, small particles in the aggregate present unusu- 
ally large amounts of surface. Hence, we conclude that small particles 
will greatly affect chemical activity. This activity is further enhanced 
by the Brownian motion of the finest particles, thus constantly exposing 
new surface and transferring the reaction throughout the liquid or gas 
phase in which the particles are contained. 

It is characteristic of many metals which ordinarily are relatively in- 
active in air to react with great vigor when divided into a fine state and 
scattered in air. This is true of such substances as iron, zinc, mag- 
nesium, and even lead. Under certain conditions organic substances 
ordinarily noninflammable in air, such as sugars, starches, and coal will 
explode with great violence when finely divided and dispersed. 

The properties of small particles affecting chemical activity are dis- 
cussed in this chapter. We begin by outlining those factors which in- 
fluence solubility. Only those studies having a bearing on particulate 
matter will be covered. It cannot be hoped that equations of such gen- 
erality will be obtained that all types of reactions are encompassed. 
This cannot be done, and we are limited to consideration of only the 
most elementary items. Rate of crystal growth and granulation will 
form another section. Regarding the first of these, no simple satisfac- 
tory approach exists for its evaluation, as practicing chemical engineers 
well know. So many variables are encountered that at best we can 
interpret results only by empirical expressions. The subject of granula- 
tion is relatively new, but considering the commercial aspects of packag- 
ing, bagging, and ease of application, a knowledge of granulation and 
its control assumes great importance. 

The remainder of the chapter concerns oxidation and explosibility of 
fine matter. « The former includes a discussion of the properties of fine 
fuels and is based on recent experiments conducted at the Massachusetts 
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Institute of Technology. The subject of explosibility of certain dusts 
brings together some widely scattered data. 

SOLUBILITY OF SMALL PARTICLES 

Ostwald (1900), using the thermodynamic relationship between vapor 
pressure of spherical drops and the curvature of surface, derived an equa- 
tion giving the relation between solubility and particle size. Ostwald’s 
equation was later modified by Freundlich (1909), and is as follows: 

BT 1 ^ _ ^/_1 _ 

M ■ p \(h ii) 

where B is the gas constant and M the molecular weight of the liquid, 
T the absolute temperature, and Si the solubilities of the particles with 
radii <fi and ii, respectively, a the surface energy, and p the true density 
of the particles. This equation was subsequently modified by Dundon 
and Mack (1923) in calculating the surface energy of calcium sulfate. 
The equation is as follows: 

where a is the degree of dissociation and n is the number of ions from one 
molecule. If d% is regarded as the diameter of a small particle and di 
that of another particle so large that the solubility is that of a plane sur- 
face, Eq (12-1) becomes 

+ Eq(12-2) 

This equation may be used to calculate either the relative solubility 
5/5 CD or the surface energy, whichever is desired. 

Rate of SoluhiUty — The rate of solubility of small particles depends 
on a great number of variables, Eq (12-2) takes into account free sur- 
face energy (<r) and particle surface [l/d). These are purely surface 
considerations, and are scarcely complete in themselves. The “shape'' 
of the surface and its physical state must also be specified, that is, its 
relative freedom from contamination which might influence the speed 
of reaction. The effect of packing density and the extent of agitation 
imparted to the particles are also important, particularly with regard 
to exposure of fresh surfaces and formation of possible gas pockets. 
The liquid and liquid-solid phases jointly are additional important con- 
siderations. The volume of the liquid, its temperature, and the amount 
of dissolved solid already in solution must enter into all calculations. 
Nor can we ignore the chemicat nature of the substances involved in the 
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reactions and the products formed. The manner by which these vari- 
ables affect the rate of solution must be known, otherwise a complete 
understanding of the problem from the mathematical standpoint is im- 
possible. 

Many theories have been proposed regarding the rate of solubility. 
Pick (1865) proposed a diffusion law which bears his name. Pick’s 
expression for rate of solubility is as follows: 


dw 

dt 



Eq (12-3) 


This equation states that the quantity of solute, dw, which diffuses 
through an area A at right angles to the surface being dissolved in an 
element of time dt^ is proportional to the rate of change of concentration 
dC in a distance dx from the surface. (Eq 12-3 is identical with Eq S-2.) 
The constant of proportionality, 3D, is called the diffusion constant and 
is equal to the amount of solute crossing an area of 1 sq cm in a unit- 
time, if the change of concentration per cm in a direction perpendicular 
to this cross section is unity. Pick's law applies only for linear diffusion, 
that is, the diffusion takes place in one direction only. It is based on the 
assumption that all motions of the medium and particle are excluded and 
that molecular agitation is the only variable of consequence. The law 
has been tested by various investigators. It was found that the diffu- 
sion constant 3D varies with the concentration of the solution, and that 
it is markedly affected by the slightest agitation. This led to the theory 
that at the boundary surfaces of the particles there is a thin adhering 
layer of saturated solution, which affects the rate of diffusion. Differ- 
ences in the diffusion constant are attributed to the rate of chemical re- 
action and surface characteristics which alter the state of the adhering 
layer. Some investigators have emphasized that the chemical reaction 
rate is of primary importance and diffusion processes are secondary. 
At the present time the choice depends upon attendant conditions, as 
little has been done to develop a generally accepted theory. 

Noyes and Whitney (1897) proposed an equation which makes no as- 
sumptions in regard to the medianism of the solution process, and which 
is substantiated by experiment. Their equation is 

^ == - K'S{C, - O Eq (12-4) 


This is in every req)ect similar to Pick’s law, with the following interpre- 
tation : The time rate of change of concentration (loss in weight dm of a 
partide per given time) at any instant is proportional to the surface 5 
of the partide, the difference in concentration of a saturated solution C, 
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(at the particle-surface), and the concentration existing in solution at 
that instant, C, The constant AT' is a function of surface condition 
and of other variables discussed above. The equation applies for a given 
set of conditions and changes when the conditions change. For ex- 
ample, the constant K' will depend upon the degree of agitation pro- 
vided and, as will be shown later, is a good index of its measure. Eq 
(12-4) has been solved by various investigators based on the following 
assumptions: (1) That the rate of dissolution takes place normal to the 
surface, and that the surfaces of the particles are exposed to the liquid 
phase in a uniform manner; (2) that the shape-factor of the particles is 
constant; and (3) that the particles are agitated in such a manner 
that no adhering layer is permitted to form. While the solutions of 
Eq (12-4) given below are limited to a single particle, they have general 
application to a number of particles. Let w be the weight of a particle 
at time t, and Wq its original weight. Also let Ws be the amount (weight) 
of the particle required to saturate the solution, S the surface of the 
particle at the time t, and V the volume of the solution. Then, (wq — w) 
is the amount of the particle dissolved in the time t and the concentration 
is this divided by V. Similarly, Ws/V = Cs, the concentration of dis- 
solved material at the point of saturation. Hence, from Eq (9-4) 

dw 

^ = —K'S{w, — Wo + w) Eq (12-5) 

Now the value of 5 changes with time. This variable may be re- 
lated to the weight of the particle at any instant by means of the shape- 
factors discussed in Chapter 3. Thus = w and = partide- 
surface where p is the density of the particle, and a, and a* the volume 
and surface-shape factors, respectively. Combining these expressions 
as in Eq (3-47), we obtain 

5 = = cw’/* Eq (12-6) 

where a*, is the specific volume-shape factor and a is the constant 
We shall now introduce a new variable, Wg, which is the amount of dis- 
solved matter present in the solution. Since w — Wa — w^, we have 
dw/dt — — dwjdt and substituting in Eq (12-5), we obtain 

dvUii * 

= K'Siws — Wo + wq — Wd) = K'S{ws — Wd) Eq (12-7) 
Dividing through by and writing wjws == B 

V% . S'5(l - S) 


Eq (12-8) 
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and since 

\w,) ~ Vw. wj 

S = aw,'/>-(eo- ey/^ Eq ( 12 - 9 ) 

where 0o = tc'o/Wj. Substituting in Eq (12-8) 

^ - 0)V=.(1 - d) Eq (12-10) 


Integrating this equation between the limits of 0 ~ 0 and d = 1, we ob- 
tain: 



Eq (1241) 


Eq (12-11) is another solution of Eq (12-5) previously obtained by Hixson 
and Crowell (1931a, &), and by Wilhelm, Conklin, and Sauer (1941). 
To introduce a particulate parameter, let N be the number of particles 
under consideration. Then the weight of a single particle is w/N. 
Hence the area of a particle is oisvCw/NpY^"^ and the total area a^iV- 
(w/NpY^' or asvN^^\w/py^\ Hence the right-hand term of Eq (12-11) 
is simply multiplied by that is, 

This equation agrees closely with the integral solution of Wilhelm et al, 
which corrects for changes in initial volume of solution as dissolution 
continues. In general the equation fits most conditions, provided the 
number of particles and their shape-factors are determinable. 

Wilhelm et al found that their equation holds for crystals of rock salt 
ranging from 2 to 14 U. S.-mesh size. The average diameters calculated, 
determined from the weight of a known number of particles (assumed 
spheres) ranged from 1.0 to 7.7 mm. The constant K\ calculated by 
Eq (12-12), varied with particle-size according to the equation K' = 
0.37d°'^®, and also with changes in the amount of salt dissolved (ex- 
pressed by the function 6o = Wo/Ws), namelyiC' = O.570o"‘^*^’^. However, 
for a given set of particles is constant, although during dissolution the 
diameter of the particles decreases. Actually is proportional to both 
d and simultaneously and these counteract each other; that is: 

( 1 ^ 7 ) = / (^) = f ^approximately) 

We see therefore that since w varies as d\ the ratio d?/v) is invariant. 

We next consider some special cases of Eq (12-12). These cases were 
first treated by Hixson and Crowdl. 
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Case 1. For this case take the initial weight as that required for 
saturation, Wg = Wo. Hence, substituting in Eq (12-5) 

= K’Sw = irw/’ 

which upon integrating gives 

^ Eq (12-13) 

Case 2, Assume the amount dissolved is negligible so that the con- 
centration does not change. Using Eq (12-4) and putting (C, — C) = 
constant, make the rate of dissolution proportional to the surface, so that 

- ^ = K'’S = ZW/* 

and on integrating between limits and w 

K”at = Eq (12-14) 

The various equations given above have been tested and found satis- 
factory. 


CRYSTAL GROWTH AND GRANULATION 

Crystal Growth — In many lines of chemical research it is useful to 
be able to control the size of crystal. This is important not only from 
the standpoint of the ultimate product desired for some particular pur- 
pose, but also that crystallization equipment may be designed properly. 
Only the most elementary treatment has been given the general problem 
of calculating the ultimate size of crystals, when given the original size 
of the seeds and assuming, of course, that no new seed nuclei are formed. 
The problem itself is not mathematically difficult when all factors are 
known and can be evaluated. The difficulty lies in the fact that the vari- 
ables affecting crystal growth are many, and often beyond control. 
Each crystallization problem requires separate experimental study until 
all variables have been accounted for. Thereafter, given a size-distribu- 
tion of seed and assuming (other things being equal) that each crystal 
grows at the same rate, the size-distribution of the final product can be 
obtained. 

Solution of the problem for spherical growth of a single particle is 
simple. Let the rate of heat loss for a sphere be given by its steady-state 
conduction. If the diameter of the surface is 4 and that of the seed ii, 
and the temperatures T% and Ti, respectively, then 

dH = 

tta “ (ti 


Eq (12-15) 
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where C is the conductivity. This loss will crystallize a layer of the 
seed of thickness d{di). If the latent heat of fusion is denoted by 
the heat loss must be equal to aHjyi = oJlL^TdiH(di)t where a may be 
termed the “accommodation” coefficient and w the mass of the layer 
crystallized on the seed. Hence 


27rC 


Ti - T2 
d2 — di 


did^dt = ciHi-irdi^didi) 


from which the time required to lay down an amount (d^ — d^)/ 2 in 
the thickness may be determined. Thus 


t = 


2Cd2(T, 


(Ti-nJo 


di(d2 — d^d(di) 


t = 


2Cd2{Ti-T2)l 2 3 Jo 


Eq (12-16) 


The factor a is difficult to evaluate and depends upon a number of con- 
ditions. It may be considered the percentage of supersaturated liquid 
which crystallizes. Eq (12-16) must be considered approximate, in view 
of the assumptions made, but it should be useful in determining the time 
required to crystallize a product of required size from a known size- 
distribution. 

Since every crystal grows at the same rate, the increase in diameter of 
every seed at the end of a given time will be the same. Thus, if this 
increase is known for a single seed, it is the same for all other seeds 
and we can predict the size-distribution of the product, provided, of 
course, that the size-distribution of the seeds is known. 

Of some interest is the expression derived by Montillon and Badger 
(1927) who studied the growth of large crystals of Glauber's and Epsom 
salts under carefully controlled conditions. Their quantitative results 
were expressed by the following empirical equation 


Lw 

AS 


lO^a-exp (bt) 


Eq (12-17) 


where Aw and A5 are, respectively, the increase in weight and surface 
of the crystals which develop per unit-time, t the time expressed in 
minutes, and a and b are constants. The constant b appears to be the 
same for both salts used, but a is definitely a function of temperature. 
When w is the increased weight expressed in g per hr and 5 the increased 
surface in sq cm per hr, b has a value of 17.8; a varies with the kind of 
salt and with temperature, having values ranging from 12.57 at 27.1 deg 
C to 16.26 at 30,9 deg C in the case of Glauber's salts, and from 18.52 
at 29.25 deg C to 22.13 at 31.6 deg C in the case of Epsom salts. While 
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Eq (12-17) is admittedly empirical, it serves to indicate the relationship 
of the factors involved. 

Granulation — Grantalation is that property of certain substances 
which, due to cohesive forces, surface tension, etc., acting between the 
particles, causes the material to form itself into grains of various sizes. 
Granulation is an important property often desired in some products, 
particularly fertilizers and certain foods. The property of granulation 
differs from what is ordinarily attributed to the word. In its industrial 
usage it signifies the cohesive character of small grains to combine into 
larger ones. The factors affecting granulation vary widely, depending 
on the material under treatment. In general, granulation is a function 
of moisture content, temperature, and frequently the ratio of various 
components. These same factors not only affect the kind of granula- 
tion, but also its strength and size-distribution. 

In the specific instance of fertilizer mixtures, Hardesty and Ross 
(1938) indicated the importance of initial fineness of the material to be 
granulated. Thus, in the case of a fertilizer mixture containing 26 
percent of material coarser than 20-mesh and 53 percent coarser than 
40-mesh, the highest proportion of 5/20-mesh granules was obtained 
with an initial moisture content of only 5 percent. The proportion of 
granules larger than 5-mesh increased as the moisture was increased, 
and conversely a decrease in moisture below this percentage increased 
the proportion of granules smaller than 30-mesh. When this same mix- 
ture was ground so as to pass a 40-mesh screen, a water content of at 
least 9 percent was required for satisfactory granulation. 

Considering a rotary drum (which is generally used to granulate ma- 
terial), the following forces are involved: When sufficient moisture is 
present the particles of a mixture increase in size as the rolling process 
continues. This is effected by two or more particles combining to form 
a particle of larger size. The process continues until the cohesive 
forces are offset by friction and crushing which take place and tend to 
reduce the size of the granules. 

Hardesty and Ross made careful studies of the pressure to which fer- 
tilizer granules could be subjected without degradation. They de- 
scribed a simple device for determining the force necessary to crush 
individual particles consisting of a rack and pinion similar to that tsed 
in adjusting the elevation of a microscope. Below the rack, and resting 
on a sensitive scale or balance, is a small anvil. The p^tide is placed 
on a container in the anvil directly below the rack, the latter being turned 
down so as to rest on the partide. The pinion is turned until the par- 
tide breaks, at which time the maximum deflection of the scale pointer is 
observed. In this t3fpe of experiment it is important that the partides 
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be of the same shape and size so that significant comparisons may be 
made with respect to moisture, temperature, and other variables. 

OXIDATION PHENOMENA 

Oxidation of Coal Particles — It is important in combustion engi- 
neering to have available data on the oxidation of coal particles. The 
relationships between oxidation-rate and temperature and particle-size 
here described, while specifically limited to carbonaceous materials, 
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FiGtjRE 69. Low-tempbrature-oxidaiion Test of 
Anthracite Coal 48/100-mesii, Temperature 300 
DEG C. 


have general applications to other substances. When coal particles 
are heated a certain amount of oxygen is consumed. The amount of 
oxygen thus used is a function of partide-surface and temperature. 
In many respects the action taking place is similar to the problem of 
dissolution discussed earlier. However, a predse treatment of the 
problem is impossible for a number of reasons, but especially because 
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the condition of the particle-surface is altered chemically, and usually in- 
creases. The general effect of passing air through a packing of heated 
carbon particles is illustrated in Figure 69, The data shown in the figure 
are from the investigations of Scott and Jones (1941) on the oxidation of 
anthracite coal. The oxidation products are plotted cumulatively while 



Figure 70. Initial Oxidation Rates of 
Anthracite Coal. 

the curves of coal weight and oxygen in the effluent air indicate condi* 
tions existing at the times indicated. Curves similar to those shown in 
Figure 69 were obtained by Scott and Jones for different temperatures 
and sizes of materials. From these ctuves were determined the initial 
oxidation rates for a given weight of material; in turn these data were 
plotted against mean particle-diameter. The results are shown in 
Figure 70. These are descriptive of critical conditions only. Similar 
results might be obtained for rates at any subsequent time or oxygen de- 
mandi The data presented in Figure 70 indicate the following kind of 
relationship between the variables 
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20 = ad^^fiT) 

where 2o is the initial oxidation rate, d the diameter of coal particles, 
T the temperature, and a and b are constants. In the range of particle- 
diameters and temperatures studied (excluding the 150 deg C curve) 
the data of Figure 70 are represented to a fair degree of accuracy by the 
expression 

20 == 1.2 X lO-S-r^d-^s Eq (12-18) 

In this equation 2o is the initial oxidation rate in cu cm of oxygen con- 
sumed (N.T.P.) per 100 g of dry anthracite coal at 20.93 percent oxygen, 
T the temperature in deg C, and d the diameter of the particles in mm. 
Eq (12-18) is empirical. If the oxidation were precisely proportional to 
the surface, the exponent of d would be —1. It is interesting to note 
the importance of temperature. Small variations in temperature will 
produce large changes in the value of 2o. Scott and Jones stressed the 
importance of constant temperature during tests. 

Combustion Rate of Carbon — Eq (12-18) can hardly be expected to 
hold at ignition temperatures. Indeed it is doubtful whether it will hold 
at temperatures much above 400 deg C even in the case of anthracite 
coal. Above this point the carbon ignites and a completely new set of 
conditions pertains to the problem. Studies on the combustion rate of 
carbon particles have been studied in considerable detail by several in- 
vestigators. The general method used was described by Parker and 
Hottel (f936). The device used consists of a furnace in which is sus- 
pended a cylindrical rod of carbon 2.5 cm in diameter with a hemispheri- 
cal end. The rod is mounted on a porcelain tube and suspended from 
one arm of a balance so that the hemispherical end is downward in the 
furnace. In this way loss of weight is easily determined. The surface 
of the specimen is also capable of measurement. Known volumes of air 
heated to the required temperatures are then made to flow past the car- 
bon, and by means of a small quartz sampling-tube (which can be ad- 
justed at any distance from the specimen) samples are withdrawn for 
analysis. In this way samples of air may be analyzed for the amount 
of carbon dioxide and oxygen present at any distance from the heated 
partide-surface. 

A general equation giving the specific combustion rate was developed 
by Tu el al (1934), and by Parker and Hottd. The former presented an 
excellent discussion of the general problem as well as a review of avail- 
able literatiure. The equation for specific combustion rate may be writ- 
ten as follows: 

P 

SB TDJq (\ 2 i 19^ 

diffusional resistance + chemical resistance ^ ^ 
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where K is the specific reaction or combustion rate expressed in units of 
weight per sec X area, and Pox is the partial pressure of oxygen in the 
ambient air stream, usually expressed in atmospheres. For a small 
sphere of carbon in still air, the diffusional resistance is given by the 
equation 

105 ^ 

diffusional resistance (still air) = 7 = Eq (12-20) 

l.OQVr 

where d is the diameter of the particle in cm, and T the absolute tem- 
perature (deg K) of the carbon. The diffusional resistance is expressed 
in (sec X sq cm per g) X atm. If the sphere is in an ambient air 
stream or is in motion relative j:o the surrounding gas, the term d in 
Eq(12-20)must be corrected, since the resistance to diffusion is reduced — 
that is, the value of d in the equation must be replaced by l/((l/d) + 
(1/25)), where 5 is the thickness of the film. 

The complete general equation for diffusional resistance obtained by 
Tu et al is 

diffusional resistance = 10® j 

Eq (12-21) 

where v is the velocity of the air stream or particle, and po the density of 
the gas. 

The chemical resistance of carbon was found by the investigators 
mentioned to be represented by the equation 

chemical resistance == 1.05 X 10“^Vr-exp (44,000/Pr) Eq (12-22) 

where JB is a gas constant in this equation expressed as cc X atm per 
deg C. For combustion in air, B = 82.07 cc atm per deg C. Note 
that the chemical resistance is independent of particle-diameter. At 
high temperatures the chemical resistance becomes extremely small and 
may be neglected. Thus, for still air at very high temperatures 

K = 1.09 X 10-^ PoxVf/d Eq (12-23) 

the units of K being g per (sec X sq cm). It must be remembered that 
the chemical resistance is not constant, but varies with different kinds 
of carbons. Hence the constant must be evaluated for each combustible 
material. Diffusional resistance, on the other hand, should be relatively 
independent of the nature of the carbon. The constants used in the 
above equations apply to * ‘brush*' carbon. 

The time required for burning a carbon particle may be calculated by 
means of Eq (12-23). The rate of combustion of a sphere of density p 
is its rate of change of volume times its density, and this must be equal 
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to the siirface of the partide multiplied hy the specific combustion rate K 

1.09 X 10-» X Td^ PoWffd 

2 at 


Integrating from an initial diameter do at time 0 to diameter d at time t 

Kdo* - d®) = 2.18 X 10-»P„fVr/p 
p W - d") X 10® 

4:MP„VT 


t = 


Eq (12-24) 


or under normal conditions of combustion with an infinite supply of airi 
Pox = 0.2, so that 


t = 


l-lp(do® - d») 

VT 


X 10« 


Eq (12-25) 


If the supply of air is not infinite, but limited, say, to 1 -f e (€ = frac- 
tional excess air) times that theoretically necessary for combustion, 
Parker and Hottel obtain 


7.3 X 10*p(d,» - d»)(l + e) ri 1 e*/’ - €*/» + 1 , 

^3 ^ tan-i + l)] Eq (12-26) 


PUST EXPLOSIONS 

Fine partides of various substances when suspended in air behave like 
mixtures of inflammable gas and air, that is, under certain conditions 
they are explosive. And just as in the case of gas-air mixtures, two con- 
ditions are necessary to cause an explosion, namdy the proper concentra- 
tion of partides and heat of suffident intensily to ignite the mixtture. 
Following ignition, there is a propagation due to the ignition of partides 
in the immediate vicinity and this will continue throughout the region 
where the concentration of partides is within the explosive range. 
Naturally, the rate of propagation is d^endent on the concentration, 
and on the amoimt of surface exposed — in other words, partide-size. 
But in the case of dust, the manner in which the dust is ignited and cer- 
tain other specific characteristics also must be considered. 

Dusts vary in their inflammability, dependiug chiefly on chemical 
composition, concentration, and size. While tests to determine in- 
flammability of different substances are rdativdy easy, few data are 
available giving all the conditions under which a particular dust will ig- 
nite. The inflammability of dusts is more difficult to rationalize thati 
mixtures of gases. 
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Effect of Particle-Size — Given a known weight of dust dispersed in a 
special apparatus and ignited in a fixed manner, the dust will generate 
pressure on explosion. Similar weights of the same dust will generate 
different pressures if there is any difference in particle-size distribution; 
also similar weights of different substances will generate different pres- 
sures. The pressure developed is termed “relative inflammability." 



Figure 7 1 . Relative Inflammability of Three 
Kinds of Agricultural Dusts, According to 
Particlb-Sizb. 


The relative inflammability of a few common explosive dusts, according 
to particle-size, is shown in Figure 71. These data are from studies by 
Price and Brown (1922) and show the decrease in rdative inflammability 
with increasing particle-size. It is necessary to point out that the 
samples tested are not clean-cut size-distributions. They include un- 
known fractions of particles less than stated size, so that relationships to 
surface cannot be determined. However they are indicative of the ef- 
fect of increasing size on relative infl amm ability. 

Wheeler (1936) uses a different method of determining inflammability. 
Having determined whether a given dust is explosive, he next proceeds 
to add known percentages of inert dust such as fuller^s earth (200 
I,M.M.-mesh) until the dust is no longer explosive. This critical point 
is called the “index of inflammability.” If the amount of fuller's earth 
used is denoted by / (in percent), the index of inflammability I may be 
written 

100 

100 -/ 


I 


Eq (12-27) 
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Thus, an index of inflammability of 1.00 is a safe dust in any circum- 
stance; the higher the value of J, the more dangerous the dust. 

Since the fineness of a given dust has an important bearing upon its 
inflammability, Wheeler arbitrarily defined a measure of surface by use 
of a ratio he called the “fineness-factor.” This factor is merely a ratio 
between the opening of a 200 1.M.M.-mesh sieve and the mean diameter 
of the particle as determined by the average of two successive sieve- 
sizes. The fineness-factor for a set of I.M.M. sieves is given in Table 48. 
The fineness-factor for material passing a 200-mesh sieve is taken as 
2.000. The procedure in using the jfineness-factor is as follows: Given 
a percentage sieve-size distribution, each value is multiplied by the 
corresponding fineness-factor given in Table 48 and divided by 100. 


Table 48 — ^Fineness-Factors for Various I . M.M -Series Sieves 


Mesh 

(1) 

Width of mesh 
(in) 

(2) 

Mean diameter successive 
meshes (in.) 

(3) 

Fineness-factor 
0.00375 -i- (3) 

3 

0.1667 



5 

0.1000 

0.1333 

0.028 

8 

0.0625 

0.0813 

0.046 

20 

0.0250 

0.0438 

0.086 

50 

0.0100 

0.0175 

0.214 

100 

0.0050 

0.0075 

0.50 

200 

0.0025 

0.00375 

1.00 

>200 

.... 


2.00 


The fineness-factor for the total analysis is the sum of the individual 
fineness-factors of the component size-fractions. The example given in 
Table 49 shows the method of determining the factor. 

Wheeler found that when the index of inflammability was plotted 
against the fineness-factor (for a given dust) a straight line was obtained. 

Ejfect of Concentration — As in the case of gas mixtures, there are 
lower and upper limits of dust inflammability. There is also a con- 
centration at which the relative inflammability is a maximum, as well as 
an optimum concentration for the propagation of an explosion. With 
regard to the latter, little information is available. Data pertaining 
to the lower limits of inflammability of a number of dusts are given in 
Table 50. It must be realized that fixed limits cannot always be stated 
since moisture content, percentage of volatile matter, and other variables 
affect the inflammability of a dust. The optimum amount would, of 
course, be that which is just enough to utilize all the oxygen in a given 
volume. 
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Pressure and Velocity of Flame Propagation — Dusts, in general, do 
not develop pressures as high as those obtained with inflammable mix- 
tures of gases. Nor does the flame propagate with the same speed. 
Price and Brown state that on large-scale tests with coal dusts, pressures 
as high as 270 lb per sq in. have been obtained. They cite some French 
tests in which it was estimated that pressures exceeding 500 lb per sq in. 
were produced. Pressures of 300 to 400 lb per sq in. are considered 
reasonable. These pressures do not apply for all dusts, although some 
dusts composed of sugar or starch may exceed these pressures. 


Table 49 — Determination of Fineness-Factor for a Sample of Inflammable 

Coal Dust 


Sieve-size 

(I.M.M.) 

(1) 

Amount 

(percent) 

(2) 

Sieve fineness- 
factor 
(Table 48) 

(3) 

Fineness-factor 
components 
(2) X (3) - 5 - 100 

3/5 

8 

0.028 

0.002 

6/8 

17 

0.046 

0.008 

8/20 

13 

0.086 

0.011 

20/50 

10 

0.214 

0.021 

50/100 

4 

0.500 

0.020 

100/200 

10 

1.000 

0.10 

>200 


2.000 

0.76 


100 


0,92 ~ Fineness-factor 


of sample 


Table 50 — ^Lower Limits of Inflammability of Certain Dusts 


Dust 

Concentration 

(mg/liter) 

Authority 

Pittsburgh coal 

32-80 

Rice and Greenwald (1931) 

Aluminum 

40-50 

Mason and Taylor (1937) 

Magnesium 

>40 

Brown (1941) 

Zinc 

100 

Edwards and Leinbach (1935) 


The velocities of propagation also depend upon the character of the 
dust. As a rule, these velocities are less than 2000 ft per sec. Rice, 
Greenwald, and Howarth (1932), while testing rock barriers in an ex- 
perimental coal mine, showed that velocity of flame propagation was 
generally less than 1000 ft per sec, and that for the particular experiments 
made the explosion-wave pressures did not exceed 30 lb per sq in. and 
were generally less than 20 lb per sq in. 
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Problems 

1. Quartz particles (p = 2.65) are immersed in a solution of acid at 37 deg C. 
If B — 8.3 X 10^ ergs per gram-molecule, M = 96, and <r — 10® dynes per cm, plot 
the change of St/S„ with particle-size in the expression 

^ A ^ 

M So."" pd 

2. An amount of uniformly sized rock salt (3500 g) is added to 9.8 liters of water 
After 1 min 15 sec the solution is analyzed and found to contain 200 g of salt per liter 
If the saturation concentration is 350 g per liter at 15 deg C, and there are 4100 
particles per 100 g of salt (p = 2.17), calculate the diffusion rate constant in Eq 
(12-12) expressed as g dissolved per min X sq cm X g per cu cm. Assume a shape- 
factor 6.1. 

3. A naphthalene ball having an area of approximately 5 sq cm is placed in 95 
percent alcohol. The weight of the ball is 3.88 g and the alcohol 59 g. The following 
results were obtained: 


Time 

(mtn) 

0 

10 

30 

50 

70 

100 


Weight of ball 
(g) 

3.88 

3.60 

3.15 

2.77 

2.46 

2.01 


Calculate values of the constant iST' in Eq (12-13). Take the shape-factor of the par- 
ticle as 6.1. 

4. Calculate the time required for a crystal of ice (hail) to increase from a diam- 
eter of 1 cm to a diameter of 2 cm, due to a change of temperature of 20 deg C. Take 
the latent heat as 80 cal per g and C the conductivity of ice as 0.0044 cal per cm per 
sec. Use an accommodation coefficient of 12. 

5. Calculate the initial oxidation rate of 1000 lb anthracite coal at 20.93 percent 
oxygen, the average diameter of the particles being 0.2 cm and the temperature of 
the surrounding air 350 deg C. 

6. Calculate the time required to bum 40 percent of the mass of a sphere of pure 
carbon at 1500 deg C, if the initial diameter of the sphere is 1 in. (Assume density 
of carbon to be 2,3.) 
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FLOW OF FLUIDS THROUGH 
PACKINGS 


T he laws governing flow of fluids through packings have many im- 
portant applications. The operation of water and chemical filters, 
absorbing towers, heat exchangers, and other industrial equipment de- 
pends upon a knowledge of the factors affecting flow. A great deal of 
work has been done on this subject and as a result much has been learned 
regarding the characteristics of packings. In fact, a better description 
of the over-all characteristics of a packing are derivable from its hydro- 
dynamic behavior than from any other physical factor. While ample 
data have been obtained which are applicable to all kinds of conditions, 
the basic formulas pertaining to the flow of fluids through packings still 
remain empirical. No completely satisfactory theory of this subject 
exists at the present time. 

DIFFUSION THROUGH PACKINGS 

Buckingham (1904) showed that when two or more gases diffuse 
through a packing the diffusion constant is a function of the porosity of 
the packing. The diffusion constant was defined as the number of cc of 
each of two gases which in 1 sec would pass in opposite directions through 
1 sq cm of cross section of a packing 1 cm thick, if the partial pressure of 
one gas were 1 mm Hg greater on one side than on the other, and if the 
partial pressure of the second gas on the other side were the same 
amount greater than on the first .side, the total pressure being the same 
on both sides. Buckingham's experiments concerned several soils with 
varying degrees of porosity. 

The following example given by Buckingham illustrates how the 
diffusion constant is determined for CO 2 and air. Streams of carbon 
dioxide and air are made to pass a layer of soil from opposite sides, the 
pressures being the same. Suppose the packing used is 100 sq cm in area 
and 5 cm thick and that 0.057 cu cm of CO 2 passes through to the air 
side while 0.083 cu cm of air passes through to the CO 2 side, the concen- 
tration of each gas differing by 10 percent on the two sides of the packing. 
The average flow is (0.057 + 0.083)/2 or 0.070 cu cm per sec. The mean 
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flow per sq cm per sec is 0.070/100 = 0.0007, and since the difference of 
partial pressure is 10 percent of 760 mm Hg, or 76 mm Hg, the gradient 
is therefore 76/5 or 15.2 mm Hg per cm. For a packing 1 cm in thick- 
ness and a partial pressure difference of 1 mm Hg, the flow is 0.0007/ 
15.2, or 4.61 X 10~® cu cm per cm per sec. Hence the diffusion con- 
stant is ^ = 4.61 X 10”^ 

Results on the speed of diffusion of air and carbon dioxide into each 
other through soils is approximately represented by the equation 

^ = 2 . 6^2 X 10-^ Eq (13-1) 

which means that the speed of diffusion S) through a packing is propor- 
tional to the square of the fractional free space in the packing Tex- 
ture, structure, and moisture-content of the soil appear to affect the 
degree of diffusion but slightly. The value of 3) if no packing were pres- 
ent, say 3)o, is approximately 2.20 X 10 For comparative purposes 
these constants are reduced to normal temperature and pressure by 
proper correction factors. 

In general, the value of SDo is derivable from Stefan's law which states 
that 

T2 1 

3Do a “p • 77= 

^ V P1P2 

where T is the absolute temperature, P the total pressure, and pi, p 2 the 
densities of the two gases diffusing into each other. This equation is 
convenient for determining the diffusion constant for any set of condi- 
tions, provided it has been established for a given temperature and pres- 
sure. 

An important special case of diffusion is that of two gases diffusing 
through a third gas saturating a packing. In this case, the saturating 
gas will always move toward the region occupied by the lighter gas. 
The general theory involved is beyond the scope of this text, and the 
reader is referred to advanced treatises on the kinetic theory of gases. 


FLOW THROUGH PACKINGS 


We present below an equation giving the flow of gas at low pressures 
through an orifice. If the orifice is of length L and diameter JD (in cm) 
through which a gas is flowing, the number of molecules n passing in one 
sec due to a pressure difference across Loi P 2 — Pi measured in bars (1 
mm Hg = 1325 bars, one bar being the force of one dyne over one sq 
cm) is 


^ == 2.8 X lO^o 


Vmt 




FLOW OF FLUIDS THROUGH PACKINGS 


263 


where M is the molecular weight of the gas passing the tube and 
T its absolute temperature in deg C. To obtain the flow in cu cm we 
merely divide this equation by Avogadro’s number, iV.i = 0.06 X 10-®, 
so that 


g = 4.6 X 10-" 


Vmt 


P% - Pi 


L 


Darcy’s Law 


Early investigations of the laws governing flow of fluids through 
packings at low pressure indicate that the rate of flow is very nearly pro- 
portional to the pressure-drop per xmit-length of packing. 

g=^=(PoA^ Eq(13-2) 

where g is the rate of flow through sectional area -4, AP the pressure-drop 
through the packing of depth L, and (Pq a constant depending on the 
fluid, temperature, and packing characteristics. For a given packing, 
and using air as the fluid, (Po is inversely proportional to the 0.7 power of 
the absolute temperature. 

(Poccr-^-7 

where T is the absolute temperature. Hence, if (Pq is known for one set 
of conditions, it is determinable for any other set of conditions. 

Buckingham has shown that the constant (9q is also a fimction of the 
porosity or fractional free space of the packing. If the particles are not 
wetted, 

(Po oc (approximately) 

Hence the complete expression where d' is the porosity may be written 

AP 

g = (Po^7_ Eq(13-3) 

Th^ interrelationships of the factors entering into the constant form the 
subject matter of the paragraphs which follow. 

Eq (13-2) is known as Darcy's law (1856). The equation is usually 
written 


IX dx 


Eq (13-4) 


where v is the velocity of the fluid along the jc-axis and ix its viscosity. 
The constant (? is termed the permeability. It is the volume of a fluid 
of unit-viscosity passing through a tmit cross-sectioii of a paddng under 
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a unit-pressure gradient in unit- time. The unit of permeability in cgs 
units has been termed the darcy by Fancher, Lewis, and Barnes (1933). 
According to their definition, a given packing has a permeability of 1 darcy 
if, in a section 1 sq cm in area perpendicular to the flow, 1 cc fluid possess- 
ing unit viscosity travels 1 cm per sec through the packing under a pres- 
sure-drop of 1 atm. The following order of magnitudes has been sug- 
gested: 1 darcy = lOdecidarcys — 100 centidarcys = 1000 millidarcys = 
1,000,000 microdarcys. Eq (13-4) forms the foundation for the subject of 
flow of fluids through porous media. The dynamic quantities v and P 
must be regarded as statistical averages — applying to the body of the 
packing as a whole rather than to its smallest elements. The velocity v 
is in fact not a velocity in the sense commonly used, but rather a quan- 
tity of flow per unit of area of the medium. If g is the volume of fluid 
flowing per unit-time through the cross-sectional area .4 of a packing L 
units in length, the permeability as defined by Eq (13-4) becomes 


where (Pi — P 2 ) is the pressure difference between the extremes of the 
section L. This equation assumes constancy of the term dP/ dx through- 
out the length of the packed column. 

Darcy^s law holds for all fluids, but certain adjustments must be made 
for gases. The velocity v is not constant, but increases toward the out- 
let end (at point of lowest pressure) due to expansion. Likewise the 
term dPJdx changes in such a way that its ratio to the velocity is con- 
stant. On the other hand, the mass velocity (z/po) and the gradient in 
squares of the pressure remain constant at every point along the length 
of the packing. This means 



where P is the mean pressure (Pi -f- P2)/2. If now the velocity v is 
chosen as referring to the mean pressure P, and if q denotes the total 
fluid flowing through the packing reduced to P, from Eq (13-4) we have 


^ P(P, - P,) ~ ^(Pi^- Pa) ^ 

(P = P) 

Hence (P may be calculated from gas-flow experiments except that the 
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volume rate of outflow must be reduced to the mean pressure across the 
packing. 

Units of Permeability— Fermeahmty as defined by Darcy’s law 
(Eq 13-4) has the units [3*] = [L^] , Expressed in terms of the definition 
given above, using cgs units 

(P = poises X cm^ X cm _ poises X cm^ 
sec X cm* X atms sec X dynes “ i 

As an example of the calculations involved in computing permeability, 
let us assume that a volume of 750 cc of air is moved through a packing 
10 sq cm in area and 30 cm long in 50 sec, and that the pressure at 
entrance is 5 cm H 2 O. The outlet pressure is taken as zero, the air tem- 
perature 0 deg C, and the barometric presstire 755 mm Hg. We then 
have 

750 

1. Volume per unit-area per unit-time = - = 1.5 cc per sq cm 

per sec ^ oO 

2. Total inflow pressure = 755 mm Hg -f 5 cm H 2 O = 75.5 X 13.6 -f 

5 = 1030 cm HaO 

3. Outflow pressure = 1025 cm H 2 O 

4. One atmosphere of pressure = 760 X 13.6 = 1033 cm H 2 O 

5. Pi = (2) ^ (4) = 1030 1033 = 0.9971 atm 

6. P 2 = (3) -f- (4) = 1025 - 5 - 1033 = 0.9922 atm 

7. (Pi + Pi)/2 = 0.9947 

8. Corrected volume = q/A = (1) (7) = 1.5 0.9947 = 1.51 cc 

per sq cm per sec 

9. Pi - Ps/L = 0.0049 30 = 0.000163 atm per cm 

10. From Eq (13-6) (m = 178 X lO"® poises at 20 deg C) 


178 X 10-« X 1.51 
1.63 X 10“* 


1.64 darcys* 


The permeability calculated from Darcy’s law applies to a uniform 
packing. However, the law may be extended to packings composed of 
layers having different permeabilities. We shall indicate how the 
permeability of such packings is calculated when the flow is perpendicu- 
lar to the layers, and when parallel to them. 

Case 1 . Flow perpendicular to layers — Let us write Darcy’s law (/x = 
1) as g = (P.4 (Pi — Pn)/L, where A is the cross-sectional area of the 

packing composed of n layers, having permeabilities (Pi, (P 2 , (Ps (P„. 

As written, the equation expresses the permeability (P across n layers of 

thicknesses Li, 1^, Li, — L„, so that L = Li -f I /2 + L 3 + + 

If the cross-sectional area is constant, g is also a constant 

* la the petroleum industry it is usual to define the permeability in darcys for a 
fiuid of 1 centipbise viscosity. . In this case the result is 164 darcys. 
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(PiA-iPi — -Pa) (PjA jP a -Pa) 

Li L% 


< 9 nA{Pn-l-Pn) 

L. 


Since 


Pi - P„ = (Pi - Ps) + (P2 - P3) + .... + (P„-i - P„) 


glLl ■ § 2 X 2 ■ I gn.^a _ 


ns»n 



n,==l 


Eq (13-7) 


Ca^e 2. Flow parallel to layers — For this case, since the thickness of 
the layers is different, we cannot assume the areas to be constant. How- 
ever, the thickness of each layer may be taken as constant, L = ii = 

L 2 = is = = in. Let the total area through which the flow takes 

place be defined as 4 + ^42 + ^3 + — + An; the total flow is 

^ + ^2 + 23 + + 2n> where the g's are the volumes flowing 

through each layer, and since the pressure-drop across each layer must 
also be constant, 

(Px - P2) (Pi - P2) ^ _ (Pi-P 2 ) 

ix Ln 


Solving for q 

(?'A = (PiAi -f- <p2i42 4* — 4“ (PnAn 

CP' = ^1-^1 4 (PjA^ + 4 (S^nAn 

Ai 4 ” A 2 4 ” — 4 An 


Eq (13-8) 


If in Eqs (13-7) and (13-8) we put ix = L 2 = = and -4i = ^.2 = 

= .4n, it may be shown that 


n®»n 



Eq (13-9) 


Applications of Darcy's Law — ^It is clear that the permeability con- 
stant is a function of many variables, of which particle-size and porosity 
are obviously the most important. Darcy's law, however, has important 
applications to ground-water hydrology where methods of classical 
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hydrodynatnics thus far have been in vain, to problems of irrigation and 
water filtration, and especially to the production of gas and oil from 
underground reservoirs. It is the basic formula of fluid flow tlirough 
porous media. This chapter deals with the most elementary uses of 
Darcy’s formula. For more complete information the reader is referred 
to Muskat’s (1937a) important contributions in the field of fluid flow 
through porous media. The general equations here developed show the 
relationships of the variables involved. As might be expected, certain 
general assumptions must be made. Well pressures can be measured 
and also the depth of the water- or oil-bearing stratum; but the extent 
of the stratum or its permeability (whichever is to be determined) de- 
pends upon the accuracy with which either is estimated. Let us con- 
sider first the problem of radial flow. Assume a well just penetrates a 
water-bearing stratum of thickness 5; then if the stratum is everywhere 
homogeneous, the permeability is given by the equation 


In {R 1 /R 2 ) 

2x3(Pi - P 2 ) 


Eq (13-10) 


where /x is the viscosity, q the rate of flow, Pi the radius of the reservoir, 
P 2 the radius of the well, Pi the reservoir pressure at Pi, and P 2 the bot- 
tom-hole pressure. When the units are as previously discussed, the 
permeability is expressed in darcys. Eq (13-10) applies when the fluid 
is a liquid; for gases, q (the rate of flow reduced to mean pressure 
(Pi 4" P2)/2) is substituted for g. To determine permeability, the 
measurements which must be taken are the closed-in bottom-hole pres- 
sure, which is essentially the effective reservoir pressure for the well, 
and the bottom-hole pressure for a measured rate of flow. The value of 
Pi can only be estimated, but it is to be noted that In (P 1 /P 2 ) changes 
very slowly. 

The following problem is of special interest. Assume a water-bearing 
stratum on an impermeable base with the well penetrating into it. 
When water is pumped, its normal level is reduced. If the pump is 
stopped for a suiBScient length of time, the water level will return to its 
normal level. Let the height of the normal water level from the im- 
pervious layer be h, and h the level after pumping a volume gjf, where q 
is the voliune of flow per unit-time, and t the time of pumping. Then 


iiq la (Ri/Rt) 


Eq (13-11) 


If CP is to be expressed in darcys, ii is the viscosity in poises, q the volume 
of water in cc per sec, Pi and P 2 respectively the radii of reservoir and 
well (any units), po the density of the fluid, g the acceleration of gravity 
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(0.00097 atm for unit-density), Jii the normal water level in cm, and J 12 
the reduced water level, also in cm. This equation can only apply when 
hi S the thickness of the strattun 5, If an artesian drive exists so that 
hi > 5 , 


7Mg In (R 1 /R 2 ) 
^Pog{ 26 hi - 52 


Eq (13-12) 


When the well does not completely penetrate the stratum to the im- 
permeable bed, the permeability must be multiplied by a correction 
factor, 7. Values of this correction factor computed by Wyckoff et al 
(1934) are presented in Table 51. 


Table 51 — Cokrection-Factor 7 for Wells Partially Penetrating a Pervious 

Stratum 


Depth of 
stratum 




Per cent penetration 




5 

10 

15 

20 

30 

60 

70 

100 ' 

50 

0.35 

0.45 

0,51 

0.57 

0.64 

0.75 


1.0 

75 

0.40 

0.60 

0.56 

0.61 



0.85 

1.0 

125 

0.45 

0.56 

0.62 

0.67 

0.72 

0.81 

0.89 

1.0 

200 

0.51 

0.61 

0.68 

0.71 


0.83 


1.0 


Poiseuille’s Law 


Poiseuille's equation is in some respects closely analogous to Darcy’s. 


ttD/P eA P 
2 ~ ]28jitL~ n ' L 


Eq (13-13) 


where the terms are as previously defined. This equation is derivable 
from classical hydrodynamics and gives the flow in terms of tube di- 
ameter and other constants. If now the diameter Dc can be considered 
as that of an average pore through the packing (see Chapter 6), then 
theoretically we should obtain results comparable to those given by 
Darcy’s law. As a matter of historical interest, Poiseuille announced 
his results several years prior to Darcy, and it may seem as though the 
latter could have been anticipated on the basis of his law. However, 
each was developed for entirely different conditions and there is no 
reason to presume 'that they are alike. In fact, such an idea of their 
identicalness, in so far as packings are concerned, is purely intuitive and 
no rigorous proof can be given. 

Slichter^s Equation — In Chapter 6 we have given a rather extensive 
account of Slichter’s (1899) analysis of the packing of spheres, and we 
discussed the average pore-area in a unit-cell and the mean length of 
path. The former was expressed in terms of the diameter of the spheres, 
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assumed to be uniform throughout the packing. After making certain 
corrections and adjustments to suit all conditions, Slichter derived the 
modified Poiseuille relationship 


_ 10.2Ad% 


Eq (13-14) 


where q is expressed in cc H 2 O per sec, A the cross-sectional area of the 
packing in sq cm, h the driving pressure in cm H 2 O, d the diameter of the 
spheres in cm, Kg a packing constant depending upon porosity, ix the 
viscosity in poises, and L the thickness along the direction of flow in cm. 
Thus we see that for Darcy’s permeability (P Slichter substituted 

(P = Eq (13-15) 


A few words should be said about modification of the Slichter equation 
when applied to irregular particles. In this case, the diameter d is 
replaced by a diameter dg which may be defined as a diameter of the 
particles such that if all of them were of this diameter the packing would 
have the same permeability as it actually has at a given temperature 
and porosity. This diameter has resulted in much confusion and mis- 
understanding. For closest packing Kg = 84.4 (porosity 26 percent), 
and for porosities of 30, 35, 40, and 45 percent, Kg has the values 52.5, 
31.6, 20.3, and 13.7, respectively. The importance of Slichter’s formula 
was recognized by King (1899), who applied it in calculating a particular 
average diameter of irregular particles. Mavis and Wilsey (1936) give 
the following equation for computing values of 

I- 0.05 (I)" Eq (13-16) 

where d- is the porosity (in percent). While Slichter’s formula fails in 
many respects (for reasons that will soon be apparent), his analysis of 
packing behavior is not only the first of its kind, but the clearest and 
most scholarly presentation of the subject yet written. Professor King’s 
companion article also must be highly regarded and deserves serious 
attention, not only for the vast amount of valuable information it con- 
tains but also because his monograph touches upon the experimental 
aspects of studies in porous media that have been duplicated unwittingly 
by scores of workers during recent years. 

A comprehensive formula based upon an analysis similar to Slichter’s 
is that of W. 0, Smith (1932), whose analysis is as follows: The value 
for the mean velocity through a triangular capillary (see Chapter 6) 
formed by a rhombohedral packing is (Slichter, 1899) 

Vav - 0.0289AAP/;J: 


Eq (13-17) 



270 


MICROMERITICS 


where is the mean velocity, the mean area of the triangular pore, 
and AP the pressure-drop across a length of packing. Now A^v has 
been shown to be 

Aa. = - l] Eq (13-18) 


by Eq (6-5) where d is some average diameter of the particles, and d- the 
voids. Thus, from Eqs (13-17) and (13-18) we obtain 

= 0.008 - l] Eq (13-19) 

The quantity of fluid moved per second through each capillary is v^yAav 
and the number of capillaries per unit-area is 1/A', where A' has been 
taken by Smith to be the area of the triangle through the centers of the 
pores. The amount of fluid moved through a section of packed column 
of area ^ " in a unit-time is therefore 

g = VavAattA^/A' 


Using the procedure given in Chapter 6, we have 

A' — (d 4 - 5^2 
^ 4 + 5) (1 - t^)V» 


Hence, from Eqs (13-18) to (13-20) we obtain 

2 - 0.008(1 


d^^PA'' 

fiL 


Eq (13-20) 


Eq (13-21) 


giving the quantity of flow per sec through a packed column L and section 
A". 

We shall now introduce the permeability (P, 

(P = qLii/A^AP Eq (13-22) 

Since AP = ghia. the case of downward flow, and g = 980 cm per sec*, 
from Eqs (13-21) and (13-22) we obtain 

(P = 7.9(1 - «?)*/. Eq (13-23) 

Hence, the quantity (P/d* is a function of the voids only. 

Using data obtained by Green and Ampt (1911, 1912), Eq (13-23) 
was tested by Smith who found he could accurately predict the value of CP 
and d’/d* for glass beads having diameters ranging from 0.09 to 0.025 cm, 
and voids from 0.36 to 0.40. Smith also obtained good agreement 
with sand packings (diameter of particles ranging from 0.08 to 0.019 cm, 
and voids between 0.34 and 0.40). He secured better agreement. 
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howevar, when instead of the average section he used the minimum 
pore section Ami„ (area of a triangular pore). 

= Vs (d + 8y/4 - Tdvs = 0.390 [(jTr^ "i] 

The flow through the packing, now assumed as taking place through the 
minimum areas of the pore sections, is thus 

s- 0 . 01 ( 1 Eq (13-25) 

and 

(P -9.5(1 

This equation gives better results for sand. It is to be noted that (P/d^ 
is dimensionless. Plots of CP/ versus show a straight-line relationship. 

Hazen's Equation — ^Anticipating Slichter by some seven years, 
Hazen (1892, 1893) proposed the following formula based on studies of 
sand filters 


g = Eq (13-26) 

where is Hazen's ''effective'’ diameter of sand particles having uni- 
formity coefficients of less than 5.0 (see Chapter 3), and h/L the pressure- 
drop through the filter per unit-depth. Hazen also supplied a tempera- 
ture correction-factor by which the right-hand term must be multiplied, 
but this may be neglected in view of the wide range of values assignable 
to Km- If 2 is expressed as cu ft of water per day per sq ft of filter area, 
in mm, h the loss of head in feet of water, and L in feet, then values of 
Kh range from 1300 for dirty sand to above 4000 for clean sands. The 
usual limits of Ks for ordinary sands lie between 2300 and 3300. 

The above equation applies to values of dM between 0.1 and 3 mm 
and contains no term for porosity. His formula has found wide accept- 
ance among sanitary engineers ever since its publication. It is of his- 
torical interest because it represents the first attempt to recognize the 
importance of particle-size and to give a reasonably satisfactory method 
for its representation. 

Mavis and Wilsey {loc cit) recently retested Hazen's formula, and on 
the basis of extensive experiments on Iowa River sands give the following 
equations 
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where T is the ten perature of the water in deg F, du the 34 percent size 
in mm, and other terms are the same as in the previous equation. Note 
that the porosity in the second equation enters as the sixth power, while 
in Eq (13-3) the flow is as the seventh power of the porosity. 

Kozeny's Eqiiatmi — ^The equations thus far presented show that 
the flow is proportional to the square of the particle-diameter and to some 
power of the porosity. The shape of the particles is also of some conse- 
quence, but this factor is contained in the proportionality constant. 
The most important of these variables is the porosity since, as we have 
shown, the flow may vary from the 3.3-power (Slichter) to the 7.0-power 
(Buckingham) of this factor. Next in importance is a concept of the 
size-distribution. We have shown in Chapter 6 that some relation 
exists between pore-space and particle-size; but obviously the methods 
used heretofore for expressing particle-size make small allowance for size- 
distribution and inadequately take cognizance of the shapes of the par- 
ticles themselves. The general problem of the relationship of these 
variables was first made empirically by Kriiger (1918-1920), but its 
exact mathematical formulation is due to Kozeny (1927). His equation 
may be stated as follows: 


AP 

® ' L 


Eq (13-28) 


where is the specific surface of the material whose voids per unit- 
weight are If the size and shape of the particles are kept constant, 
the surface per unit-volume, 5^, is also constant and is related to by 
the equation 

5*, = (1 - Eq (13-29) 

Hence Eq (13-28) becomes 


AP 


Eq (13-30) 


If the fluid flows through a layer of particulate matter under its own 
head, h 


(a) (A 

L kg W \aJ ’ 


Eq (13-31) 


where po is the density of the fluid and g the gravitational acceleration 
constant. This equation may be written as follows : 
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where 


tp = 

(1 - ^.r- 

Caxman (1938) defined permeability as follows; 


(p f — ^ 


Eq (13-32) 


Eq (13-33) 


where k' = 1/k and v = /i/po> and by means of this equation determined 
the surface of an aggregate of particles (see Chapter 16). The value of 
k' was found to be 5.0 for most materials. Note that (P/ is defined by 
the modified Darcy equation (Eq 13-31) 

^ , A 

q = <Pe'A 


so that if q and k are measured, and A and L are constants in a given 
permeability measuring device, (P/ is easily determined. Carman found 
that the Kozeny equation was reliable over a wide range of conditions. 

The basic Kozeny equation (Eq 13-28) may be recast to include 
particle-diameter. It is clear from the discussion given in Chapter 3 that 
Sie « 1/d. Hence 


Ml - 1?„)* ■ L 


Eq (13-34) 


where fe" is another constant. 

The Kozeny form of equation was also obtained by Fair and Hatch 
(1933). These investigators were unaware of Kozeny’s contribution 
and arrived at the porosity relationship by a simple and ingenious device. 
Because the ultimate equation developed applies to both streamline- 
and turbulent-flow conditions, we shall review their contribution briefly. 

It may be shown by the methods of dimensional analysis that the flow 
of fluids through granular material is given by the general equation 

S“g(p) Eq (13-35) 


where h is the head of fluid (assumed to be flowing under influence of 
gravity), Dc the diameter of channel, and n an exponent ranging in 
value from 1.0 for streamline flow to 2.0 for turbulent flow. The other 
constants and variables are as previously defined. The conduit or 
channel diameter is replaced by the hydraulic radius, a general term 
used in hydraulics and defined subsequently. The following transforma- 
tions are made; 
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hydratdic radius = S£9SS-sectional ar ea of conduit 
wetted perimeter of conduit 

_ cross-sectional area X length 
wetted perimeter X length 
_ volume of voids _ volume of solids _ 
surface-area of solids surface-area of solids 1 — z? 

Now the velocity v through the packing conduits is clearly v' /d- where v' 
is the approach velocity. If is the surface represented by a unit- 
volume of the particles, then Eq (13-35) becomes 


h 

L 



Thus, for streamline motion, putting n ^ 1,* 

L gW ' 


Eq (13-36) 


The value of 5, may be determined from Eq (3-46), which by the 
methods discussed in Chapter 3 is equivalent to 



where w is the weight percentage of particles of uniform sieve-diameter i. 
Values of the ratio aj a, have been shown to lie between 6.0 and 7.7. 

If the beds are stratified and graded so that fine particles are at the 
top and coarse ones at the bottom Fair and Hatch assume that for all 
practical purposes the porosity factor of the various layers is constant, 
and that the depth of layer created by each sieve-separated portion is 
proportional to its weight. Since the area-volume shape-factor, 
is greatest at the top and lowest at the bottom of the stratified column, 
the pressure-drop will vary accordingly — in other words, approximately 
inversely as the particle-size. Since the sizes are graded, the whole 
thickness of the packing must be considered. Fair and Hatch suggest an 
average value of weighted with respect to flow resistance, and based 
upon the fact that for individual layers the percentage of total weight w 
is also a percentage of the total depth;' thus 

P2 _ \^w 

100a.® d* 

^ * Note ttot in this equation k is dimensionless whereas in Eq (13-31) it has dimen- 
sions [ML *J. Obviously = d-/p, where p is the density of the particles. 
Also (1 — = (1 -- t>)/p, so aat the ratio V/(l — i>b)* •= ^“7(1 — tf)‘. We 

Tmvt retained the designations given in the Kozeny equation since it is consistent 
with the original development. This procedure is not followed in Chapter 16 where 
is replaced by 
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or its logarithmic equivalent based on size-measurements 

log S/ = log ~ log + 4.605 log® trg 

Relative Permeability — ^The relative permeability may be defined as 
the variation of flow with respect to the porosity factor. The flow at 
any other porosity is determined by any of the following equations: 


Buckingham g « t? 7 .o Eq (13-3) 

Slichter g « Eq ( 13 . 16 ) 

Smith g (1 - - 1 ] Eq (13-23) 

Mavis and Wilsey 5 oc o (13-27) 

Kozeny-Hatch q oc Eq (13-29) 


The effect of porosity, as accounted for in the various equations given, 
is illustrated in Figure 72. 


OTHER EQUATIONS OF FLOW 


Chilton and Colburn Equation — A correlation of existing data on 
flow through packings under all types of conditions was undertaken by 
Chilton and Colburn (1931). 

These data were plotted as a 
friction factor (Eq 2-13) against 
Reynolds number. Their equa- 
tions cover both streamline and 
turbulent conditions of flow. 

The equation applying to the 
streamline range is 


L 


0.977/iC7 


Eq (13-37) 


and for the turbulent range 



L 


fX^a 


1.16 


Eq (13-38) 


FiGiTRB 72. Effect op Porosity on 
Ftow Through Sand According to 
THE Equations of Various Investi- 
gators (Referred to Porosity 40 
Percent = 100). 


where AP is the pressure-drop in 
inches of water, 7 a wall-effect 
factor (see Chapter 6 ) depending upon the ratio of partide-diameter 
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to container diameter and upon the type of flow (presented in Table 52), /x 
the viscosity in centipoises, L the length of packing in ft, G = poV, the 
mass velocity based on cross-sectional area of empty tube in lb per sq ft 
per sec, po the average density of the fluid, and the average diameter 
of the particles in inches. The critical region between streamline and 
turbulent flow is defined by the relation 

^ = 0.32 to 0.64 Eq (13-39) 

This equation gives the critical velocity which separates the two regions. 
Considering the large amount of data analyzed by Chilton and Colburn 
and the critical study of their limitations, there can be no question that 
with regard to the flow of gas through packings Eqs (13-37) and (13-38) 
are the best available at the present time. The data apply to particles 
ranging from 0.1 to 1.0 in. in diameter. 


Table 52 — Values of Wall-Factor y as Determined by Furnas (1930) for 

Fractional Voids 0.50 


Ratio parti cle- 
diametpr to 
contamer-d la riietor 

Streamline flow 

Values of 

Turbulent flow 

0.0 

1.00 

1.00 

0 05 

0.90 

0 84 

0.10 

0 83 

0.71 

0.15 

0.78 

0.65 

0.20 

0.74 

0 60 

0.25 

0.72 

0.58 


Furnas' Equation — Probably the most complete analysis of gas 
flow through beds of broken solids ever undertaken was made by 
Furnas (1930a, b), A full outline of Furnas' technique cannot be pre- 
sented in these pages, but his basic equation is as follows: 



where a and B are constants, and his final equation for a container of 
large size in cgs units is 

= irvB.,. (25) + 3.91 - 3.44 + 4.2i> + 0.62 

1.28-0.S7B,„ (25) /„ \ “1-^5 

X I — ) lo* 1/’^ + 2-70 X cn Eq (13-40) 

\Fgas/ 

As a first approximation 

AP _ 1390r° iV‘" 

L 



Eq (13-41) 
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The significance of the various constants is as follows: 


AP = pressure-drop in cm of water 
P = pressure in system in similar units 
L = length of column in cm 
T = absolute temperature, deg C 
r' = air or gas temperature, deg C 
dn = nominal spherical diameter (see Chapter 3) 
a = shape-factor — nominal spherical diameter divided by the 
average screen size 
= normal voids (see Chapter 6) 

= actual voids 

V == fi/pa] jx = viscosity in poises, po = density 
q = rate of gas flow — ^liters per sec per sq cm 


Bslxt (25) 


0.006 -f- c/ff 

a036+ 0.r>h/„ 


B&ir (T') — 2.19J5air (25) — 0.59 — U -ib (Pair J3 


or as a first approximation, 


0.")0) log r 


Pair (T') — 3.78 — 0.72 Ijg / 


Bgas (.T') — 0.77j5aiT (26) “f* 0.12 ”}” 


B 


a'l (25 1 


3.51 


0.50 



Furnas gives the average value of = 1.05. Eq (13-40) has been 
criticized by Chilton and Colburn (1931) on the grounds that the equa- 
tion is based .on flow in the turbulent and streamline region and is there- 
fore open to question. It is well known that pressure-drop is markedly 
affected by the nature of the flow through the packing. In justice to 
Furnas, however, it is necessary to point out that his data cover a range 
of particle-size and temperature-conditions not achieved by any other 
equation yet proposed. For blast-furnace practice Furnas’ equation is 
unquestionably more accurate than those given elsewhere in this text. 


FLOODING VELOCITIES 

Packings are often used as scrubbers in which gases to be absorbed or 
cleaned rise vertically against a countercurrent of liquid. In designing 
scrubber columns of this type, it is necessary that the flow of the fluids 
be such that there will be no liquid holdup at the top, so that the gases 
after passing through the packing must bubble through a layer of liquid. 
Such a holdup will take place if the gas velocities are high, and the ef- 
ficiency of the column as an absorber is reduced. 

The critical gas velocity can be determined by several methods. 
Direct observation will serve if the column is made of glass ; or if pressure 
drop is plotted against gas velocity, a break in the curve will be noted. 



278 


MICROMERITICS 


In. case of visual determination, the decision must be made whether to 
record the first sign of buildup (often indefinite) or to'record splashing 
Several investigations of flooding velocities have been made and the 
results of most are in general agreement with one another. Relation- 
ships developed, however, are empirical and follow the pattern developed 
by Sherwood and his associates (1938). We reproduce here a simple 
relationship due to Elgin and Weiss (1939). If values of 

are plotted against 



when flooding occurs, all points will lie on a single curve. Thus, for a 
given packing, gas, and liquid, we are enabled to determine the gas 
velocity necessary to prevent flooding. In the above relationship is 
the superficial velocity of the liquid, 5r the surface area of the packing 
per unit volume, & the fractional voids after the packing has been wetted 
and drained, and pc the densities, Gi, and Go the corresponding mass 
velocities of the liquid and gas, respectively, and g the acceleration con- 
stant of gravitation. Since the relationships are dimensionless the units 
must be such as to reduce each part to unity. 

MEASURRAIENT OF PERMEABILITY 

We have shown the inportance of permeability in the solution of prob- 
lems dealing with the flow of fluids through packings. Its determina- 
tion by laboratory procedures is consequently of interest. Many 
permeability devices have been developed and when used with proper 
precautions each one gives accurate results. We shall here describe one 
of the simplest forms developed by Fishel and Stringfield (1937) of the 
Grotmd Water Division of the U. S. Geological Survey. The essential 
elements of the device are shown in Figure 73, and consist of a brass 
percolation cylinder .4, having an inside diameter 3.5 cm and height 14.5 
cm. This is connected with a graduated manometer tube 5, with an 
inside d iam eter 0.89 cm. A screen is placed on the bottom of the manom- 
eter tube with a copper tube F. In making the permeability test the 
manometer tube is adjusted so that when the water overflows the 
percolation chamber, the meniscus in the manometer tube is exactly at 
the zero line. After this adjustment, the water is withdrawn from the 
apparatus until the water level stands about half an inch from the screen 
in the bottom of the percolation cylinder. The material to be tested 



FLOW OF FLUIDS THROUGH PACKINGS 


279 


is then poured into the percolation cylinder, care being taken to keep 
the liquid in the manometer within sight. Water may be added 
slowly to the manometer tube to prevent the decline of the water level 
during the filling process. It is essential that great care be taken in 
filling the percolation cylinder since porosity greatly affects the per- 
meability. Then the cylinder is completely filled, and water is 
added slowly to the manometer tube until 
the material in the test cylinder becomes 
saturated and the water level in the ma- 
nometer is raised nearly to the top. The 
water level in the tube then declines as the 
water percolates upward through the 
material in the percolation cylinder. The 
passage of the meniscus at each marking of 
the manometer is then noted. The per- 
meability may then be computed as follows. 

Using Darcy’s equation in increment form 


dQ = 


(Pc 


rdt 


^ -j- ^ 

IX L, 

where A and L are the area and length of 
the test cylinder, and h the height of liquid 
at the time L If ho is the initial height of 
the liquid and Am is the area of the ma- 
nometer tube, then 

(2 


h = ho — 


A„ 



and 


dh = -’i-dQ 

A-m 


Afndh 

h 




A 

' l' 


di 


Integrating between the limits ^ = 0 and 
t = t, and h = ho and h = h and solving 
for(P. 


(P. - - 


fxLAn 


1 * 
In-r 


Figure 73. Diagram of 
Permeability Apparatus 
FOR Use in the Field. (A) 
Brass Percolation Cylin- 
der WITH Screen in Bot- 
tom; (B) Glass Manometer 
Tube Graduated in (Z^nti- 
MBTERS; (C) LmD Base; 
(D) Packing Gland; (B) 
Pipe Reducer; ( F ) Copper 
Tube. 


At FK 

If the diameters of the percolation cylinder and the manometer tube are 
D and Dmy respectively, 
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or in terms of common logarithms 

<P,-- 2.303f(|-)’log|^ EqU3-42) 


Problems 


1. Given a sand-filter bed 2 ft in depth and composed of particles having an 
average diameter of 0.2 mm. The porosity is estimated to be 34 percent. If a 
constant head of 5 ft of water at 77 deg F is maintained on the bed, calculate the rate 
of flow per sq ft through the bed. Assume the shape-factor of the particles to be 6.1. 

2. Water passes through a sand bed 2.54 cm in depth at 2 cu cm per sec under a 
net pressure of 2.84 atm If the temperature is 78 deg F and the viscosity 0.884 
centipoise and the area of the bed 2.85 sq cm, compute the permeability. 

3. If air flows through the sand bed in Problem 2, the rate is 55.6 cu cm per sec. 
the inlet pressure being 1,983 atm and the outlet pressure 0.966 atm. Take the vis- 
cosity of air at 78 deg F as 0.0182 centipoise. Nole: Compute the mean pressure P 


^ 1.983 - 0.963 , , 

p ^ — I 42o atm 


Hence, 


q =* 55.6 X — 38.5 cu cm per sec 


4. 


In Eq (13-10), assume the following: 


5— 6 ft 
500 ft 
JR-i — 0 3 ft 


Pi — 1470 lb per sq in 
P 2 — 1270 lb per sq in 
2 — ^2000 cu cm per sec 
= 1,1 centipoises at 60 deg C 


Compute the permeability of the stratum, 

5. A certain ore is sized to pass a square-mesh sieve opening of 2.67 cm and to be 
retained on a 1.89-cm sieve. The bed made from this material is 95 cm high and 
25,9 cm in diameter. Gas at 800 deg C is made to flow through the packing at a 
rate of 0.2 liter per sq cm per sec and the outlet pressure is 76 cm. What is the pres- 
sure-drop through the cylinder? Assume voids to be 0.52, gas density 0.00024 g per 
cu cm, and viscosity 4000 X lO""^ poises. 

6* Water flows upward through a bed of sand, causing an expansion of the sand. 
Determine the condition for equilibrium and deduce a possible relation between veloc- 
ity and porosity. 

Note: Using the generalized equation above Eq (13-36) of the text, we have that 
h/L, which is the resistance to flow, must be equal to the weight of the particles in the 
fluid, that is 

k/L = (p — Po)/(l - 
or 

^V(l - = l(^/g)(p/p)=''’”p«^»“”"][p/(po - p)] 

L. Hatch (1943) found that 

i^V(l — to 

depending on the size of the particles. Sand particles ^ 20/28 mesh varying as 
the 1.7 power of the velocity. 



CHAPTER 14 


INFILTRATION AND PARTICLE- 
MOISTURE RELATIONSHIPS 


T his chapter is a continuation of the preceding one. Herein we shall 
consider the moisture-distribution in packings under various natural 
conditions. The laws discussed have an important bearing on soil- 
moisture studies, particularly capillarity. 

MOISTURE-DISTRIBUTION IN PACKINGS 

Effect of Particle-Size — ^The effect of particle-size on the water- 
holding capacity of a packing was investigated by King (1899) in a series 
of carefully conducted experiments King filled five galvanized-iron 
cylinders, 8 ft long and 5 in. in diameter, with sands of different degrees 
of fineness. These sands were screened and their effective size based 
on Slichter's formula, Eq (13-14), determined. Each column was filled 
with water from the bottom to expel the air, and percolation was started 
in all columns simultaneously. Evaporation was kept at a minimum by 
a small opening for replacing the water drained downward with air. 


Table 53 — Summary Table of Moisture-Retention Studies op Sands of 
Different Sizes (King 1899) 


Item 

^No 20 

Type of sand 

No. 40 No. 60 No. SO 

No. 100 

Effective size (mm) 

0.47 

0 18 

0.16 

0.12 

0.083 

Voids 

0.39 

0.49 

0 41 

0.41 

0.40 

Total moisture retained after 2Vi years: 

grams 

2121 

2475 

3515 

4576 

5832 

percent 

4 24 

5 05 

7.25 

9.41 

11.82 

Percolation first 30 minutes : 

grams 

3298 

6427 

1730 

486 

390 

percent 

3.01 

3 44 

3.00 

0.86 

0.56 

Percolation first 9 days: 

grams 

7499 

7043 

6234 

4874 

4154 

percent 

14 98 

14.35 

12.86 

10.02 

8.42 

Percolation after first 9 days: 

grams 

805 

839 

680 

740 

621 

percent 

1.61 

1.71 

1.20 

1.73 

1.26 
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Although King's experiments continued for two and one-half years, more 
than half of the water was drained from the coarsest sand within the 
first hour, while in the finest sand (No. 100) the amount drained in the 
same period was approximately 10 percent. Data pertaining to these 
experiments are given in Table 53. This table shows that the retentiv- 
ity of a packing becomes less as the particle-size increases. 

King's experiments, described above, showed a complicating feature 
which makes it difl&cult to determine the borderline between gravita- 
tional and capillary moisture. After the columns drained for two and 
one-half years. King determined the moisture-content of each column 
at 3 in. sections. These results are shown in Table 54. The table illus- 


Table 64-~Percentage Distribution op Moisture Left in Columns op Sand 
AFTER Percolation Had Continued for 2 and One-half Years (King 1899) 


Height of 
section above 
ground 
(in.) 






' No. 20 

No. 40 

No. 60 

No. 80 

No. 100 ’ 

96-93 

0.27 

0.17 

0.22 

1.26 

3.44 

90-87 

0.23 

0.16 

0.29 

1.34 

3.84 

81-78 

0.29 

0.19 

1.07 

2.32 

4.19 

72-69 

1.18 

1.16 

1.80 

3.12 

4.94 

60-57 

1.83 

1.86 

2.26 

4.22 

6.77 

51-48 

2.02 

1.92 

2.36 

5.42 

9.42 

42-39 

2.06 

2.18 

3.08 

7.47 

12.58 

30-27 

2.63 

3.14 

6.36 

12.95 

17.20 

21-18 

4.26 

6.76 

23.57 

19.08 

20.49 

12-9 

16.08 

21.31 

22.46 

22.69 

22.68 

3-0 

21.58 

24.61 

23.54 

25.07 

24.08 


trates the change in moistiure-content along the length of the column, as 
well as the differences occurring between the types of sand. However, 
with the procedure just outlined it is impossible to determine the bound- 
ary between gravitational and capillary moisture. In the next chapter 
it will be shown that if the bottom of each column were placed in water 
(the sand originally being dry) and the water allowed to creep upward 
by capillary action, the moisture-content would vary with distance from 
the water level. 

Moisture-Equivalent — Briggs and McLane (1907) made extensive 
physical studies on what has been termed * ‘moisture-equivalent" — 
that is, “the percentage of water retained by a soil, when the moisture 
content is reduced by means of a constant centrifugal force until it is 
brought into a state of capillary equilibrium." While King's procedure 
yields specific information on the relative retentiveness of various soils 
only after considerable time, the method of Briggs and McLane is rapid, 
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easily standardized, and gives good and consistent results on relative 
retentiveness. The device used consists of a series of eight cups mounted 
on a heavy cylindrical head. This head is rotated at a speed of 5000 
rpm producing a centrifugal force of 2940 =±= 60 times gravity. The 
soil sample is placed in one of the cups (eight samples may be tested at 
one time) in a layer approximately 5 mm in depth. The moisture re- 
leased passes through a filter paper backing to cotton or other absorbent 
material. Samples are centrifuged for 30 or 45 min, although if more than 
2 g (approximately) are centrifuged the time required may be propor- 
tionately greater. The percentage of moisture remaining at the end of 
the test is called the moisture-equivalent.'^ 

When the moisture-equivalent is plotted against the reciprocal of the 
centrifugal force, resulting curves for most soils and particularly for 
loose sands and loams containing small amounts of clay, are straight 
lines. If Me represents the moisture-equivalent for a given material 
and F the centrifugal force, then 

ikf, = jif ^ ^ 

where Moe is the intercept on the ordinate axis and a the slope of the 
curve. This relation holds true over only a limited range of velocities, 
but is sufficiently accurate for the usual test runs. 

Briggs and McLane investigated the moisture-equivalent of 104 soils, 
and on the basis of composition and particle-size distributions obtained 
the following relation: 

0.022^ + 0.0025 + 0.13C + 0.6225 + 0.627E ^ Me ^ 3.1 

Eq (14-1) 

where 

Me = the moisture-equivalent in percent by weight 
A = percent of soil in size range 2-0.25 mm 

5 = percent of soil in size range 0.25-0.5 mm 

C = percent of soil in size range 0.05-0.005 mm 

D = percent of soil in size range 0.005 mm and less 

E = organic matter 

The probable error of a single determination was found to be =*=3.1. 
Eq (14-1) shows that the finest particles and the organic matter on a 
weight-for-weight basis overbalance all the other constituents combined. 

The moisture-equivalent for a given centrifugal force is useful, but it 
is not certain that this actually represents capillary moisture as believed 

* For modem tests of moisture-equivalent see A.S.TM. Standard D 425-39. 



284 


MICROMERITICS 


by many to be the case. The force necessary to overcome surface ten- 
sion cannot be determined by centrifuging. Moisture-equivalent is 
merely a relative measurement of moisture retentiveness in various soils. 
It has proved a useful tool in agricultural studies and has contributed 
greatly to an understanding of soil moisture relationships. The chief 
drawbacks of moisture-equivalent determination are: (a) It makes no 
allowance for porosity or method of packing, and (b) it is not specific 
in so far as actual capillary moisture is concerned. 

It must be pointed out that Eq (14-1) was developed with centrifugal 
speeds of 5000 rpm. Later, Briggs and Shantz (1912) defined the mois- 



Figure 74. Percent Moisture-Equiva- 
lent AND Water-holding Capacity in 
Sand-silt Mixtures. (Yuma-mesa Sandy 
Soil.) Numbers Refer to Analyses 
Given in Table 55. 


ture-equivalent of a soil as the percentage of water it can retain iii oppo- 
sition to a centrifugal force 1000 times that of gravity. This has been 
the accepted definition for over three decades, although from time to time 
Eq (14-1) above has been assumed to apply to it. 

Moisture-Holding Capacity — ^Bung's experiments, described earlier, 
indicate that no part of a moist-sand column is in complete equilibrium, 
even when permitted to drain for many months. However, if a small 
quantity of soil is saturated with moisture and allowed to drain (without 
evaporation) , a certain degree of equilibrium will be reached. The mois- 
ture remaining in the soil, expressed as a percentage of the dry weight of 
the soil, is called the **moisture-holding capacity.*' Theoretically, as 
Alway and Clarke (1916) point out, actual equilibrium is not obtainable 
until the moisture-content of the soil can be shown equal to that of the 
same soil in actual contact with the water. 
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Hilgard’s technique (1900) for the determination of moisture-holding 
capacity is as follows: A layer of soil 1 cm thick is placed in a screen- 
bottom cup and saturated with water by capillarity. The sample is 
then drained by placing it in a saturated atmosphere for 24 hrs, after 
which the moisture is determined in the usual way. 

Experimental Data — Figure 74 shows the relation between moisture- 
equivalent (1000 times gravity) and the moisture-holding capacity of 
sand and silt mixtures investigated by McGeorge (1941). The mechani- 
cal analysis of these components is given in Table 55. It is to be noted 
in JPigure 74 that as the percentage of silt increases the moisture-holding 
capacity increases at a greater rate than the moisture-equivalent. Thus, 
ordinary sand may be made to hold larger amounts of moisture by adding 
silt. 


Table 55 — Mechanical Analyses of Sand and Silts Shown in Figure 74 


Material 

0.05-1 

(mm) 

Percent in size range 
0.005-0 05 
(mm) 

0.0Q5 

(znm) 

Sand 

88 

6 

6 

Silt No. L 

60 

27 

13 

Silt No. 2 

27 

22 

51 


Hygroscopic Moisture — In addition to gravitation and capillary 
moistures, there is another type of moisture with which we are concerned 
in packing problems. This may be considered as a solid-solution, a 
sort of superficial colloidal characteristic, called hygroscopic moisture. 
The nature of this moisture is not very well understood, but it is con- 
siderable in view of the large amount of surface presented by the par- 
ticles. Loughridge (cited by Briggs, 1897) determined hygroscopic 
moisture in a number of soils. His results ranged from 0.8 to 14.5 
percent by weight, sandy soils showing the smallest amounts and clays 
the highest. 

Briggs and Shantz defined an upper limit of hygroscopic moisture 
which is determinable by experiment. If a soil is placed in a water- 
saturated atmosphere, it will absorb water vapor until a condition of 
approximate equilibrium is reached. The moisture content of a soil 
under these conditions is called the * 'hygroscopic coefl&dent'' of that soil. 
Determination of the hygroscopic coefficient is subject to error unless 
carried out with considerable care. It has been pointed out that 
hygroscopic moisture is tenacious and difficult to drive off even at ele- 
vated temperatures. For this reason, and also because the equilibrium 
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condition cannot be determined precisely, the hygroscopic coefficient 
is subject to certain inherent disadvantages.**’ 

The problem of hygroscopic moisture was thoroughly examined by 
Bouyoucos (1917, 1921). He used a dilatometer and freezing-point 
method, and showed that a certain portion of the water contained in a 
given soil fails to freeze at a temperature of — 1.5 deg C. Some of this 
water was capable of freezing at —4 deg C, while still other amounts 
could not be frozen at temperatures below —78 deg C. Bouyoucos* 
experiments were conducted by means of a Beckman apparatus, the de- 
pression of the freezing point being measured at different moisture-con- 
tents. In moist quartz sand, and some extreme types of sandy soils, de- 
pression of the freezing point was found to vary inversely as the water- 
content. Keen (1921-1922) points out that in certain instances the mois- 
ture obeys the law of dilute solutions, the freezing-point depression vary- 
ing as the concentration. Bouyoucos had interpreted this to mean that 
in soils a certain amount of the moisture was rendered “unfree/* in the 
sense that it did not take part in the freezing-point depression. In 
substance, the fundamental assumption is that the freezing-point de- 
pression is inversely proportional to the free water present. This, as 
has been stated, is not generally the case but applies fairly well in the 
case of moist sands or sandy soils. On the basis of this assumption, 
Keen was enabled to relate the free moisturet to the total moisture-con- 
tent, obtaining the relation 

Mf - cMr^ Eq (14-2) 

where is the free-moisture content of a soil having a total moisture 
content Mt, and c and jS are constants for the soil in question. Since 
Mt = Mf + Mui where Mu is the “unfree** moisture, by substitution in 
Eq (14-2) we obtain the relation 

Mu = - Mr Eq (14-3) 

which gives the "imfree” moisture in terms of the free-moisture content. 
K we differentiate this equation with respect to Mf, we have 

dMr ~ 

and putting this equation equal to zero, we obtain 

Mr^/^ - 1 = Eq (14-4) 

* See Chapter 11 fora disctission of adsorption phenomena. A clean-cut separa- 
tion between this and hygroscopicity does not seem to have been attempted. There 
is undoubtedly a difference but the difficulty apparently lies in the fact that the 
meaning of hygroscopicity has never been adequately defined. 

t This free moisture at its maximum determines the moisture-holding capacity. 
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Again by substitution, this equation may be thrown into the form 

Mt- exp (in + ^ In J Eq (14-5) 

That is, the amoxmt of unfree water has a maximum which depends on 
the total moisture and the constants of the soil. In commenting upon 
this result, Keen observed that it is difficult to conceive any physical 
reason why the unfree water should show such a maximum, although 
experimental data tend to confirm this result. 

Relation of Soil- Constants — The relationship between the various 
constants discussed in the preceding paragraphs has been worked out 
by Briggs and Shantz (1912) and are as follows: 

Moisture-equivalent = hygroscopic coefficient X 2.71 = (moisture- 
holding capacity — 21) X 0.635 = 0.02 percent sand + 0.22 percent 
silt -f- 1.05 percent clay Eq (14-6) 

Moisture-holding capacity = (moisture-equivalent X 1.57) -f- 21 = 
(hygroscopic coefficient X 4.26) + 21 = 0.03 percent sand + 0.35 
percent silt + 1.65 percent clay + 21 Eq (14-7) 

Hygroscopic coefficient = moisture-equivalent X 0.37 = (moisture- 
holding capacity — 21) X 0.234 — 0.007 percent sand + 0.082 
percent silt + 0.39 percent day Eq (14-8) 

In these equations the moisture-equivalents are based on a centrifugal 
force of 1000 times gravity- The particle-size of sand, silt, and clay 
(used in the experiments, and for which the equations apply) is: 

Sand = 0.2-0.05 mm diameter 
Silt = 0.05-0.005 mm diameter 
^ Clay < 0.005 mm diameter 

It is clear that the constants are very much affected by the clay por- 
tion of the soil. Since porosity appears to have had little effect on the 
constants, it seems safe to assume that points of particle-contact are of 
greater significance. 

Physical Basis of the Briggs-Shantz Equations — ^In Eq (14-7) it 
was shown that the moisttire-holding capacity is equal to 4.26 times the 
hygroscopic coefficient, plus 21. If the constants are expressed as per- 
centages of dry soil, the value of 21 percent is the intercept of the ordi- 
nate axis, that is, for a zero-hygroscopic coefficient the moisture-holding 
capacity of a soil is 21 percent. This fact was the subject of an interest- 
ing investigation by Wilsdon (1924). 

Consider two spheres in contact, and let these spheres have equal 
diameters. Assume further that at the point of contact there is an 
amount of moisture held by surface tension consistent with the configura- 
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tion. To a first degree of approximation the meniscus may be taken as 
the arc of a circle touching the two spheres as indicated in Figure 75. 
The volume of a drop formed by revolution of the meniscus between the 
arcs of the spheres can be shown to be 


sin^ 6 
cos^ 6 


1 — tan 2d 




Eq (14-9) 


where d is the diaineter of the spheres, and 29 is the angle between the 
point of contact of the spheres and the point of tangency of the meniscus. 
With the aid of this expression we may obtain an equation for the free 
moisture as a fraction of the weight of a packing of spheres. • The num- 
ber of spheres per 100 g of the packing is 

W = -^ X 100 

Trpd^ 

r! 

where p is the real density of the spheres. 
/ \ Without loss of generality, we may assume 

V K ^ ^ dealing with soil particles in- 

V y y stead of spheres, and take p = 2.4, thus 

^ iV = 79A/d^ Eq (14-10) 


Figxjrb 75 . Meniscus 

Fokmed AT Contact OF Two these spheres touches a 

number of adjacent spheres, and the num- 
ber of contacts depends upon the type of 
packing. Each sphere touches another sphere, so that each contact 
enters twice. Thus, if C is the number of contacts, the actual contacts 
are CNf2. The actual volume of the liquid in 100 g of soil is VCN/2, 
and this is the free moisture Mf which with the aid of Eqs (14-9) and 
(14-10) we may write 

■» /T w rtf- sin ^ r - . ^ rt rt\ ”1 •r^-. 


Ms - 125C 


cos^ 26 


tan 26 


I - 


Eq (14-11) 


It now remains to determine 9, and this may be done as follows. The 
relation connecting pressure P and the surface tension <r is 


^ (i + A) 


where Pi and Rz are the radii of curvature (Pj being negative). The 
condition of nidi pressure is obtained when Pi = Pi, and if gravity is 
neglected this should represent the free moisture. From Figure 75 it is 
not dfficult to show that 


<f(l — cos2g) 
2 cos 29 


and P* = 


2 cos 29 


(sin 29 -f cos 29 — 1) 
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Equating these J?’s and solving for d, we obtain 

6 = 20° 33' and 20 = 53° 6' 

Putting this value of 8 in Eq (14-11) and using a packing of spheres in 
closest array (C = 12) we obtain a value of the free moisture = 23.46 
percent, a value remarkably close to the value of 21 percent given by 
Briggs and Shantz assuming, of course, that the latter truly represents 
the free moisture. 




e = 45° , e = 30° 

Figure 76. Geometric Arrangement op Spheres in 
Most-open and Closest Packings. 


Actually the above analysis, given by Wilsdon, is in error. As Keen 
(1924) noted, he considered the equilibrium of a wedge between two 
spheres. In closest packing, however, we are concerned with a triangu- 
lar pore-element, and in open packing with a rectangular one (Figure 76) . 
Under these conditions, fusion begins when 9 = 15*^ in the first case, 
and when 0 = 22V2° in the second instance. Using Eq (14-11) and 
substituting the above values (remembering that for closest packing the 
volume of a unit cell is 0.71d* and for open packing) we obtain a total 
moisture of 6.3 percent and 8.7 percent by volume, or respectively, 
24.3 percent and 18.2 percent of the pore-space. 

Keen (1924) severely criticized Wilsdon's assumption that Mf is in 
any sense the true free moisture, as implied in the empirical equation of 
Briggs and Shantz. 

It is simple to calculate the moisture-holding capacity for spheres in 
closest packing, since we know the voids amount to approximately 26 
percent. If we take the gravity of the spheres to be 2,4, and assume the 
voids to be completely filled with water, the moistuxe-holding capacity 
Af.is 


Me == 


26 X 100 
74 X 2.4 


14.6 percent 
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This value is much less than obtained by Wilsdon and, as Keen points 
out, the discrepancy is much more serious inasmuch as the value of 
14.6 percent is a maximum value, whereas the mathematical value of 
23.46 percent assumes the pores to be only partly filled. In the case 
of cubical packings (voids ~ 47.5 percent C = 6) the moisture-holding 
capacity at saturation is 36.2 percent. Keen pointed out the fallacies 
of Wilsdon’s procedure, but the question as to whether the additional 
constant in the Briggs and Shantz equation represents the “free” mois- 
ture remains unanswered. If it is not the free moisture because it is in 
excess of that given by actual computation in terms of voids for closest 
packings, then certainly the Briggs-Shantz equation does not hold for 
such packings. The Wilsdon theory seems to have some basis for pack- 
ings with larger voids, even though derived from considerations of clos- 
est packing. Since we know nothing about the true state of soil- 
particle contacts, and less yet about the characteristics of the soils used 
by Briggs and Shantz, it seems academic to argue that Wilsdon’s theory 
is very far from the truth. 

Keen’s own studies on hygroscopic moisture offer some useful exten- 
sions. If we assume that total moisture is taken at the moisture-holding 
capacity Me, we have 

= cM/ 

and 

Me = 4.3ikfft + 21 

where Mf^ is the hygroscopic coefficient. Hence, the relation between 
free moisture and hygroscopic moisture is given by 

Mf = c(4.3 Mn + 21)^ Eq (14-12) 

LYSIMETRY 

The moisture-relations of complex soils cannot be predetermined and 
we must resort to experimental means. For this purpose an apparatus 
called a lysimeter has been devised. This consists of a tray carefully 
mounted on a delicate scale, and provided with suitable drainage. As a 
general rule, the tray is made large and deep enough to contain a repre- 
sentative section of the soil profile to be studied. The lysimeter may 
be housed in a pit having its top flush with the surface of the ground, or 
it may be set up well above the ground. However, for best results, it is 
better to simulate conditions as they exist at the soil surface and to in- 
stall the lysimeter in the groimd. 

The piupose of the lysimeter is to study the behavior of soil-moisture 
over long periods of time, under ah types of weather conditions, and if 
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desired, under controlled conditions with plant growth. Kohnke, 
Dreibelbis, and Davison (1940) have shown how the data obtained can 
be used with a lysimeter connected to a sensitive balance. 


Water Addition 
Precipitation 

(direct measurement) 

Rain 

Snow 

Hail 

Sleet 

Fog 

Condensation 
Dew (plants) 
Condensation (soil) 
Adsorption (soil) 


Water Loss + Water Storage 

Run-off (direct Direct measure- 

measurement) m e n t s by 

Percolation weight 

(direct measurement) 

Evapo-transpiration* Eq (14-13) 

Evaporation 
Transpiration 


Precipitation + Condensation = Run-Off + Percolation + 
EvAPO-TrANSPIRATION + STORAGEt Eq (14-14) 


Precipitation — Runoff — Percolation — Storage = Evapo- 
Transpiration — Condensation Eq (14-15) 


In using these equations, it must be remembered that weight changes 
in a lysimeter may be caused by factors other than water. Thus, chemi- 
cal and biochemical changes, soil erosion, growth, harvest of plants, 
etc., must be included in the calculations. In general, however, when 
these factors are noted the equations are applicable to any period of time, 
and all factors on the left-hand side of Eq (14-15) can be determined 
directly. With regard to the difference between evapo-transpiration 
and condensation, Kohnke et al state that a close separation can be 
obtained by plotting accumulated evapo-transpiration minus condensa- 
tion against time, wherever accurate weights are recorded for 30 min 
intervals or less. Therefore it is seen that lysimeter studies may yield 
important correlated information for soils of different composition, under 
all kinds of conditions. 

Noncapillary-Porosity — ^Noncapillary-porosity is an index of the 
actual free space in a given volume of soil under field conditions. The 
term was introduced in recent years, but appears to have given no re- 
markable results. Free et al (1940) studied the relation between three 
sets of noncapillary-porosity indices and infiltration. The indices used 
were as follows: 


* Evaporation and transpiration cannot be separated accurately in a single lysime- 
ter experiment. 

t Storage may be positive or negative (loss of weight). If negative, the opposite 
should be used. 
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1. Volume of drained pores 24 hrs after natural percolation of water 
for 3 hrs. 

2. Total porosity minus moisture-equivalent (volume). 

3. Total porosity minus moisture-equivalent (volume) corrected for 
texture by a method attributed to Harding (1919) . Harding’s method is 
to correct the moisture-equivalent by a multiplier which takes into ac- 
count texture of the soil. 

Free et al found infiltration was more highly correlated with noncapil- 
lary-porosity than with total porosity for both surface and subsurface 
soils. 

Percolation and Infiltration — ^We shall now consider the flow of 
water through soils at very low heads. The more general problem of 
packing behavior with high heads and pressures is discussed in Chapter 
13. 

Free et al (1940) and Musgrave and Free (1936) made a comprehensive 
study of the variables affecting infiltration. While clay, silt and clay, 
and aggregates (particles greater than 0.20 mm) were each correlated 
separately, no single parameter of the size-distribution was so corre- 
lated. However, the study referred to is outstanding for obtaining 
indices as to the relative importance of the variables studied. A descrip- 
tion of the technique used by Free and his co-workers is given below. 

Nine-inch diameter galvanized-steel tubes were pressed into the soil. 
These tubes varied in length depending upon the depth of the sub-soil 
which they penetrated. About 2 to 3 in. of the tube were left protruding 
above the surface of the ground. A head of water of approximately 
Vrin. was maintained within the tube by a self-dispensing buret. At 
various intervals of time readings were taken of the amount of water 
supplied by the buret. These tests required {a) that the soil be dis- 
turbed as little as possible in the course of placing the tube, and (&) 
that sufiScient replicas be taken to give representative infiltration rates 
of a given soil. At least six replicas were found necessary for certain 
soils, while others required as many as 22 replicas. 

Free and his associates studied the infiltration rates of 68 soils in the 
manner described, and in addition studied the interrelation of some 12 
determinable soil characteristics. Their results applied to “as found’ ^ 
soil conditions and “wet” soil conditions. The first of these conditions 
applied to soil as found, irrespective of previous rainfall, drought, or 
other climatic conditions which might conceivably affect the characteris- 
tics of the soil. This test was carried out as above described for 3 hrs. 
The “wet” soil results concern identical tests made 24 hrs later on the 
same tubes. 

Table 56 gives the range of results obtained for surface soils in the 
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above-mentioned study, and in Table 57 are one-to-one correlation co- 
efficients of the soil. The negative correlations mean that the variables 
are inversely related. Table 57 indicates significant correlations with 
filtration of the following physical characteristics: 

{ voids 
aggregation 
organic matter 
noncapillary-porosity 

( volume weight 
suspension 
dispersion 

Note also how voids are highly correlated with aggregation (0.57), silt 
and day (0.70), volume- weight (—0.99), and moisture-equivalent (0.82). 


Table 56— Range of Results on Infiltration Rates and Other Physical 
Characteristics op 68 Surface Soils 


Physical character- 
istic 

' Silt 
loams 

Clay and 
clay loams 

—Type of soil- 
Sandy 
loams 

Gravelly 
silt loams 

Loams 

Rate of infiltration (sur- 
face inches per hour)* 

0.02- 3.98 

0 01- 1 78 

0 00- 1 93 

0 55- 4 96 

0 00- 0.50 

Total soil in aggregates 
(weight percent >0.20 
mm) 

8.4 -49.8 

6.0 -72.5 

1 4 -33.1 

24.1 -61.5 

8.9 -12 7 

Silt and clay (weight 
percent <0.05 mm) 

76 2 -97.4 

33.6 -95.3 

11.9 -68 0 

57.1 -76.0 

33 8 -62 5 

Clay (weight percent 
<0.002 mm) 

3 9 -25.4 

7.9 -61.1 

3 3 -24.4 

8.5 -23.3 

10.3 -18 0 

Volume- weight ratio 

1.05- 1.46 

0.94- 1.54 

1.26- 1.66 

1.04- 1.36 

1.16- 1.49 

Voids 

0.44- 0.61 

0.41- 0,64 

0 36- 0.52 

0.46- 0.61 

0.46- 0.55 

Noncapillary-porosity 

index 

0 13- 0 30 

0.14- 0.37 

0.12- 0.36 

0.15- 0.34 

0.17- 0.30 

Organic matter (weight 
percent) 

1.4 - 5.3 

0.7 - 3.2 

0.7 - 2.4 

2.6-6 8 

1.3 - 2.9 

Moisture* equivalent 

19 4 -44.3 

14.1 -41.2 

3.9 -19 7 

20.4 -31.9 

11.7 -23 6 

Suspension (percent) 

11.6 -38.6 

8.7 -26,6 

5.8 -41.5 

9.4 -22.2 

14.2 -33.4 

Dispersion ratio^ 

20.0 -50.8 

9 3 -50.8 

20.4 -62 9 

13.3 -34.2 

29.2 -53,3 

pH value 

4.88- 6.79 

5.14- 9.22 

5.01- 8.72 

5.63- 7.80 

5.49- 7.34 


^ Rate measured during third hour of wet run, initial rates were higher. 
^'Suspension (per cent) ^ silt and clay (weight per cent <0.05 mm). 


The correlations given in the table are consistent with the prindples of 
soil physics discussed in the present chapter and in Chapter 15 (Capil- 
larity). 

Rate of Infiltration — ^The rate of infiltration is invariably high at 
the start of the test and changes rapidly during the first hour. There- 
after, the rate (generally expressed in surface inches per hour) changes 
slightly so that after 3 hrs it is fairly constant. “Wet’ runs showed 
initial infiltration rates very much less than those on soil “as found.” 
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Value of coefiBcients at the 1 percent point (odds 99 to 1) is 0.31; at the 5 percent point (odds 19 to 1). 0.24. 
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Final infiltration rates on both types of runs, however, became appreci- 
ably the same. The general equation fitting the infiltration data ob- 
tained by Free et al was found by these investigators to be 


I = Eq (14-16) 

where I is the cumulative infiltration in inches, t the time in min after 
start of infiltration, and a and b are constants depending upon the soil 
under test. The coefl&cient h for soils “as found” ranged from unity to 
0.0087, while the exponent a for the same conditions ranged from 0.04 
to 0.82. It should be held in mind that the above equation does not 
provide for a constant rate of infiltration except when a = 1, and for 
large values of t. 

Morosow (1935) has given formulas for calculating the time taken by a 
liquid to move from the upper limit of a packing of depth Lo to any point 
L, under a constant head ha 


^ ~ ^ 100^- ^ ~ “ (100 - t>)* ^ 


In 


, L(100-i>) 
^ + 100 + 100 
ho -f- io 


Eq (14-17) 


where d- is the porosity of the packing in percent and K a suitable con- 
stant. 

For calculating the absorption time through a homogeneous packing 
of a head of liquid equal to ho 




lOOt? , / 100\1 
(100 ^ 


Eq (14-18) 


This equation measures the progress of a liquid of height ho imtil it com- 
pletely disappears into the packing. 

Factors Affecting Rate of Percolation — ^The change in percolation 
rate was examined by Bodman (1937) who showed that removal of elec- 
trolytes caused the permeability to decrease. Initial permeabilities 
(that is, rate of flow per imit-time per unit-head per unit cross-section) 
decreased from 17 to 80 times over a period of 14 days of test with given 
soils. Bodman stated that small changes in electrolyte concentration 
made large changes in permeability, and that “of all the physical proper- 
ties of the soil columns which were considered in relation to saturated 
permeability, decreases were found to be closely related only to silt 
content.” No relation was foimd with respect to clay content, moisture- 
equivalent, or to small increases in apparent density which often occur 
from water saturation and flow. The change in permeability found by 
Bodman is not entirely explained by any change in the voids caused by 
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the dispersion and rearrangement of clay particles, thus reducing the 
pore size. When ordinary water was replaced by a solution having an 
electrical resistivity approximately equal to that in the original soil,* 
it was found that the permeability increased. However, if leaching with 
ordinary water was continued for too long, the permeability was per- 
manently altered and normal amounts of the electrolyte were unable to 
affect it. This leads to the conclusion that in complex packings, such as 
soils, colloid phenomena may play an important part in affecting their 
physical characteristics. 

PENETRATION OF PRESS UREAVAVES 

Buckingham’s investigations discussed in Chapter 13 were extended 
to determination of the quantity of air driven into or removed from soil 
by fluctuations in barometric pressure. The equations developed by 
Buckingham are based on the assumption that the soil is pervious to the 
movement of air as far as the water table or base rock. The following 
quotation from Buckingham’s paper illustrates the significance of the 
assumptions: 'Tf the soil be sufficiently open there is free communica- 
tion of pressure between the soil air and the outside air, and as the outside 
pressure increases, that of the soil air must increase by the same amount. 
Hence the air in the soil is compressed to a smaller volume and more air 
enters from outside. It is evident that if the outside pressure increases 
from 760 mm to 761 mm, the air in the soil will be compressed to 
of its former volume, and therefore, since the total free space in the soil is 
unchanged, that there must enter the soil from the outside a volume of air 
equal to the seven-hundred-and-sixty-first part of what was there al- 
ready.” Thus, if the depth of the impervious layer and the barometric 
fluctuation are known, the depth of penetration can be determined. 
With an increase in pressure from 760 mm to 761 mm Hg, the outside 
air will advance V 761 of the total depth of the pervious soil. If the soil 
is L mm in depth, the total penetration is Z//761 mm. We shall now 
develop Buckingham’s equations for penetration of barometric waves in 
the soil. 

Consider an infinitesimal volume element dbcciyiz of a soil layer infinite 
in extent and let the flow be parallel to the axis of x which is measured 
vertically downward through the surface of the soil. The flow down- 
ward for an element of time dt through the upper surface of the element 
will be, by Eq (13-2), 

* Bodman used Hoaglund’s solution consisting of ^Aoo molar of calcium nitrate, 
potassium nitrate, magnesium phosphate, and potassium dihydrogen phosphate. 
Iron tartrate was omitted. 
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SP 

(?{^ydz dt 


Through the lower face of the element, x + dx below the jQlow will be 

Hence the total inflow will be the difference between these flows, or 

<9dxdydzr^dt 

If dQ is the volume of air flowing into the element, writing d V for dxdydz 
we have 


dV ^ bt “ ° bx^ 

But the term on the left is the time rate of change of the volume V' 
of gas present in the volume element, that is 


bt bx^ 


If d- is the fractional pore-space, then in accordance with the discussion 
above 


Z = Z_ 

760 

so that 

^ ^ 760 (P, b^P 
bt bx^ 

or writing 760(Po/t^ = o* 

^ _ , ^P 

bt 


Eq (14-19) 


Buckingham’s next step was to consider small oscillations about the 
mean pressure of 760 mm Hg, that is, P = 760 ■+• B, and 

bP be b^P b^B 
Thus Eq (14-19) becomes 


This equation may be solved by Fourier series, for given initial and 
boundary conditions. These conditions may be dete rm i ne d as follows; 


bt d** 


2 

bt~^ 


da;® 


Eq (14-20) 



298 


MICROMERITICS 


Assume initially that the excess pr^sure 6 is determinable by some func- 
tion 6 = f(x) for / = 0 at any depth to the impervious stratum* Let the 
depth of this stratum be L/2, If the excess of pressure at the surface 
is simply harmonic, 6 — Oq sin cat for = 0 and any value of t, we have 
the upper surface boundary condition. The value of is of course the 
maximum oscillation from the mean value 760 mm Hg. At L/2 no 
flow can take place. This boundary can be accomplished by the follow- 
ing mathematical artifice. Instead of assuming the impervious layer to 
exist at jL/ 2, assume that it exists at a depth L, At the depth L, let 
there be a forced oscillation of the same magnitude as that at the surface, 
so that the region then encompassed will be symmetrical about -L/2, 
and no flow will take place across a plane parallel to the surface at this 
point. The boundary conditions to be satisfied by Eq (14-20) will then 
be: 

^ = 0, for i = 0 

0 = ^0 sin (aty for nc = 0 

^ = 00 sin co/, tor X — L 

and Eq (14r20) may be solved by the usual methods (Byerly, 1893). 
The complete solution is 


- = sin 


where 




00 eo 

1 — - ^ ^ + 4niV ^ m sin tx Eq (14-21) 


n «» 1» 3, 5, . . . 


^ = (ax«^)* + co» sin - 0 , cos a,/] 


where the former value of has been corrected so that the unit of length 
is taken equal to L in order to simplify the original equation. 

To get the average value of the pressure in the soil at any time we must 
obtain 


/i* - 


carrying through the integration of Eq (14-21) 


JL - == — cosw/ + BaiV® sin (at Eq (14-22) 
8 ^ 1 ^ 00 
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where 


A = 



« = 1 , 3 , 5 , 


1 

(ainr)* -j- 


B 


CO 


(aimr)^ + 0)2 


= 1 , 3 , 5 , 


The mean value of d, S, is the deviation of the average pressure in the soil 
at any instant from its mean value of 760 mm. It is a periodic function 
of time with the same period as the pressiure above the stratum consid- 
ered. It has a smaller amplitude, however, and a small time lag. Let 
this amplitude be denoted by So, and let us investigate the greatest diver- 
gence of the mean pressure in the stratum from the surface to the im- 
pervious stratum L/2 below. In other words 0o/^o is what we desire, 
and to obtain it we must find the time t for which 6/9^ is a maximum or 
minimum and then insert this time in Eq (14-22). Performing these 
operations we obtain 

~ cos 0 )^ + BaiV sin cat Eq (14-23) 

0^1 uq 


where A and B are as above, and where t satisfies the condition 


tan ())t 


aiVB 

coA 


Eq (14-24) 


The values of A and B may be arranged so as to make them rapidly con- 
vergent. 

After computing A and B from data on hand and inserting them in Eq 
(14-24) we may determine values of sin o)t and cos o)L These in turn 
may be inserted in Eq (14-23), thus obtaining the value of Bq/Oq which 
gives the ratio of amount of oscillation of the mean pressure in the stra- 
tum deficient in its range to the range of oscillation of the barometric 
pressure above the stratum. It is the error that would be committed 
by regarding the stratum as so porous as to permit free communication 
of pressure throughout its volume. 

The value of tan cat also permits the computation of the phase rela- 
tionship. 

Eqs (14-21) and (14-23) are important inasmuch as they show how 
changes in barometric pressure affect the volume of air added or sub- 
tracted within a soil. The harmonic variation imposed for the sake of 
illustration can be approximated for any locality where data or baro- 
metric changes are available. Buckingham computed the mean pressure 
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in a soil and the maximum variation of the outside pressure for a number 
of special cases. Thus, for a pervious stratum of 15 ft and a soil porosity 
of 30 percent, the ratio of the mean pressure to the maximum varia- 
tion of pressure outside Oq was 80/60 = 1.00 for a variation within a 
period of one day, and do /So = 0.86 for a variation within a period of one 

hour. The “transpiration’’ constant 
(Po was taken as unit, Buckingham 
has shown that depth of soil is not as 
important as the period of the baro- 
metric variation. Variations of 12 
hours or more are most significant. 

While in general the ratio of 60/60 
is not great, it is obvious that changes 
in barometric pressure do exert an effect 
on soil behavior. The addition or 
depletion of air and other gases from 
the soil, coupled with gas diffusion as 
well as seasonal temperature changes, 
makes the soil a living entity with a 
respiratory system. 

Tensiometry 

A tensiometer consists of a small 
porous cup which is inserted into a soil 
or packing and connected to a suitable mercury manometer. When the 
porous cup is partly filled with water and the soil in which it is inserted 
is dry, water will leave the porous' cup and cause a slight vacuum. For 
a given type of porous cup, the amount of decrease in pressure is indica- 
tive of the moisture conditions in the soil. Figure 77 shows the essen- 
tial features of a tensiometer. 

Several features concerning a tensiometer must be considered care- 
fully. Whether the manometer gives a true indication of capillary ten- 
sion depends upon many factors. Among these factors, discussed by 
L. A. Richards et al (1937), we may mention (1) amount of air in the 
tensiometer, (2) rate of change of temperature, (3) sensitivity of the 
gauge, (4) accuracy of the gauge, and (5) cup-to-soil water-transfer 
conductance. Regarding the first of these factors, good design requires 
that air be removed from the cup since the presence of air causes a slug- 
gish response. The factors of sensitivity and conductance in the de- 
sign of a tensiometer are discussed below. 

When a tensiometer is in equiUbrium with the soil in which it is placed 
(the temperature being constant) any abrupt change in moisture voliune 



Figure 77. Schematic Dia- 
gram Illustrating Principle 
OP Tensiometer. 
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of the device will change the reading of the manometer by an amount 
Ihi since the rate of passage of water q through the porous cup will 
generally be proportional to the difference in tension between cup-water 
and soil' water. Thus 



Eq (14-25) 


where Q is the volume of water in the cup at a time /, dJi the change in 
manometer reading, and C a proportionality constant expressed in cu 
cm per cm per sec. It is equivalent to the cup-to-soil water conductance 
and depends upon the permeability, thickness, and area of the porous 
cup wall, and cup-to-soil contact. 

If f is now taken as the gauge sensitivity (~ rate of change of manome- 
ter reading with respect to water transfer through cup), then 


and from Eq (14-25) 


So that 
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Eq (14-26) 


Thus, it is possible to compute C from a set of tension-time curves. It 
is desirable to make C as large as possible. L. A. Richards et al defined 
cup conductance (C) as the volume of water passing through the cup wall 
in unit-time with a unit-difference of pressure, the walls of the cup being 
in contact with free water. 

The effect of soil temperature on tension was studied by Richards et al 
(1937), who showed the tension to be inversely related to the tempera- 
ture. A drop of approximately 20 deg C caused a tension increase of 
10 cm Hg. The full significance of tensiometer measurements has yet 
to be revealed. Haines (1927) pointed out the serious limitations of 
such measurements since they give no indication as to whether the mois- 
ture is on the rising or falling capillarity cycles. (See Chapter 15.) 


Problems 

1. A soil is tested at two different times. The cumulative infiltration after 6 
hrs was found to be 3 in. When tested again for 2 hrs the cumulative infiltration 
was 1 in. From these data compute the value of a in Eq (14-16). 

2, A head of water of 1 ft is absorbed in a cylindrical soil column, the porosity being 
34 percent. How much longer will it take for a head of 2 ft to be absorbed by the 
soil if the porosity is increased by compacting to 31.5 percent? 



CHAPTER 15 


CAPILLARITY 


T he precise nature of the behavior of moisture in packings of particu- 
late substances has been the subject of numerous investigations for 
more than fifty years. The importance of soil moisture in agricultural 
science warrants even greater interest than has thus far been given it. 

Chief among the various phenomena contributing to the behavior of 
moisture in packings is capillarity. Investigations on this subject thus 
far may be divided into three parts: {a) Those based upon extensions of 
Poiseuille's capillary law, (&) those based on Buckingham’s theory of 
capillary potential, and (c) Haines’ capillary-quantum theory. Other 
investigations have developed equations of capillary flow with some 
degree of success, and some of these will be discussed. However, from 
the larger viewpoint, the three major divisions mentioned are the most 
significant. 

The reasons for the difficulties encountered in the study of capillary 
phenomena in packings are not hard to find. W e may cite the following : 

1. Inability to describe packing characteristics as a simple mathe- 
matical function. 

2. Inadequate knowledge of particle-moisture relationships. 

These are difficulties which occur repeatedly whenever it is necessary 
to describe the behavior of a packing in terms of certain characteristic 
constants. Fundamentally, the nature of the packing should be related 
to particle-size .and distribution. However, so little has been done 
with regard to the physical characteristics of the materials dealt with 
that it is small wonder so little information is available. Investigators 
have generalized when actually no generalizations were possible without 
knowledge of the media concerned. 

When a column of particulate matter is flooded with water and then 
allowed to drain, several important points must be considered. The 
water in excess of the amount the particles are able to retain is called 
gravitation water. The water retained is called capillary water. The 
amount of water retained depends upon the effect of gravitational forces 
and the surface tension. Briggs (1897) has given what is probably the 
best description of gravitation and capillary waters, and the following 
is quoted from his investigation of the subject: 
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‘‘There is no sharply drawn line between these two quantities of water. 
The relative proportion depends, among other factors, upon the texture 
and structure of the soil, the surface tension of the soil water, the tempera- 
ture, and the length of the column of soil considered. The importance 
of this last factor can be shown from the following considerations : Sup- 
pose we have 100 cubic inches of soil packed into 100 cubical boxes 
without bottom or top, each containing 1 cubic inch. Suppose the soil 
in each box to be saturated with water. There will be a free water sur- 
face at the top and at the bottom of each box. By means of forces exist- 
ing in these surfaces the water in each cube is enabled to overcome the 
attraction of gravity, so that each cube is able to retain an amount of 
water equal to that necessary to produce saturation. In this case, 
therefore, there is no gravitation water. Suppose now that these cubical 
boxes are built up in a vertical column 100 inches high. The water 
surfaces previously existing at the top and bottom, respectively, of two 
cubes now disappear when one cube is placed on top of the other. In- 
stead of having 200 surfaces as before, we now have only two surfaces, 
.and they ^e called upon to support a column of water one hundred 
times as high as before. This they are unable to do, and water begins 
to drip from the lower surface. This water, which was previously what 
we have termed capillary, now becomes gravitational in its nature, due 
simply to a change in the length of the column. If the water in the soil 
was held in vertical capillary tubes tunning throughout the length of the 
column the water in each tube would simply fall until the two surfaces 
were able to support the weight of the liquid. In the soil, however, we 
have a different condition. As the water begins to leave the upper part 
of the column new surfaces are developed within the soil. As the water 
continues to drain away, these surfaces become more efficient . . . and 
finally there comes a time when the opposing force exerted by these 
surfaces is sufficient to balance the weight of the liquid and drainage 
ceases/' 


SURFACE TENSION* 

As has been mentioned the height of capillary rise is dependent upon 
surface tension. This is distinct from the force exerted on a liquid 
through gravity, which varies as the mass of the liquid. In a capillary 
tube a liquid will rise to a height such that the gravitational force will 
just balance the force of surface tension. 

The pressure due to surface tension is given in standard physics texts, 
and the derivation of the general equation need not be given here in 
detail. Some phases of the general theory of capillary pressure, how- 
ever, are worth mentioning. Assume a liquid droplet in contact with 
a plane solid surface and assume further that the surface tensions of three 
siuf aces which separate the solid and liquid, liquid and gas, and solid and 
gas, are known. 

* See Chapter 11 for a detailed discussion of this subject 
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At any contact point of the three substances there exist three forces 
equal in magnitude to the tensions at the surface of contact, and these 
forces are directed along lines tangent to the surfaces at that point. 
Since the system is in complete equilibrium, any of these forces is the 
resultant of the other two. Equilibrium can exist only when subject 
to this condition. In general, when the tension of the solid-liquid surface 
is greater than the sum of the other two tensions, the liquid will assume 
the appearance of a drop. On the other hand, if the solid-gas surface 
has a tension greater than the vector sum of the other two tensions, the 
liquid will spread over the solid. Again, if the tension of the liquid-gas 
surface is greater than the vector difference of the tensions of the other 
surfaces, then the liquid will assume a configuration of equilibrium. In 
other words, whenever the tensions are unbalanced, the liquid will 
spread over the surface of the solid; when the tensions are balanced, the 
configuration at the points of common contact are completely determined 
by the triangle of forces. 

The pressure exerted by a surface is dependent on the form of the 
film. It may be shown that the pressure, P, exerted by a surface tension, 
<r, at any point in the surface of the fluid can be expressed by the equation 

where Ri and J?2 are the radii of curvature of the sections formed by 
passing two planes at right angles through the point in question. 

In the special case of a fluid rising in a capillary tube we have the 
following situation. The upward pull due to surface tension must 
balance a column of liquid with height, say h, and density po. Since the 
tension is exerted along the contact of the liquid with circumference of 
the tube, then the total upward pull due to this tension is tt Dc<t where 
Dc is the diameter of the capillary and <r the surface tension. This up- 
ward pull must equal the downward gravitational pull on the mass of 

liquid which is obviously — - hpag, so that 

4 

tDijj cos d = ^Dc^hptg 

, 4<r cos 6 rr /I e ns 

Eq(IB-2) 

where g is the gravitational constant and 6 is the angle of contact. 
Thus, we see that the height of rise for a given liquid is proportional to 
the stirface tension, and inversely proportional to the diameter of the 
capillary; that is, the height of rise Trill increase with decreasing di- 
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ameter of the capillary. The significance of the result in its application 
to the capillary movement of moisture in packed columns is apparent. 

Turning now to the configuration of the top surface of the capillary 
we have the fact, as previously discussed, that this surface will be 
determined by the vector triangle of the tensions involved at the common 
line of contact. The pressure at any point on this surface will be given 
by Eq (15-1). 


POISEVILLES EQUATION 


The flow of fluids through capillaries is given by the equation 


^ l2&isL 


Eq (15-3) 


in which q is the flow per unit-time, Dc the diameter of the capillary, 
AP the pressure difference between the ends of the capillary, ii the 
viscosity of the fluid, and L the length of the capillary. This is known 
as Poiseuille^s equation, having been derived experimentally by Poiseuille 
(1846). It is derivable from purely theoretical considerations, and this 
derivation is to be found in most texts on hydrodynamics. The velocity 
of the fluid in the capillary is obviously 


= -2- =: -^cAP 
Ac 32'jrpL 


Eq (15-4) 


where A^ is the area of the capillary. Eqs (15-3) and (15-4) are funda- 
mental to the flow of fluids through packings. Although the Poiseuille 
equation is remarkably accurate in describing the motion of fluids in 
capillaries of uniform and nonuniform cross sections (subject to slight 
modifications), it has not proved successful with regard to capillary 
motion in packings. Although, as will be shown subsequently, the 
equation has been modified in various ways to account for the nature of 
the packihg dealt with, no notable success has been attained by its use. 
The reason for the failure of the Poiseuille equation when applied to 
capillary flow in packings is difficult to explain. This failure is not due 
to any single circumstance, but rather to a ntunber of complicated 
causes. The first and most important of these is the fact that it has 
thus far been impossible to give complete representation of a packing by 
a simple function. The reader is referred to Chapters 6 and 13 for 
details concerning packing characteristics and applications of the 
Poiseuille equations. 

A second important reason for the failure of the Poiseuille equation 
is the nature of the contacts established between particles. This, 
coupled with surface-tension phenomena which depend upon the curva- 
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tiire of the fluid film, does not make for conditions similar to those in 
tubes. Actually, in a packing there is a cyclic alteration of the capillary 
fluid surface — a spurting and then a creeping motion, as if the fluid were 
passing through narrow constrictions, filling the voids, and then spurting 
again through the constrictions. 

Limitations of the Poiseuille Equation — It has been mentioned that 
the Poiseuille equation does work in some instances when it is modified 
slightly in regard to the capillary diameter used. The reason for a 
certain amount of success is explained on the basis of mathematical in- 
vestigations by Boussinesq (1868) and Greenhill (1881). Boussinesq 
was the first to demonstrate that for small changes in the form of capil- 
lary cross section, the average velocity v is substantially constant, as long 
as the cross-sectional area of the capillary is substantially constant. 
Greenhill extended Boussinesq*s investigations and showed the methods 
for computing flow for a variety of complicated cross sections. In 
general, the investigations of Boussinesq and Greenhill indicate that the 
approximate velocity of flow through the pores of an assembly of spheres 
may be considered uniform, if the space through which the flow takes 
place is taken as a triangular or circular cylinder of equal cross-sectional 
area. This is precisely what was done by Slichter (1899) in his classi- 
cal discussion of fluid flow through soil, as explained in Chapter 13. 

As far as application of the above principles is concerned, one fact is 
obvious, namely that the Boussinesq and Greenhill theorem applies to 
a single capillary. Actually, in an assemblage of spheres or particles 
the capillaries are interconnected and it is doubtful that the theorem has 
any validity in such circumstances; thus, the fact that the Poiseuille 
equation works may be merely fortuitous. 

CAPILLARY MOVEMENT 

Capillary movement may take place in any direction ; upward, down- 
ward, or laterally. After moisture has been added to the surface of a 
packing, capillarity may help in draining it to lower levels; conversely, 
in surface drying, capillarity will draw water from the deeper areas . The 
rate of downward movement has already been discussed. The movement 
of moisture upward through a packing is difficult to predetermine, and 
forms another section of the present chapter. King (1899), in his re- 
markable memoir on the movements of ground water, states: 

“Where the movement is vertically upward through a distance of 1 
foot it has been found by experiment that the rate for a fine sand was 
2.37 pounds per square foot per day of twenty-four hours; when the 
lift was increased to 2 feet the movement became 2.07 poimds; at 3 feet 
it was 1.23 pounds, and at 4 feet only 0,91 pound per square foot. A 



CAPILLARITY 


30T 


similar trial with medium clay loam gave a movement of 2.05 pounds for 
a lift of 1 foot; 1.62 pounds for 2 feet; 1 pound for 3 feet, and but 0.9 
pound where the lift was 4 feet. 

“There are as yet no sufficiently exact data relating to field conditions 
to show through what distances vertical capillary movements of water 
take place. But the observations quoted show that it is quite rapid at 
4 feet; so rapid indeed that were it maintained throughout the year it 
would deliver at the surface the equivalent of 63.85 inches of water and 
almost prevent any part of the rain from sinking deeply beneath the sur- 
face over much the larger part of the United States.” 


Table 58 — Evaporation op Water from Cylinders Filled with Graded Sand 

(King, 1899) 


Depth of packing 
(in. sand) 

Total evaporation m 
40 days 
(in. water) 


Mean evaporation 
per day 
(in water) 

6 


4.56 


0.114 


12 


4.45 


0.111 


18 


3.19 


0.08 


24 


1.36 


0.034 


30 


0.78 


0.0195 


Table 59 — ^Loss op Moisture by Evaporation prom Columns op Soil op Various 
Thicknesses and Porosities, the Moisture Reaching the Surface by Capil- 


LARY Action (Buckingham, 1907) 



Soil 

Initial 

moisture 

content 

(percent) 

Depth 
of soil 
column 
(in.) 

Duration 

of 

experiment 

(days) 

Rate of 
moisture 

Initial loss 

porosity (in. per yr) 

Coarse sand 

Air dry 

2 

4 

0.45 

4.3 

Takoma lawn soil 

10 

12 

53 

0.44 

0.12 

Takoma lawn soil 

10 

12 

53 

0.50 

0.15 

Takoma lawn soil 

10 

12 

53 

0.62 

0.17 

Cecil day 

Air dry 

12 

441 

0.46 

0.60 

Cecil day 

Air dry 


441 

0.66 

0.80 

Leonardtown loam 

Air dry 

1 

140 

0.54 

2.71 

Leonardtown loam 

Air dry 

2 

140 

0.51 

1.60 

Leonardtown loam 

Air dry 

4 

140 

0.49 

0.95 

Leonardtown loam 

Air dry 

6 

140 

0.51 

0.69 

Podunk fine sandy loam 

Air dry 

1 

140 

0.48 

2.52 

Podunk fine sandy loam 

Air dry 

2 

140 

0.46 

1.59 

Podunk fine sandy loam 

Air dry 

4 

140 

0.41 

0.93 

Podunk fine sandy loam 

Air dry 

6 

140 

0.46 

0.67 


King also conducted a number of interesting tests to indicate the 
effect of evaporation. A series of cylinders, each having a cross-sectional 
area of 0.1 sq ft, were cut to different heights and filled with graded 
sand. (Unfortunately, the size-distribution was not stated.) The 


308 


MICRUMERlTlCvS 


water levels in the various cylinders were maintained 6, 12, 18, 2-1, and 
30 in. below the surface. Evaporation was observed for 40 days with 
results as shown in Table 58. The experiment was conducted in a 
laboratory having a mean temperature of 70 deg F. The relative 
humidity was said to be low. It is seen from Table 58 that the rate of 
evaporation is less as the depth of the bed above the water level in- 
creases. This is to be expected since the height reached by the fluid 
through capillarity is counteracted by the action of gravity. 

Buckingham (1907) con- 
ducted further experiments on 
soil capillarity, but again gave 
no data on the particle-size of 
the materials used. For a 
given soil, however, it was 
found that the rate of evapora- 
tion was less as the porosity 
increased. Thus, a change in 
porosity from 47 to 55 percent 
changed the mean rate of dry- 
ing from 5.24 to 4.39 in. per 
yr. Other results obtained by 
Buckingham are shown in 
Table 59. * 

Rate of Capillary Rise — ^McGeorge (1941) determined the capillary 
rise in different mixtures of sand and silt. This was done by packing 
a 50-cm coliunn of soil in a 1 in. diameter glass tube and setting the 
bottom end in a container of water. The results of these tests are 
shown in Table 60, giving the total rise of moisture in 8 hrs, and in 
Figure 78 where the rate of rise per hr for the same period is plotted. 



Figure 78. Rate of Rise of Moisture 
IN Yuma-mesa Soil. Numbers Refer to 
Data in Table 60. 


Table 60 — Total Capillary Rise op Water in a Column Containing Sand-Silt 
Mixtures® (McGeorge, 1941) 


Sand 

(percent) 

Mixture 

Silt 

(percent) 

Total capillary rise 
(cm per S-hr period) 

Sand-::(ilt Sand-silt 

No. 1 No. 2 

100 

0 

49 

47 

80 

20 

45 

41 

60 

40 

42 

27 

40 

60 

40 

1 

20 

80 

36 

11 

0 

100 

35 

7 


* For the analTsis of these sand-silt mixtures see Table 55, 
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The size-analysis of the sand-silt mixtures to which the data apply is 
contained in Table 55. 


CAPILLARY-TUBE THEORY 

The possibilities of the Poiseuille equation for explaining capillary 
phenomena in soils have had a certain amount of appeal to soil physicists. 
‘The theory of capillarity is so simple and so well established that if 
suitable soil parameters to express a ‘‘bundle'' of capillaries could be 
found, the problem would be solved in 
the most direct fashion. Unfortunately, 
however, there has as yet been no com- 
pletely satisfactory formula for the capil- 
lary “bundle" theory, although it has often 
given results of the proper magnitude in 
certain instances. We shall here develop 
the Poiseuille equation for special capillary 
conditions and point out the fallacies of 
this approach. 

Consider a vertical tube filled to a height 
L with small capillaries each having a di- 
ameter Dc* Let us assume that all move- 
ment of water takes place through the 
capillaries only. Let the tube be filled 
above the top of the capillaries to a height 

a, so that the total height above the open bottom of the capillaries is a 
+ L = A, as shown in Figure 79. Under these conditions the Poiseuille 
equation becomes 



Figure 79. Illustrating 
Upward Flow of Capil- 
lary Moisture. 


Now if we assume that Dc represents some average measure of the pore- 
diameter through which moisture moves in a soil column we may, with 
only a slight change in Eq (15-5), make it more general. Since Q = 
Ax^ where A is the area of the cylinder at a point x that the water front 
has moved in the time t 


t 128m AL 


Eq (15-6) 
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where C = Tgpo/128iJi and (P = has been termed by Green and 

Ampt (1911, 1912) the absolute permeability. Hence 


Eq (15-7) 


Eq (15-8) 


where (P/ is called the permeability, also defined as 

.o/ Q ^ 
t Ah 

In other words, the permeability is the voltime of water passing in a 

unit-time through a unit cross section of 
soil under a pressure equal to the length 
of the column. 

Downward Movement — In the case of 
downward movement, it is necessary to 
adjust the driving force in Eq (15-5) to 
take care of the capillary forces. Assume, 
following Green and Ampt, that this added 
driving force is taken as an extra head, h^, 
so that the total driving force is gp{h + hi) 
instead of ghp. Also, since the water oc- 
cupies the pore-space of the soil, it fol- 
lows that at any stage the velocity of the water front will be given by 
the equation 



Figure 8U. Illustrating 
Downward Flow of Capil- 
lary Moisture 


dt dt 


Eq (15-9) 


where Q and L represent the volume of water and the length of the 
wetted soil (Figure 80). Hence, combining Eqs (15-5) and (15-9), 


dL _ T gpojh -h 
dt 128m ' ^LA ‘ 

_ C<? k + he _ <P/ h + he 
~ ^ ' L ~ ' L 


Eq (15-10) 


Since h = a-\-L and a, he, (Pc', and may be held constant during a test 

^ r LdL 
d Zi -i- a -jr he 

and since L = 0 when t = 0 

^t = L^(a + he) In (l + Eq (15-11) 

where In is written for logarithm to the base e. In this equation, he is 
determinable only by trial and error. 
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Green and Ampt tested Eq (15-11) as follows: A glass tube about 
1 in. in diameter and 30 in, long was carefully and uniformly packed with 
air-dry loam to within 6 in. of the top rim. The lower end was closed 
with a copper-gauze disk. A layer of water was placed in the tube and, 
by means of a constant leveling device, maintained about 10 cm above 
the surface of the soil. Thus, any percolation taking place through the 
soil was made good. Observations were taken of the downward per- 
colation of moisture at intervals 
during 60 hrs, at the end of 
which time water began dripping 
from the tube. Green and Ampt 
found fairly good agreement of 
their experimental data when he 
was taken to equal 90. 

Gardner and Widstoe (1921) 
made attempts to develop a 
general equation. They as- 
sumed an ideal soil to be one in 
which the capillary potential 
was a linear function of the re- 
ciprocal of the moisture-content 
(after Buckingham, 1907), and 
that the inherent moisture conductivity is independent of the moisture- 
content. These assumptions are necessary for mathematical reasons. 
For downward flow through sand, whose surface is kept saturated, 
the equation connecting the time t and distance from the surface L 
was as follows: 

L — Cit + C2{1 — exp (— bt)] Eq (15-12) 

where Ci, ^ 2 , and b are constants. Results for three grades of sand are 
shown in Figure 81 and are from data given by Gardner and Widstoe. 

It should be remembered that Eq (15-12) contains three constants 
and an exponential term, and will fit a wide range of results. For this 
reason, although derived from rational hypotheses, it must be regarded 
as empirical. Eq (15-12) has one distinct advantage over Eq (15-10), 
in that the initial value of dLJdl, the rate of advance of the water front, 
is not infinite but a finite positive quantity. 

Vertical Rise — ^If the lower end of the soil column now touches a 
water surface, we have h = L and a = 0, so that Eq (15-10) becomes 

f 

dL (Pc he — L 



Figure 81. Rate of Percolation 
Through Columns of Sand of Various 
Sizes. 
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which on integration gives 



Green and Ampt did not obtain good agreement in applying this equa- 
tion to Loughridge’s data given in Hilgard’s "Soils” (1906), page 205. 

Hackett (1921-1922), on the other hand, seems to have achieved 
better success. If we plot the velocity dL/dt against \/L we should 
obtain a straight line (Eq 15-13), that is. 



dt 


d 

C% 


h-L 


Eq (15-14) 


(i-r.) 


cos' 


I/he Q07 01 

RECIPROCAL HEIGHT (CM‘I) 


where C is written for (Pc'/5. 
In this way Hackett determined 
the values of he and Che for the 
rise of paraffin oil through sand 
having a mean diameter of 0.0168 
cm, obtaining the following val- 
ues, he = 15.6, C' *= 10.6. The 
data are shown in Table 6 1 . The 
value of he may be obtained by plotting dL/dt against 1/Z. The inter- 
cept of the straight-line position of tiie curve on the abscissae is the 
reciprocal of he (see Figure 82). 


Figure 82. Curve Showing Rate of 
R[Se Due to Capillarity in a Pack- 
ing. 


Table 61 — ^Rapid Rcse of Paraffin Oil through Sand. Average Screen Size — 

0.0168 Cm 


Distance (cm) 4.7 7.85 10.9 13.9 14.6 15.0 .15.3 

Observed time (min) 1.0 4.0 12,0 31.5 42.0 52.0 57.5 

Calculated time (min) 1.3 4.3 11.5 31.6 42.0 62.0 67.5 


Hackett’ s results apply to the initial stages of ascent through granular 
media. With increasing time, the rate of advance diminishes and fails 
to follow the linear relation of Eq (15-14). Hackett attempted to ex- 
plain the slow rise by constant readjustment of his datum plane, but 
failed to give any consistent or general theory. 

Washburn (1921) from piurely theoretical considerations derived the 
following expression for vertical capillarity: 
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where a is the surface tension, d the angle of contact, the viscosity of 
the liquid, and Dc the diameter of the capillary. If we regard a packing 
as a bundle of capillaries, then Dc is merely a measure of capillary size 
and L will be proportional to the voltune moving at any given instant. 
For a given packing and any liquid, the volume penetrating all tubes 
is 

Q = Eq (15-16) 


and the rate of flow at any moment 



Eq (15-17) 


where iC is a constant for a given packing, and is independent of the 
liquid. 

Referring to Eq (15-2) for capillary rise in a tube of diameter Dc 
we had 



where <j is the surface tension, po the density of the fluid, and g the gravi- 
tational acceleration constant. For a given tube and liquid at constant 
temperature 

hDc = — = Kc— Eq (15-18) 

gPQ gPO 


where Kc may be called the capillary constant. This relation holds 
for a packing where Dc as an order of approximation is taken as the 
diameter of the particles, d. The value of h may be considered the 
maximum height to which the liquid will rise in rapid ascent and is 
equal to he in Eq (15-14). Hence, the value of Kc for a packing may 
be determined. Hackett and Keen (1918-1919) succeeded in showing 
that M is a sensibly constant quantity for a given packing of irregular 
particles in dose array. Hackett experimented with various sands 
having mean diameters ranging from 0.0085 to 0.042 cm.* Following 
Slichter (1899) and from sand experiments, the above investigators com- 
puted the constants for different kinds of capillaries shown in Table 62. 

The values of Ke for sand are less than those for open packing, al- 
though the voids are undoubtedly much less. This shows the im- 
portance of points of contact as well as surface characteristics which 
may greatly influence the character of the capillary. Note that Ke is 
dimensionless. 


* The mean size was the average of two successive I.M.M. screen sizes. 
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Table 62 — ^Valxjes of Capillary Constant Kc after Keen (1918-1919) and 

Hackett (1921-1922) 


Type of capillary 

Value of Kc 

Capillary tube of diameter 

4 

Cubical (open) packing 

14.6 

Rbombohedral (close) packing (Keen) 

19.8 

Rhombohedral (close) packing (Hackett) 

39.0 

Experimental sand 

7.84 


Horizontal Capillarity — ^When the capillary motion is horizontal, 
it is due entirely to the capillary phenomenon itself, so that from Eq 
(15-10) 


dL _ (P/ he 
dt ‘L 



Eq (15-19) 


or for a given liquid and packing 

U 

Y = constant 

Green and Ampt (1911) tested this equation for a soil and found the 
L^/t to be constant only after several hours. They found better agree- 
ment for the same data by using the expression 

M^/t = constant Eq (15-20) 

where M is the total moisture absorbed by the column in the time t. 


CAPILLARY POTENTIAL 

Work of Buckingham — In an attempt to explain the general theory 
of soil capillarity, Buckingham (1907) formulated the concept of capil- 
lary potential. Buckingham conceived capillary movement to be 
analogous to the flow of heat and electricity. Let M be the mass of 
water flowing through a cross section perpendicular to the direction of 
flow, X the capillary conductivity or facility offered the flow of water, 
and ^ the capillary potential. Then, using the analogy of heat flow 

M^-\^ Eq (15-21) 

This analogy, as Buckingham pointed out, is only fonnal. In the flow 
of heat and electricity, conductivity is a constant quantity. In capil- 
lary theory, however, \ will vary with distance and time. The capiUaty 
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potential up to a certain point is a function of the moisture-content. 

Buckingham showed that the relation between \p and the moisture- 
content Ale could be ascertained from measurement of the equilibrium 
moisture distribution (which is very slowly attained and never certain) 
in a vertical column of soil, whose lower end was in water and upper end 
protected from evaporation. Consider the work required to move a 
small mass of water from x to x + dx, the capillary potentials being ^ 
and + {b^l//bx)dx)y respectively. The total work done against 
capillary potential is therefore 

But in this process the mass, has been raised a distance dx against 
gravity, and this work is gdxdM^ where g is the gravitational constant. 
Since the system is in equilibrium 

^ dxdMt — gdxdMc 


The dependence of capillary potential on moisture-content, as we have 
seen in King’s (1899) experiments, is a functioh of x, so that 


bx 

bikfc ^ Sic ' Wc 
and in combination with the above equations 

bM ^ 

dx 


Eq (15-22) 


Thus, a change of capillary potential with moisture-content is equal to 
a constant divided by the rate of moisture change with height. Inte- 
grating, we obtain 

^ = gx Eq (15-23) 

or that the capillary potential varies directly as the height. 

Buckingham was able to prove his concept only qualitatively and was 
tmable to arrive at any relationship between X and the moisture-content. 
From a general consideration of the distribution of water over soil 
grains, he concluded that at high moisture-contents the films would be 
thick and continuous, and the conductivity X at its maximum; that is, 
conductivity would increase with the moisture-content. 
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Some of Buckingham’s results are shown in Figure S3. The data 
shown in this figure apply to data on three soil columns whose bottoms 

rested in water and whose sur- 
faces were protected from evapo- 
ration. The particle-size of the 
soils studied for their porosities 
under the given conditions was 
not stated. The curves show 
that the general level of capillary 
potential is lower for coarser par- 
ticles (Curve A). 

Work of Gardner — Gardner 
(1919a, J, 1920a, 6) re&camined 
the general theory of capillary 
potential and attempted to de- 
velop suitable equations for the 
variation of moisture-content 
with height and conductivity. We shall here develop Gardner’s method. 
Let us consider the water wedge shown in Figure 75. When J?i = 

= 0, we have a condition of zero moisture-content; when we have a 
condition of maxi m um moisture possible, i?i will approach the radius 
of the sphere (approximately) and will approach infinity. To com- 
ply with these limits, Gardner formed the function 



WATER CONTENT (PERCENT) 


Figure 83. Relation Between 
Height op Water Level and Mois- 
ture Content. (.4) Norfolk Fine 
Sandy Loam; (j5) Leonardtown 
Loam; (C) Cecil Clay. 


* “ ^ <l=-24) 

where a, b, and c are constants. In this expression i?i = 0 when = 
0, and when i?s is infinity, i?i is a finite quantity a/b. The volume of the 
wedge was next assumed by Gardner to be proportional to the cube of 
the diameter of the sphere, that is. 


V = 8 K 1 R 1 * = Kid^ (nearly) Eq (15-25) 

where d is the diameter of the sphere and approximately equal to 2j!?i, 
V is the volume of the water per unit-voliune of soU (the particles being 
assumed to be q)heres of equal size), and Ki is a constant. Now using 
Eq (15-1) relating capillary pressure P and surface tension «r, we may 
eliminate Pi and P 2 from the above equations, obtaining 


P = 




Eq (15-26) 


and differentiating with respect to x, the distance along the capillary 
columns 

dx FA ■ (to 


Eq (15-27) 
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where and ^ 2 ' involve the constants JTi, <r, a, 6, and c. Gardner's 
next step was to assume some relation for dPfdXy the rate of 
change of film pressure with distance. For this he suggested that 
the movement of moisture from one datum plane to another under the 
influence of this pressure is analogous to the motion of a body through 
a viscous fluid. Hence, using Stokes’ law, and writing v for the velocity 
of a unit- volume of fluid and fx for the viscosity, 


n dx 


Eq (15-28) 


where Kz is a proper constant and dPIdx is the same as g. Eliminating 
dP Idxirorsx Eqs (15-27) and (15-28) gives 


Vv 


KzKi' dV 
‘ dx 


Eq (15-29) 


or 


= a constant = \a 


Eq (15-30) 


The dimensions of this constant are clearly [U = rate of flow, q/t 
= Gardner regards this constant as equivalent to the capillary 
conductivity on the basis of heat and electrical analogies. This result 
is remarkable considering the assumptions involved. Eq (15-30) in- 
dicates that Xo, the capillary conductivity, may be determined directly 
from measurement of the volume moisture-content F, the actual volume 
of flow per unit cross section Fz?, and the gradient moisture-content 
dVIdx at the point x. These quantities are all experimentally ob- 
servable. 

Capillary conductivity constants are diflScult to determine since slight 
disturbances of the soil structure have a marked effect upon its value. 
Gardner’s results for Greenville soil are given in Table 63. The first 
three values indicate that there is an optimum porosity for capillary flow. 

To obtain a relation between the volume moisture-content and the 
distance x for a given point, we may write the equation of continuity 
for one-dimensional flow as follows: 


bV 

bt 



so that from Eq (12-30), we obtain 
dF Kz b 


bV 1 
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as the differential equation for capillary motion. For a steady state 

^ 3\dxJ 

A solution of the equation is 

V=^ (ax + Eq (15-32) 

Gardner claimed a certain amount of success with Eq (15-30). As 
an example, let us calculate the amount of water available at the surface 
of a plot of Greenville soil, due to a water table 100 cm below it. Take 
X(? == 6 X 10”*, V (average) as 0.25 cu cm per cu cm of soil (0.5/2), 
and assume V/x is constant through the distance concerned. We are 
interested, therefore, in computing the value of Vv. Using Eq (15-30) 


_ 6.0 X 10”* 

(0.25)V3 


OS 

100 


= 4.6 X lO-s 


cu cm per sec 


This amounts to 50 in. of water per month, which is quite high. How- 
ever, considering the factors involved in the derivation of the formula, 
the order of approximation is noteworthy. 


Table 63— -Values op Capellary Conductivity for Various Soil Conditions 


Condition of soil 

Value of \q 
(cu cm/sec) X cm 

Loosdy packed 

1.8 X 10-» 

Well packed and dry 

7.4 

Further packed, moistened and dried 

5.4 

Undisturbed field condition (downward flow) 

8.7 

Average 

5.8 


Work of Richards — ^L. A, Richards (1931) gave an excellent theo- 
retical presentation of the factors involved in a study of capillary con- 
stants. He succeeded in establishing a general capillary equation and 
gave a method for determining conductivity. The conductivity was 
defined as the constant contained in Darcy's equation (Eq 13-2) 


AP 

2=-(P(4^ = -(Poi4v<^ 


where q is the volume of water passing in a unit-time perpendicular to 
the flow, (Po is the permeability, and # the pressure gradient producing 
the flow. By a suitable laboratory procedure in which the soil sample 
could be placed between two porous plates, Richards measured the 
rate of fluid flow and the pressure gradient, 'll Q/t represents the flow 
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per unit-time, A the area of the sample cross section, AP the pressure 
difference, and L the thickness of the sample 

2 = y = — (Po^V^ Eq (15-33) 

t 


and imder gravity and pressure 

+ AP/L 

so that, if we write (Po = Xs = conductivity according to Richards, 


= 2 1 
t A(£+ AP/L) 


Eq (15-34) 


For conditions of steady flow, Richards developed an equation relating 
the conductivity X® and capillary potential 4' 


X ^4- 


bz 






= 0 


Eq (15-35) 


where 3 , of course, is any point on the vertical soil column. Thus, if ^ 
and \b have some functional relationship the equation is easily simplified. 
As a matter of fact, experimental data are available indicating that 
such a relationship may exist as a linear fimction 

+ 5 Eq (15-36) 

where a and b are constants determinable from the data. Substituting 
this in Eq (15-35), and integrating 

M — 1 gcJ'Cijgyp + b) 
dz aci(a\l/ + b) 

Integrating again, we obtain the relation between z and Xr 
[1 - gaci(ayl/ 5) - In (1 - gaci{a^ + 6))] = z + Ci 

g^a^Ci 

Eq (15-37) 

where Ci and C 2 are constants of integration and In denotes logarithm 
to the base e. Now the equation of flow is precisely Eq (15-33), that 
is, 

2 = XfiV# - Xs[( — b\p/bz) — g] 

Richards has given some experimental data relating to the con- 
ductivity and capillary potential. These are shown plotted on semi- 
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log grid in Figure 84 and indicate that a suitable relation of these 
variables is 

\r = a'^exp (iV) 

Substitution of this relation in Eq (15-35) results in a slight simplification 
in so far as the computation of bxp/bz and are concerned. 



Figuirb 84. Relationship of Soil CoNDUCTivixy to 
Capillary Potential for Two Types of Soils. Data 
FROM L. A. Richards (1931). 


Example — ^Using Greenville soil, Richards obtained a linear relation 
between \r and yp in accordance with Eq (15-36). The constants a and' 
h in this equation were as follows: a ^ 5.35 X 10"^® and h = 3.85 X 
10"“®. It is desired to calculate the flow at the surface of the soil due to 
a water table 100 cm below, assuming a capillary potential at the surface 
of -6 X 10® ergs per g. From these data it is possible to calculate 
values of ci and in Eq (15-37), (^ == 0 when 2 = 0, and ^ = --6 X 10® 
when z = 100 being the boimdary conditions). These constants can 
be shown to have the following values: Ci = —1.66 X 10^® and C 2 = 
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— 22.S8. Since we are interested only in the computation of q in ac** 
cordancG with Eq (15-3(8) 

1 1 10 ^® 

^ ~ 1.66 X 10i» ^ ^ ^ cm/sec 

or q = approximately 1 cu cm per day or about 12 in. per month. 

HAINES THEORY 

The various methods for computing capillary rise given in preceding 
paragraphs are based upon analogies with known solutions for special 
problems on the flow of liquids or heat. In none of the various formulas 
given was the configuration of the pore-space dealt with. It remained 
for Haines (1925a, 5, 1927, 1930) to develop the true nature of capi!- 



Figure 85. Arrangement of Spheres in Closest Packing. Solid Lines 
Denote First Layer of Spheres and Dotted Lines the Spheres Lying in 
THE Hollows Formed by the First Layer. T, Ti Are Forms of Tetra- 
hedral Cells; R Denotes Rhombohbdral Cells. 

lary flow in packings and the pressures involved. Haines^ approach and 
experimental techniques were so simple it is surprising they had escaped 
the many earlier investigators. The results of Haines’ work have not 
as yet been utilized completely but they should have a great bearing 
upon the theory of drying of particulate substances and perhaps even 
in defining configuration of the pore-space in a packing. In the fol- 
lowing discussion we shall constantly refer to Chapter 6 on the char- 
acteristics of packings. 

Liquid Rising — ^Let us consider an ideal soil made up qf spheres in 
closest packing, and direct our attention to just two rows of such a 
packing as shown in Figure 85. Haines has shown that there are two 
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types of cells, one of tetrahedral form and the other rhombohedral. 
The former lies at the center of four spheres packed in the form of an 
equilateral pyramid. The rhombohedral cell is enclosed by a group of 
six spheres. The relative positions of both kinds of cells can be seen 
from the figure, which shows in full line the plan of one layer of spheres 
in close packing. The next layer above is shown in dotted lines. Each 
of the spheres marked T forms a depression or socket into which one of 
the dotted spheres fits, so that each dotted sphere and each full-line 
sphere below it enclose a tetrahedral cell. The depressions marked R 
are not so enclosed. These are the rhombohedral cells formed by three 
full-line spheres and three dotted-Hne spheres. In addition there is a 
second series of tetrahedral cells marked Ti which are identical with the 
first set of tetrahedral cells marked T. Therefore, there are two tetra- 
hedral cells to each rhombohedral cell. Each of the corners or apices 
of an R cell connects with an apex of a T cell and each apex of the latter 
is connected with an apex of an R cell. 

We shall attempt to ascertain how the water is distributed within 
the cellular structure at different moisture-contents. Restricting our- 
selves for the moment to a wedge formed by two spheres as shown in 
Figure 75, we have that the suction at the waist of the spheres is deter- 
mined by the relation 



where jRi and i ?2 are radii of curvature of the wedge. Also i?i = r (sec 
29 — 1) and i ?2 = —r (tan 26 — sec 26 + 1) where r is the radius of 
the spheres. Hence 

p _ <r (2 + tan 29 + sec 20) 

r (1 -f tan 29 — sec 26) (sec 29 — 1) 

We see therefore that as the volume of the wedge decreases 6 decreases 
and approaches zero. At this point F approaches infinity. On the 
other hand, as the moisture increases, 9 increases but even for closest 
packings cannot exceed 30®, as indicated in Figure 76. Hence, up to 
the point when the wedges begin to coalesce 9 = 30®, and 



Haines termed this the ‘‘pendular stage.’’ 

Now as the limit approaches and coalescence starts, let us focus our 
attention on the void shown in Figure 28. The water wedges are now 
in contact along the lines S so that a continuous meshwork is formed. 
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and we can pass throughout the liquid film without leaving the liquid 
phase. As the liquid rises it enters a rhombohedral cell R (Figure 85), 
and a new action is created: The liquid proceeds upward to the waist 
of three spheres, to the triangular capillary. The rhombohedral cell 
is gradually encompassed with water wedges and the air bubble is 
forced to escape through the triangular capillary. Haines assumes 
the radius of this bubble to be 0.29 r. As the liquid rises, the suction 
created by the bubble is 

^ “ r (oi^ 0I29) °° r 

This stage is termed the “funicular” stage. It is to be noted that 
the pendular stage broke when the suction was 4.1 cr/r. Then a new 
episode took place, and a suction of 6.9 cr/r was achieved. This was done 
entirely at the expense of the configuration dealt with, and the results 
are therefore not incompatible as might be presumed. As indicated 
there are two states of equilibrium and they are maintained as long as 
the cells at any given level are in their respective states. 

As more liquid is added, the capillary pores (00' in Figure 26) even- 
tually fill with liquid, and this condition continues at the expense of 
the funicular stage. The suction gradually diminishes as the menisci 
and other pores disappear. This is called the “capillary” stage, and 
the cycle repeats in each successive layer of spheres. 

Liquid Falling — ^As the liquid drops from the top surface of the 
spherical packing just discussed, menisci are formed at the surface pores 
and advance downward. The suction will be maximum at the throat 
of the pore when the radius is 0.155 r, that is 

^ " (n^K + TTTii) = 12.9 - 

r \0.155 0.155/ r 

After passing the throat the menisci start entering the next cell. This 
entrance is abrupt because the liquid attempts to redistribute itself so 
as to attain equilibrium. Again we can move throughout the surface 
of the liquid without difficulty. The suction decreases gradually but 
can be given no fixed value since not all the waists need to be opened. 
Thus, the funicular stage during decreasing moisture is indefinite. 

As the liquid continues decreasing we revert to the pendular state. 
This state is perfectly reversible for increasing or decreasing moisture 
conditions and, as before, is 4. 1 <r/r . This value is the one obtained when 
the water wedge is the maximum which can be maintained. If we con- 
sider Eq (15-1), we see that as S decreases i?i and jR 2 become equal, and 
P approaches infinity. Thus, the pendular stage during the decreasing 
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moisture cycle can have any value greater than 4.1 <r/r. This fact 
permits us to calculate the probable moisture-content of the packing at 
any point during the pendular stage. The volume of the wedge when 
at its maximum {P = 4.1 cr/r) has already been found and is 24.3 per- 
cent of the total pore-space (see Chapter 14). The sequences discussed 
may be extended to any packing, but it must be remembered that a 
given concentration of moisture does not necessarily have a single type 
of distribution. Within certain values of moisture-content the three 
stages outlined may exist simultaneously, but we are restricted in calcu- 
lating any but the pendular stage. The reason for the existence of all 
three stages is not difficult to explain since the stages are within the 
suction range 0-12.9 <r/r. The sequence of possibilities is briefly as 
follows: 


Stage 

Pendular 

Funicular 

Capillary 


Range of 
suction (X <r/r) 

4.1 

6.9-12.9 

0-12.9 


Range of concentration 
moisture {percent pore-spacc) 


0-24.3 

6-undetennined but greater than 50 
100 


It is seen from this arrangement that the funicular stage may persist 
down to a moisture concentration of 6 percent, and thus overlap an 
identical condition encountered during the pendular stage. 

Experimental Verification — Haines verified the critical suction 
values of the three stages described for an array of spheres in closest 
packing. A number of layers of metal balls were arrayed in this system 


Tablb t)4 — Results or Haines’ Experiments on Suction Obtainable for an 
Array of Spheres in Closest Packing 


Stage 

Observed 

suction 

Theoretical 

suction 

Capillary (complete saturation) 

First layer of cells entered 

11.3 

12.9 

Funicular decreasing suction, air cell collapsed at 

6.7 

6.9 

Pendular 

Closure of waists 

4.3 

4.1 


on a horizontal plate, fixed on one arm of an adjustable U-tube. The 
balls were large enough to permit systematic padcing, but not too large 
for observing capdlary phenomena. Haines filled the apparatus with 
a light oil and observed the behavior of the advancing oil level, which 
could be adjusted by moving the opposite arm of the U-tube. The suc- 
tion created by the capillary actions showed close agreement with 
theoretical results. Haines’ results are shown in Table 64. 
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The above experiment was repeated with small spheres, more or less 
uniform and having a diameter of 0.038 cm. These spheres were placed 
ill a Buchner funnel to a depth of 2 cm and the funnel was connected 
to a buret manometer by means of a U-tube 
as shown in Figure 86. The equipment was 9 cm , 

filled with water. The reference level was i T' 

taken at the top of the spheres, and the 
moisture-content could be followed under 2 cm |T 
changes of suction without difficulty. 

The results of this experiment and a later 
one using sand are shown in Figure 87. 

It is seen in this figure that the curves 
for increasing and decreasing moisture-con- Oj 

tent are not the same. Within the loop i 

formed by these cycles, which Haines has 

termed capillary “hysteresis,” we may form „ o« tt .a 
simi ar cycles. ^ Thus, for a complete cycle paratus for Measuring 

of falling and rising moisture for spheres in Changes in Capillarv 

Figure 87, we have a loop OADEK. But Forces. 
if at a point C we began increasing the 
moisture, the path traced ^ 

would be from C to C on the E 

main hysteresis curve for in- P . 

. . . on 0 038IN. DIAM. ^ ^ 

creasing moisture. If again o ^ ^ 

at the point C the moisture- § f 

content is decreased, then we ^ 40 - A*/ -r ^ ' 

follow the path C'C'C. | 11/ ' 

Several features concerning | i//^' * ^ 

the loop are worthy of men- § ! \ ' I 

tion. Consider first the falling ui / / | j 

moisture curve. Between the £ so ■ - -vy j 

points OAB the curve is re- k ~ g y 

versible. At the entry value mnl "t -‘r-=^=r — i i I 

of a 4, 4.1 v/r, Haines observed o a 4 6 8 lo iz I3 

■ J. A. It. A. ■ SUCTION (XT/r) 

air to enter the pores at iso- 
lated spots, and at B, 6.1 <r/r, Figure 87. Caph-larv Hysteresis Db- 
the entry of air was general, terminbd for Two Materials by 

leading to the conclusion that Haines’ Apparatus. 
most pores in the surface layers 

have diameters about equal to rhombohedral cells in dosest packing. 
About 70 percent of the moisture is bst at values slightly higher than 
6.1 <r/f, the process constituting an evacuation of the cells and a 


SPHERES 
0 038IN. DIAM. 




X5x''^SAND 


Figure 87. Capillary Hysteresis De- 
termined FOR Two Materials by 
Haines’ Apparatus. 
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reduction of the funicular water. At the point E the pendular state 
is reached, suction is 11.2 a Jr, and saturation is 8 percent. 

On the curve for rising moisture, some difficulty was experienced 
with the pendular stage, because the film conductivity was broken. 
Haines therefore started at the point D, where continuity was estab- 
lished. The stage DF was found to be reversible. At F the smaller 
cells began to close, until at G the closure was general. The process 
was completed at about H. 

The hysteresis loop for sand shown in Figure 87 (the difference be- 
tween the rising and falling curves) is enhanced, due to irregularities of 
the packings and other characteristics. Haines (1927) also experi- 
mented on the entry values (decreasing) of moisture-content with a 
wide variety of spherical and quasispherical materials having voids of 
approximately 0.37. Using water and benzene as liquids, his entry 
values ranged from 4 X to 6.9 X <r/r. Particle-diameters were as low as 
0.0026 cm in the case of potato starch, and as high as 0.105 for lead shot. 
It was found that samples with poor uniformity gave entry values con- 
siderably higher than those recorded here. 

Problems 

1. Paraf&u oil rises through a sand column by capillarity. Calculate the rate of 
rise at a distance 10 cm upward from the paraffin-oil surface in which the column is 
placed. Take he = 15.6 and C% = 10.6 in Eq (15-14). 

2. Determine the rate of moisture movement upward through a soil from a 
water table 60 ft below the surface. Assume a porosity of 34 percent and a con- 
ductivity \q = 4.4 X lO"”®. 

3. Explain how Haines' capillary theorem can be applied to explain drying of 
particulate matter by natural means. 



CHAPTER 16 


DETERMINATION OF PARTICLE 
SURFACE 


M easurement of the surface of an aggregate of irregular particles 
is of great importance in chemical engineering. Catalysis, solu- 
bility, and adsorption are all phenomena dependent on surface. Simi- 
larly, the power required for crushing rock and other substances is a func- 
tion of the surface produced. While a knowledge of particulate-surface 
measurement is readily admitted as necessary to the design of certain 
equipment, no absolutely sure method exists for accurately determining 
surface. In general, there are only two approaches, one of which may 
be termed statistical, and the other experimental. Both approaches are 
probably equally reliable if only relative comparisons of surfaces for 
particle groups of the same kind are considered. It is only when ab- 
solute surface measurements are required that experimental methods 
possess certain advantages. 

Before we discuss the measurement of particle surface, it must be 
pointed out that this process is variously defined. We may consider a 
surface in a physical sense as a continuous array of perfectly smooth, in- 
finitesimal surfaces without discontinuities, or as a chemical surface com- 
posed of an infinite number of discontinuous surfaces which are mole- 
cules of its constituent material. The surface measured in the first 
instance will always be less than in the second. The methods of surface 
measurement described in the present chapter include both types of sur- 
face measurement. Fortunately, the differences between the methods 
presented are not great, but it must be kept in mind that surface as or- 
dinarily understood applies only to indirect statistical measures, as out- 
lined in Chapter 3. In experimental methods of surface measurement, 
the kind of surface determined must be understood distinctly. 

Some estimate of the relation between particle-size and surface may 
be obtained by systematic splitting of a cube whose sides are each ini- 
tially 1 cm. At first the total surface of this particle will be 6 sq cm. 
If this cube is divided into 8 equal cubes, the total surface becomes 12 
sq cm, and if this process be repeated until the original cube has been 
subdivided into 1000 cubes each side 1 mm in length, the total surface 
will be 6*0 sq cm. Thus, we see that continued subdivision of the cube 
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into progressively smaller sizes creates greater amounts of surface. 
There are several important considerations with regard to the constant 
subdivision into small particles. Among these are (1) the increase in 
bulk (which is further elaborated upon in Chapter 6); (2) increased 
chemical activity due to surface exposed; and (3) increased physical 
activity such, for example, as is associated with the condensation and 
evaporation of moisture, electrical activities, etc. One other feature 
which is more closely linked with particle-size may be mentioned, 
namely that the dynamic behavior of particles is affected by their degree 
of fineness. 


STATISTICAL METHODS 

Surface in Terms of Statistical Diameters — K few aspects of the sta- 
tistical method have been discussed briefly. Reference to Chapter 3 
indicates that there are several formulas for computing approximate 
particle surface. They are based on the assumption that the particles 
are spheres having particular average diameters. If it is desired to com- 
pute the specific surface of an aggregate (surface per unit-weight), Eq 
(3-6) may be used, that is, 

^ Eq (lG-1) 

where S«, is the specific surface, p the density of the material, and d a 
suitable average particle-size as defined in Chapter 3. The specific 
surface on a volume basis (surface per unit- volume) is independent of 
density, and is simply 

5, = I Eq (lG-2) 

Eq (16-1) may be cast into another form by using Eq (3-45). If N de- 
fines the number of particles per g, we obtain 

P CCp O-p 

By methods explained in Chapter 3, this equation for a distribution hav- 
ing a known geometric mean dg and logarithmic standard deviation <r, 
(Eq 16-3) is 

log S„ = log ^ — log dg — 5.767 log* a, 

where for a, (the surface-shape factor), we have written its value for 
spheres, te, and for a, (the volume-shape factor), a-/6. This is the Hatch- 
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Choate equation. The corresponding Roller equation is given by Eq 
(3-351. 

Surface Obtained by Sieve Methods — ^When sieves are used for deter- 
mining surface the various transformation equations, Eqs (5-10)-(5-14), 
may be used in the above equation. However, for crushing studies, 
where it is necessary to determine energy requirements on the basis of 
surface produced, it is more convenient to use an estimation method ac- 
cording to Coghill (1928). The basic principle of this method was out- 
lined in Chapter 5, but a few modifications extending the method to sur- 
face measurement require explanation. Coghill uses a sequence of 
Tyler sieves, 3, 6, 10, 20, etc., whose dimensions decrease in the ratio 1:2. 
A geometric progression of weights 1, 2, 4, etc., is assigned to each of the 
sieves starting with the largest, and the moments of the weight fre- 
quency obtained. Table 65 illustrates the method for the feed and dis- 


Table 65 — Coghill’s Method of Measuring Surface Produced by Crushing 
Output of Crusher Ton per Horsepower-Hour per Hour 


Mesh 

Weight 

assigned 

(a) 

. Feed 

Weight of 
material 
(percent) 

(fc) 

Moment 
(o) X (M 

Discharge « 

Weight of 
material 

(percent) Moment 

(c) (a) X ifi) 

26.7 mm 

1 

1.1 

1.1 



13 . 3 mm 

2 

21.2 

42.4 



3 

4 

36.7 

146.8 



6 

8 

16.1 

128.8 

8.1 

64.8 

10 

16 

8.5 

136.0 

35.6 

569.4 

20 

32 

4.8 

153.6 

9.1 

291.2 

35 

64 

3.9 

249.6 

10.3 

659.2 

65 

128 

3.3 

422.4 

7.0 

896.0 

150 

256 

4,4 

1126.4 

19.9 

3994.4 



100.0 

2407.1 


6475,0 

Units of surface produced 

« 64.8 -- 24.1 

== 40.7. 




Surface-tons produced per horsepower-hour per hour = 0.5 X 40.7 =* 20.4 


charged product of a ball mill. From the sum of the moments of feed 
and discharge the units of surface of each per unit-weight may be deter- 
mined. The difference between these units of surface is the surface 
produced per unit-weight of material. If the power input and time of 
grinding and the amount of material ground are known, then the output 
of a given mill can be expressed in terms of surface-tons per horsepower- 
hour per hour. This method of expressing results is valuable for com- 
paring different equipment grinding the same product. Coghill’s 
method assumes that the surface-characteristics (surface-shape factors) 
of the feed and discharge are the same and that the absolute surface is 
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not necessary for comparative tests of grinding equipment and materials. 
Basically, the method differs little from the usual formula explained 
above for determining specific surface, although for routine laboratory 
work it is of great convenience and deserves wide acceptance. 

EXPERIMENTAL METHODS 

Determination of Surface-Shape Factor — ^The shape-factor is one 
which, when multiplied by the square of the diameter of a hypothetical 
particle having an average surface, gives the true surface. The shape- 
factor is given by Eq (3-41) 

5= = 

where S is the average surface, as the surface-shape factor, and the 
statistical smface diameter. The expression means simply that the 
surface of an average irregular particle can be represented by a sphere 
of the same average diameter, but in the second instance the surface 
equivalent to that of the particle will be equal to rather than Tcds^, 
The general equation for determining specific surface involving the 
use of shape factors is given by Eq (16-3) above. 

The computation of a,, the volume-shape factor, is relatively simple 
and values of this constant for certain materials are given in Table 66. 
The determination of as is more involved, and depends on a method of 
solubilities first used by Martin et al (1925-1926a, h) for quartz particles, 
and later improved by Gross and Zimmerley (1928a, h, c), Martin’s 
method is briefly as follows: Quartz particles whose average diameter is 
known are placed in a definite concentration of hydrofluoric acid (0.5- 
1 .0 g in 5 solution) . The particles dissolve slowly, the reaction reduc- 
ing the strength of the acid. The number of particles and the amount of 
hydrofluoric acid must be such that their rate of solution is a linear 
function. If the strength of the acid decreases rapidly, the rate of solu- 
tion diminishes, and the method fails. The proper quantity of solution 
for a given material is best determined experimentally. 

The length of time the particles are in the solution is another impor- 
tant variable. This should not be so long that particles of extremely 
fine sizes are dissolved completely, nor so long that the diameters of the 
other particles are so reduced that they are no longer representative 
of the material studied. The best time for a given amount of material 
to be given solution should be one which will reduce the surface an in- 
finitesimal amount, say a molecular layer. Now let the reduction in 
concentration of the hydrofluoric-add solution be denoted by AC* and 
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assume that for the length of time that particles have been immersed 
ACar is proportional to the surface of the particles Sx> The next step is to 
duplicate the experiment with a known surface of quartz. Preferably 
this quartz should be of the same kind as the quartz being tested, Mar- 
tin used a parallelepiped of quartz which he carefully measured with a 


Table 66 ^Values of Volume- and Surface-Shape Factors of Various 

Minerals 


Material 

Average 

size 

(cm) 

Shape 

factor 

Authority 


Volume-shape factor, ao 

Crushed quartz 

0.19 

0 17 

Goldman and DallaValle (1939) 

Crushed quartz 

0.089 

0,15 

Goldman and DallaValle (1939) 

Crushed quartz 

0.022 

0.28 

Martin et al (1927-1928c) 

Crushed quartz 

0 049 

0.27 

Martin et al (1927-1928c) 

Crushed quartz 


0.14 

Hatch and Choate (1929) 

Calcite 


0.135 

Hatch and Choate (1929) 

Hornblende 

0.005 

0.02 

Goldman and DallaValle (1939) 

Feldspar 

0,004 

0.26 

Goldman and DallaValle (1939) 

Dolomite 

0.004 

0.19 

Goldman and DallaValle (1939) 


Surface-shape factor, 

White sand (smooth) 

0.29 

2.1 

DaUaVaUe (1938) 

White sand (smooth) 

0.08 

2.7 

DallaValle (1938) 

White sand (smooth) 

0.04 

2.6 

DallaValle (1938) 

Filter sand (smooth) 

0.06 

2.7 

DallaValle (1938) 

Filter sand (smooth) 

0.05 

2.9 

DallaVaUe (1938) 

Crushed quartz 

0.003 

2.1 

Martin et al (1927-1928^) 

Crushed quartz 

0.011 

2.2 

Martin et al (1927-1928c) 

Crushed quartz 

0.049 

2.5 

Martin et al (1927-1928c) 

Crushed quartz 

0.083 

2.5 

Martin et al (1927-1928c) 


micrometer gauge. If the reduction in acid concentration is denoted by 
ACo for the known surface, and again if it is assumed to be proportional 
to the surface 5o, then 



from which we may determine 5®. On a weight basis (specific surface) 



where is the weight of the sample used in the experiment. If loss-in- 
weight method is used, then ACx/ ACo is replaced by Aw^f Awo- The 



332 


MICROMERITICS 


value of as is then easily determined if we assume that the average di- 
ameter of the particles is known, and that their number is N , thus 

_ Nasds^ _ as 
Sr, ““ Nrd^ T 

where Sr, is the surface obtained on the assumption that the particles 
are spheres. Hence for a single particle of average diameter, the surface 
is 

S = asds^ 

In his experiments, Martin used the average arithmetic diameter d^r, as a 
measure of surface. Using this diameter he obtained values of for 
crushed quartz ranging from 2.0-2.5. These values of ag are consider- 
ably less than the value of 7r= 3.1416 taken for spheres. 

The investigations of Gross and Zimmerley were also concerned with 
surface generated by crushing and grinding. No attempt was made to 
determine the surface-shape factor, but the modifications of the Martin 
method merit discussion. 

Gross and Zimmerley used approximately a gram sample for fine mate- 
rials, and upward to 16 g for larger materials. The standard concen- 
tration of hydrofluoric-acid solution was 3.66 normal, and the volume 
varied from 25 to 250 cc. The smaller volumes were found easier to 
manipulate. The sample placed in the solution was agitated in a ther- 
mostatically controlled water bath. After agitation for the desired 
length of time the contents were rapidly filtered and washed. The 
filter paper containing the quartz particles was placed in a weighed plati- 
num crucible, ignited, and weighed after cooling. The length of time 
that the sample was subjected to hydroflluoric-acid treatment varied 
from V 2 to 2 hrs. From the experimental data at various times two 
curves were drawn: (a) The cumulative curve as a percentage of silica 
dissolved plotted against time and (b) the rate curve as a percentage of 
silica dissolved per hr plotted against time. By extrapolation of the 
rate curve to the zero time ordinate the initial rate (I.R.) or the index of 
the surface was obtained. The extrapolation must be done carefully. 
Gross and Zimmerley obtained the following expressions for their data: 

_ Wot + at^ 

1 + kt 

, _wq + at 
I ■‘rkt 

where c is the percentage of silica dissolved, b the percentage of silica dis- 
solved per hr, Wa the initial rate, t the time in hrs, and a and k are con- 
stants. The general equation in which he + bis a. strdght line is fee 4- 6 
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== Wq + aty in which at is the distance from the intercept Wq to the straight 
line. The initial rate of solution (I.R.) was calculated by means of the 
above equations. 

The surface of irregular crushed quartz particles is shown in Table 67. 
The theoretical surface given in this table was obtained by Eq (16-1) 


Table 67 — Data on Sieve-Sizes of Crushed Quartz 


Mesh 

Average 
size of 
particle 
(mm) 

Theoretical 
surface 
per g of 
quartz cubes 
‘ or spheres 
(sq cm) 

Initial 

rate, 

I.R. 

Measured 
surface 
, per g, 

(sq cm) ® 

I.R, X 170 

Ratio of 
measured to 
theoretical 
surface 

3/4 

5.690 

4.0 

0.201 

34.2 

8.55 

4/6 

4.013 

6.65 

0 258 

43.9 

7.77 

6/8 

2.845 

8.0 

0.307 

52.2 

6.53 

8/10 

2.007 

11.3 

0.351 

59.7 

5 28 

10/14 

1,410 

16.0 

0.425 

72.3 

4.52 

14/20 

1.001 

22.5 

0 525 

89.3 

3.97 

20/28 

0.711 

31.8 

0.632 

107.4 

3.38 

28/35 

0.603 

46.0 

0.823 

139.9 

3.11 

35/48 

0.356 

63.5 

1.038 

176.5 

2.78 

48/65 

0.252 

90.0 

1.393 

236.8 

2.63 

65/100 

0.178 

127.0 

1.851 

314.7 

2.48 

100/150 

0.126 

180,0 

2 504 

425.7 

2,37 

150/200 

0.089 

254.0 

3.219 

647.2 

2.15 

200/270 

0,063 

260.0 

4.287 

728.8 

2.02 

A Calibration factor. 






Table 68- 

—Data on Sieve-Sizes of Ottawa Sand 


Mesh 

Average 
size of 
particle 
(mm) 

Theoretical 
surface 
per g of 
quartz spheres 
(sq cm) 

Initial 

rate, 

I.R. 

Measured 
surface 
, per g, 

(sq cm) ® 
I.R. X 170 

Ratio of 
measured to 
theoretical 
surface 

20/38 

0.711 

31.8 

0.255 

43.4 

1.37 

28/35 

0.603 

45,0 

0.358 

60.9 

1,35 

36/48 

0.356 

63.5 

0.497 

84.5 

1.33 

48/65 

0.252 

90.0 

0.732 

124.4 

1.38 

66/100 

0.178 

127.0 

1.020 

173.4 

1.37 

100/160 

0.126 

180,0 

1.386 

235.6 

1.31 

160/200 

0.089 

254.0 

1.923 

326.9 

1.29 


« Calibration factor. 


where the diameter was taken as the mean of the mesh sizes given in the 
first column. The ratio of measure to theoretical surface given in the 
last column shows that surface of irregular particles as measured by- 
solubility methods is from two to more than eight times those ob- 
tained by Bq (16-1). Further tests by Gross and Zimmerley with 
smooth Ottawa sand are given in Table 68. The last column of this 
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table indicates that the ratio of measured to theoretical surface is con- 
stant. This implies that material which is smooth and approximates 
spheres has a more or less constant shape-factor. 

The limitations of the solubility method for surface measurement are 
readily apparent. Mineral particles are usually conglomerate, or com- 
posed of crystals often loosely bound. A strong acid such as hydro- 
fluoric acid tends to split up the particles or penetrate so far that the 
true surface is exaggerated. Another difficulty concerns the assumption 
that all portions of a given particle-surface dissolve uniformly; this is 
not the case. The solubility of indentations or discontinuities is not uni- 
form, especially since such points have occluded gases which are not 
affected. In most instances these factors are probably averaged out, 
and excellent approximations of the true surface may be made; but in- 
stances will undoubtedly arise where they are of great importance. 


PERMEABILITY METHODS 


Carman's Method — ^This method is based on the Kozeny equation, 
Eq (13-30). In terms of permeability the Kozeny equation is easily 
put into the form 


5 . = 


V: 








Eq (10-4) 


where 5® is the specific volume surface (surface per unit- volume), g the 
gravitational constant, (?c the permeability, k a constant = 5.0 for 
streamline flow, v the kinematic viscosity — /x/po, and d- the fractional 
voids or porosity. If the equation is limited to vStreamline motion, 
Eq (16-4) becomes, in cgs units, 

(1 - 

If the density of the material is p, then the specific surface (weight basis) 
is 

14 fi ^ 

Eq (16-5) was tested by Carman (1938) for spheres of various materials 
and sizes for both air and liquids. Exodlent agreement was obtained 
with irregidar materials whose surface could be determined. From these 
experiments it was assumed that the equation has general application to 
particles as small as 2 ja in diameter. 

Blaine (1941) used the Carman method, modified by Lea and Nurse 
(1939), to determine the specific surfane of cement and developed a con- 
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venient apparatus using air as the fluid medium. The apparatus is 
shown schematically in Figure 88. The essential part of the device con- 
sists of a small cylinder {B of figure) in which is placed a Norton RA225 
filter. The cement to be tested is placed in this cylinder and tamped 
with a special plunger so that it occupies a set volume. The weight of 
the cement is then determined by difference between the weight of the 



TROL DEVICE 

Figure 88. Blaine’s Apparatus for Determining the 
Surface of Cement. 


unit B and its final weight, with the cement in place. Hence, knowing 
the density of the cement, the porosity ^ is quickly determined. The 
manometer A measures the pressure-drop through the cement while the 
assembly D is a flow-meter manometer. From the definition of perme- 
ability (unit-volume through unit-length per unit-time per unit-pressure 
gradient, we have 

= 2/ X 

where g is the volume passing through the cement per unit-time, A the 
cross-sectional area of the bed, L the depth of the bed, hi the manometer 
pressure diEference across the cement, pi the density of the manometer 
fluid, and the density of the air. From Poiseuille’s equation, Eq 
(13-13), we have 

g =» KJhpify, 

where K is the constant of the flowmeter, hi the manometer deflection, 
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p 2 the density of fluid used in the manometer, and y. the viscosity of the 
air. Hence 

(O f 

^ yA li7i 

Since the density of the manometer fluids are the same, that is, pi = p 2 , 
then 


CO = KhiPaL 
yhiA 


vSubstituting in Eq (16-5), we obtain the complete expression for deter- 
n-ining surface in terms of the constants of the apparatus* 


, _ 14 ImiA 

’p(i - 1^) Mkl^ 


(Eq 16-6) 


where p is the density of the cement or any other material used. 
Note that by the assumption of the Poiseuille relation, the expression 
is independent of the kinematic viscosity of the fluid (as it should be) 
and the surface is related only to the relative permeability r^V(l 
Experimental values obtained by Blaine, using cement and Potters' flint, 
indicated that values obtained by the device described range from 1.5 to 
almost 2 times those obtained by means of the Wagner (1933) turbidime- 
ter, described in another section of this chapter. 

Dalla Valle's Method — ^The author used an equation due to Burke 
and Plummer (1928) for determining the pressure-drop through packed 
columns. For streamline of air through packings of various sands 
in a 3 in. diameter column, the modified Burke-Plummer equation takes 
the form 


c, 1050 ^ 1 ^ 1 ? ^ 

where AP is the pressure-drop through the packing in cm of water, L the 
depth of the packing, v the average velocity in cm per sec, and other 
terms are as previously defined. The value, of v is the volume of air 
passed divided by the area of the column. Correction for fractional 
voids is included in the derivation of the equation. Eq (16-7) is not as 
accurate as the Carman equation since the relative permeability is 
not as sensitive as the Kozeny permeability t>V( 1 For closest 

packings, however, Eq (16-7) gives consistent and fairly accurate results, 

^ * With regard to the standardization of the technique used in applying this equa- 
tion, see ‘"Report on Air-Permeability Method for Determining Fineness of Cement,^* 
A,S.T,M, Bulletin, No. 118, October 1942, pp. 31--36. 
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As has been indicated, Carman obtained excellent agreement with his 
equation using measurable surfaces. Nevertheless, there are a number 
of difficulties inherent in permeability methods. These concern the 
evaluation of the voids and the shape of the particulate matter for 
which the surface is to be determined. The method cannot be used for 
disk-like or fiat material which packs in peculiar fashion since only ex- 
ternal surface is measured. In this respect it differs from the solubility 
method de:cribed earlier and the adsorption method discussed in the 
next paragraph. Theoretically, permeability methods should give 
higher surface values than statistical determinations, but lower values 
than the two mentioned. 

ADSORFTION METHOD 

Emmett-Brunauer Method— This method of surface determination 
consists in measuring the volume of adsorbed gas forming a unimolecu- 
lar layer over the surface of the particles. It is particularly adapted to 



Figure 89. Modification of the Emmett- 
Brunauer Method for Determining the 
Surface op Small Particles. 


extremely fine particles, provided the volume of the sample is such that 
the total surface is in excess of 10,000 sq cm. In fact, the method may 
be used conveniently for measurement of colloid diameters. Results 
thus far obtained indicate that the method is probably the best available 
for fine partides and is widely used for the study of pigments and other 
commercial materials such as activated charcoal (W. R. Smith et aly 
1941). 

Measurement of surface-area by the adsorption method is accom- 
plished by the van der Waals adsorption isotherm of a suitable gas 
(usually nitrogen because of its chemical inactivity) at a temperature 
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close to the boiling point. In the following paragraphs we shall de- 
scribe a modification of the Emmett-Brunauer method according to 
Makower et al (1937) . The arrangement of the apparatus used is shown 
in Figure 89. A sample of the material to be measured is placed in the 
sample tube through a nipple C and evacuated at a low pressure with a 
mercury pump to remove moisture and other adsorbed substances. Ap- 
proximately four days are required (unless temperatures of 200 deg C 
are used) until the pressure is < lO”® mm Hg. The free space is then 
determined with helium while the sample bottle is immersed in a liquid- 
nitrogen bath. The density of the material is then determined by the 
relation 

. . weight of sample 

ensity — p — qJ empty bottle — volume of free space 

The helium is then pumped off and, while the tube is still immersed in 
the liquid-nitrogen bath, nitrogen gas is admitted. Equilibrium pres- 
sure is attained for low pressures 
(10-100 mm Hg) in approximately 
10 min. The adsorbed gas is 
then measured from the temper- 
ature and volume of gas remain- 
ing in the free space. Readings 
may be taken at higher pressures 
by forcing mercury into the gas 
buret. When expressed graphi- 
cally, the results constitute the 
so-called van der Waals isotherm. 
These are S-shaped curves, as 
shown in Figure 90. The basis 
of the adsorption method is that the intercept of the extrapolated 
linear portion of the isotherm on the volume axis represents within 15 
percent the volmne of nitrogen required to form a monomolecular 
layer of adsorbed molecules. The multiplication of the number of mole- 
cules in the layer by the average cross-sectional area of each molecule 
gives the surface-area of the particles in the sample. The nitrogen ad- 
sorbed may, of course, be expressed on a unit-weight basis. The ex- 
pression found to fit the isotherm is as follows: 

P _ 1 , (C - 1) R _ , , 

(2(Po - P) + Q^C >0 ^ 

where Q is the volume of nitrogen (or other gas) adsorbed at the pressure 
Fo the vapor pressure of the liquid nitrogen at bath temperature 



FiGtJRE 90 . Typical van der Waals 
Isotherms for Finely Ground Acti- 
vated Carbons. 
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( — 195.8 deg C), the volume of gas at normal temperature and pres- 
sure required to form a moiiomolecular layer over the entire surface of 
the particles, and C a constant related to the difference between the heat 
of vaporization of a monomolecular layer and the heat of vaporization 
of liquid nitrogen.* 

Eq (16-8) is in linear form, so that by plotting P/ [Q{Fo - P)] against 
P/Po a straight line is obtained. The intercept of the line on the or- 
dinate axis gives the value of l/Q^C and the slope (C - 1) /Q^C, Hence, 
the values of (2m and C are determined graphically. 

The next basic assumption of the Emmett-Brunauer technique is that 
the average cross-sectional area of the adsorbed molecules is the same 
as that corresponding to the plane of closest packing in the solidified gas. 
It may be shown that when nitrogen is used as an adsorbate at — 195.8 
deg C, each cu cm adsorbed represents 4.38 sqm of surface. 

The limitations of the adsorption method are those implied in the 
basic assumptions, namely the existence of a monomolecular layer as 
above determined, and the arrangement of closest packing assumed. 
However, results thus far obtained appear to warrant the assumptions 
made. There can be no question but that the method gives the correct 
order of surface measured. As in the solubility method previously de- 
scribed, the surface measured by the Emmett-Brunauer technique 
measures the surface at all indentations and infinitesimal cracks present. 
It possesses a marked advantage over other methods since it can be used 
with sponge-like particles possessing infinite labyrinth-like structures 
and is independent of chemical activity. 

Method of Jura and Harkins — ^This adsorption method was discussed 
in Chapter 11 (Eqs 11-23 and 11-24). The method involves use of the 
same procedure as the Brunauer technique — ^that is, the determination 
of the isotherm. Thereafter, the linear plot of data in accordance with 
Eq (11-23) yields the constant necessary to determine the surface of a 
mass of particles. This method is comparable to that of Brunauer and 
his associates just described, and may be used as a check. 

OPTICAL METHODS 

Optical methods for measuring particle surface are widely used. 
They are based largely on the obscuring power of particles held in sus- 
pension, or the degree of polarization exhibited. The first-mentioned 
method depends upon Eq (9-23) where it was shown that the reflection 
of light by a Tyndall beam is a function of partide surface. The po- 
larization of light by small partides is a function of partide-diameter 


* See Chapter 11. 
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mercury pump to about 5 X 10-'^ mm Hg. The evacuated sample is 
sealed off and mounted as shown in Fig. 07. This device is then intro- 
duced into a calorimeter containing the appropriate wetting fluid and 
the tip is broken. In order to compute the heat of 
wetting, the temperature of the sample must be 
known. 

CONDENSATION PROCESSES 

The vapor pressure of a liquid is affected by the 
curvature of the surface to which it adheres. 
Liquid on the convex surface of a particle with ex- 
tremely small radius of curvature exerts a vapor 
pressure greater than that on a plane surface. 
Converse^, the vapor pressure due to a thin film 
on a concave surface is less than that for a film on 
a plane surface. Hence, vapor will condense more 
readily within a concave surface than upon a 
convex one. For this reason an irregular particle 
will condense moisture better than the surface of a 
smooth sphere with approximately the same diam- 
eter. The relation between the vapor pressures 
and the density and surface tension of a liquid 
was obtained by Lord Kelvin and is given in texts on physical chemistry. 
If the vapor pressure due to a plane liquid surface is denoted by po, and 
the vapor pressure above a curved surface whose radius of curvature is 
R denoted by p then, 

PaBrin|=^ Eq (11-28) 

where a is the surface tension of the liquid, po the density of the liquid, B 
the gas constant, and T the absolute temperature. At a plane water 
surface at 0 deg C the vapor pressure is approximately 6000 dynes per 
sq cm. It is clear from Eq (11-28) that the logarithm of the pressure 
ratio varies inversely as the diameter. It is to be remembered that 
when the surface is convex and that for a concave surface p < 
so that p/p^ will possess values less than unity and the curve will be 
inverted. Since we are particularly concerned with small particles ap- 
proximating spheres, that is, convex surfaces, the smaller the particle 
the greater the evaporation. Hence, it is impossible to condense mois- 
ture on small particles except at a very high vapor density. 

The value of surface tension is assumed to be constant for all radii, 
although when the particles are extremely small the value of surface ten- 





Figure 67. 
Ewing’s Device 
FOR Bringing Li- 
quid INTO Contact 
WITH Zinc Oxide 
IN Calorimeter. 
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sion may differ from that ordinarily given in tables of physical constants. 

It has been shown that the tendency of droplets (with small particles 
as nuclei) is to evaporate rapidly due to the increased vapor pressure. 
In order to produce condensation it is necessary to modify the ratio of 
p/pQ- This may be done in several ways: 

1. By introducing particles having plane surfaces, the vapor pres- 
sures of such surfaces being equal to p. 

2. By introducing particles having porous surfaces such as activated 
charcoal and silica gel whose surfaces are internal and extremely small. 
Hence, having thus introduced a large amount of concave surface the 
pressure of the vapor becomes less than that of a plane surface. This 
constitutes the basic theory for the adsorption obtained by porous ma- 
terial such as activated charcoal. As the water vapor condenses within 
such porous material the radii of the concave surfaces are made smaller ; 
hence their capacity to condense moisture increases until the porous ma- 
terial becomes saturated. 

3. By the introduction of small particles carrying an electrical charge. 
The addition of a charge to the surface of a particle diminishes the vapor 
pressure. J. J. Thomson (1903) deduced the following formula for 
charging liquid surfaces : 

where is the quantity of charge per sq cm of surface. It is readily 
seen from this equation that the application of a charge greatly modifies 
the condensation. Thus, a critical examination of Eq ( ll-2r) shows that 
when P/PqVs plotted against R it will have a maximum. The radius of 
the particle when this maximum is obtained is 0.63 ixii. Hence condensa- 
tion is impossible on a charged particle if the radius is less than this 
amount. Condensation is possible only when the vapor pressure de- 
creases as R increases, that is, when R < 0.63 Unfortunately the 
phenomena of condensation and evaporation are modified under -some 
conditions, in a manner not accounted for by Eq (11-29). 

4. Condensation may be induced by substances having a strong 
chemical affinity for the vapor. Hygroscopic substances such as cal- 
cium chloride, sulfur trioxide, etc., rapidly combine with the water 
vapor and form droplets which have lower vapor pressures upon which 
more moisture readily condenses. Because they are essentially new 
substances these droplets possess a permanently lowered vapor pressure. 

EVAPORATION 

The evaporation of small droplets was studied by Langmuir (1913) 
who demonstrated that the rate of loss in weight is proportional to the 
diameter of the particle plus the water film, and not to the surface. 
Langmuir showed that the rate of loss of weight due to evaporation is 
given by the expression 

dw 2ird^Mp 
dt ^ BT 


Eq (11-30) 
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and for the two after coalescence, assuming the configuration to be spherical and to 
have a radius r and an internal pressure p 



By Boyle's law, we have 

pyTi^ + P^H^ = pr^ 

and substituting and combining terms 

2<7(y2 _ ^2®) + pa{r^ — = 0. 

The terms in parentheses denote the change in surface and volume which may be 
denoted by dS and dV, respectively. Hence, multiplying through by 4/3, we obtain 

^ Jih 

dV 2 (7 

We see, therefore, that there is a diminution of surface and hence of surface energy, 
the loss being accounted for as heat. 



CHAPTER 17 


MUDS AND SLURRIES 


D ense suspensions of fine particles, commonly called muds or slur- 
ries, are to be found in almost every industry. They occur in con- 
centrating and thickening processes where moisture is to be removed 
from solids; they are used in metallurgy to separate substances of dif- 
ferent gravities, and in the petroleum industry for removing coarse 
material formed during drilling operations. This chapter discusses the 
chief characteristics of muds and slurries, as well as methods for deter- 
mining their important properties. The subject is complicated by many 
factors and no generalizations can be made. So much depends on the 
specific properties of every substance dealt with that separate treatment 
and study are necessary. In this chapter we cannot hope to include the 
whole field of behavior of suspensions, and shall limit the discussion to 
their most important properties and the methods used for their deter- 
mination. 


PHYSICAL PROPERTIES 

Dispersion of Particles — ^When lumpy material is mixed with a 
liquid, some measure of the rate at which the larger masses are disin- 
tegrated is necessary . What factors affect its breaking up into elemental 
units? The size-distribution of the lumps is one factor, the solubility of 
the salts holding the particles together is another; moistiure-content may 
be a third. We shall discuss only those lumps easily disintegrated, and 
not those which are impermeable or so composed chemically and physi- 
cally that the individual particles remain bound indefinitely. 

Naturally, it is often desirable to accelerate dispersion of a mass of 
particles and, for comparative purposes, to have an acceptable method 
for their determination. The following procedure which gives a so- 
called ''dispersion-factor'' was developed by Puri and Keen (1925). 
Their method consists in taking a known weight of material (about 5 g) 
and adding water so as to obtain 500 cu cm of suspension. This is 
placed in a 500-cu cm flask and rotated end over end at 40 rpm. After 
shaking, the suspension is allowed to settle for 24 hrs, at the end of which 
time the top 100 cu cm are removed, evaporated to dryness at 100 deg C, 
and weighed. This weight is called the “dispersion-factor.” Puri and 

343 
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Reen state that satisfactory replicas can be obtained with a given ma- 
terial, and that the dispersion coeflicicnt is given reasonably well by the 
forn ula 

= a + ^ log t Eq (17-1) 

where $ is the dispersion-factor, t the time of shaking, and a and k are 
constants. It is necessary to point out that Eq (17-1) applies best to 
soils. Puri and Keen found that the dispersion-factor decreases with 
decrease in initial moisture-content; therefore, when materials are com- 
pared, care should be taken to have their moisture-contents correspond 
if possible. 

Gravimetric Properties — The important equations pertaining to 
suspensions have been developed in Chapter 4 in conjunction with the 
determination of particle-size. The density of the suspension is readily 
apparent in the characteristic suspension equation developed there, but 
will be repeated for the sake of completeness. Let W be the total 
weight of the particles and p their density; if the volume of the suspen- 
sion is designated as 7, and if the suspending fluid is water, then the 
specific gravity <pq of the suspension at time / == 0 (before settling takes 
place) is 

— w^^ght of liquid + weight of particles 
volume of liquid + volume of particles 

+ E,a7-2) 

Hence, the density of the suspension is greater than water by an amount 
T7/F(l — 1/p). From this equation the weight of solids per unit- 
volume of suspension W may be determined: 

W = ^ 1 ) 

p — 1 

If now Ws is the weight of a unit- volume of suspension, then V =* Ws/(po, 
or 

Eq (17-3) 

The weight of solids per unit-volume of suspension, W, entails no dif- 
ficulty in its determination; ^>0 is readily determined by a hydrometer, 
and since the volume of the suspension is known, W, may be calculated. 
The density of the particles is obtainable by pycnometric methods, or 
simply by weighing a given amount and displacement in a calibrated 
graduate. 
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Viscosity and Plasticity — ^Viscosity and plasticity are closely re- 
lated. Viscosity tr.ay be defined as the force required to move a unit- 
area of plane surface with unit-speed relative to another parallel plane 
surface, from which it is separated by a layer of the liquid of unit-thick- 
ness. Other definitions have been applied to viscosity, an equivalent 
one being the ratio of shearing stress to rate of shear. When a mud or 
slurry is moved in a pipe in more or less plastic condition the viscosity is 
not the same for all rates of shear, as in the case of ordinary fluids. A 
material may be called “plastic*’ if the apparent viscosity varies with the 
rate of shear . The physical behavior of muds and slurries is markedly af- 
fected by viscosity. However, consistency of muds and slurries is not 
necessarily the same as viscosity but is dependent upon a number of fac- 
tors, many of which are not yet clearly understood. The viscosity of a 
plastic material cannot be measured in the manner used for liquids. The 
usual instrument consists of a cup in which the plastic material is placed 
and rotated at constant speed, causing the deflection of a torsional pen- 
dulum whose bob is immersed in the liquid. The Stormer viscosimeter, 
for example, consists of a fixed outer cylinder and an inner cylinder 
which is revolved by means of a weight or weights. 

It is also possible to determine the viscosity by extrusion methods. 
This is analogous to the determination of viscosity with fluids, except 
that the material is extruded under pressure. For a fluid, the slightest 
pressure P will produce motion, and the volume of flow will be propor- 
tional to the pressure applied. Thus for fluids, we have the simple form 
of Maxwell’s equation 


dx [x 


Eq (17-4) 


where v is the velocity at any point x perpendicular to the direction of 
fluid flow. When this equation is applied to the flow in a capillary tube, 
we obtain Poiseuille’s equation. The relation between flow and pressure 
for a liquid is shown in Figure 91 by the line 00\ However, when we 
deal with a plastic material the total force may be regarded as made up 
of two portions, one equal to OA ' which overcomes solid frictional re- 
sistance P, and the remainder OA = p. For this type of flow Bingham 
(1922) proposed the equation 


^ — -P ^ 

dx ul 


Eq (17-5) 


where \il is analogous to \i for fluids. Using Eq (17-5) Bingham was 
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led to the modified Poiseuille relation expressing flow of plastic material 
under gravity 


' 128 QL 


Eq (17-6) 


where g is the gravitational acceleration constant, Dc and L the diameter 
and length of the capillary, respectively, Q/t the rate of flow of material 

through it, whose density is <pq^ and h and 
ho are the heads of plastic material corre- 
sponding to P and p, respectively. Eq 
(17-6) is a first approximation. Actually 
the curve for plastic flow may be extremely 
complex so that no over-all general theory 
is possible. Henry Green (1920), by 
microscopic observations of the flow of 
paint in capillary tubes, found that when 
the pressures were low the material moved 
as a single plug. When higher pressures 
were used the paint moved in telescopic*’ 
layers. The inner layers moved at a 
higher velocity than the outer layers. 
Buckingham (19216) was led to modify (Eq 17-6) in accordance with 
Green’s observations 



Figure 91, Illustrating 
Laws of Fluid and Plastic 
Flow. 


= 


7rgJ>,Vo / 

128 LQ 
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+ 


16L 


Eq (17-7) 


The last term takes account of slippage at the boundaries. Buckingham 
assumes that there is a very thin lubricating layer (of thickness 8 and 
fluidity M*^) between the plastic material and the wall. Examination of 
Buckingham’s equation indicates that flow at pressures less than h 
increases directly as the pressure. At pressure ho shearing begins and the 
relation is shown by a curved line AB' in Figure 91. 

Farrow et al (1923) used the modified Maxwell equation dvjdx = 
PVm'- This equation has a certain amount of generality. Using this 
basic equation for plastic flow in a capillary tube, the following equation 
was derived, 


2 “ ^ (S'*)”/ ~ ^ 

It is important to note from this equation that ix' has dimensions which 
depend on the dimensions of n, and is not expressible in simple units. 
The above equations represent a few of the many efforts to arrive at h 
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satisfactory explanation of plasticity. The behavior of a given material 
can be expressed empirically, but no generalizations are possible. For 
example, Traxler et al (1937) investigated the relation between the loga- 
rithm of viscosity for viscous mixtures and solids, in terms of the percent 
of^ solid present. Fotir mixtures of filler were prepared and then were 
mixed with asphalt in certain definite proportions. When their data 
axe plotted on s^i-log grid a linear relation is found between the 
logarithm of the viscosity and the volume percent of solid present. The 
relation may be expressed as follows: 

log ft.' = logii: -f ae Eq (17-9) 

where n' is the viscosity in poises, 6 the volume of the solid in percent, 
and a and K are constants which may be determined from plots of the 
data. Thus, we are left with two constants which depend on unknown 
factors of the suspension, and have little information regarding the true 
nature of plasticity. 

Stability Index— 'Bat systems in which Eq (17-9) holds, the per- 
centap increase in viscosity caused by an increase in the volume percent 
of solid is given by the following equation: 

percent change = 100 ( — 

V Ml 

where ni and /is' are the viscosities of two similar liquid-solid mixtures. 
If and di are corresponding volume percentages of the solid materials 
{Si > Si), we have from Eq (17-9) that 

a = Mi' - log Ml' ^ 

Si - St Si - di 

Hence 


* log ^ = 0 ( 0 , -so 

Ml 

and 

percent change = 100 [lO®'*** " — 1] 

This equation states that the percentage increase in viscosity of a sus- 
pensoid is constant for a constant increase in the volume percent of the 
solid. If this increase is taken to equal imity {Si - 6i = 1), an expres- 
sion is obtained which evaluates the percentage change in viscosity for 
a one percent increase in the volume percent of the solid. Traxler et al 
state that this expression is a quantitative index of the stabiljzing ability 
of a solid; that is 

stability index = S.I. = 100 (10® — 1) Eq (17-10) 
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The stability indices of a number of particulate substances are given in 
Table 69. The value of the stability index lies in the fact that it is 


Table 69 — Stability Index of Various Particulate Substances 


Stibi>taace 

stability index 

Siib^>tance 

Stability index 

Limestone 

4.5 

Black slate 

6.6 

Graphite 

4.5 

Talc 

7.1 

Loess (Nebraska) 

4.8 

Gray-green mica 

9 8 

Silica (quartz) 

5.3 

Diatomaceous earth 

15.0 

Portland cement 

5.7 

Wood flour 

16.0 

Clay 

6.6 

Asbestos 

21.0 


independent of the nature and viscosity of the liquid, provided no reac- 
tion takes place between liquid and dispersed solvent. Traxler et al, 
in extending their studies, were led to the conclusion that the viscosities 
of mixtures of a given liquid and solid are inversely proportional to the 
average void diameter of dispersed solid and the percentage of voids 
represented by the volume percent of liquid present in the mixture. 
Thus, if iim' is the viscosity of the mixture in poises, the average void 


Table 70 — Relation between Various Constants op a Suspension as They 

Apply to Eq (17-11) 


Dispersion 

media 

Substance 

Percentage 
of .solid 

Viscosity of 
mixture 
(poises X 
10“«) 

Average pore- 
diameter, Dv 

Value of 
yk' roD'O 


'Red slate 

10 

6.14 

4.31 

22.1 



15 

6.36 

3.46 

22.0 



20 

7.86 

2.78 

21.8 

California 


25 

9.70 

2.24 

21.7 

asphalt 


30 

12.0 

1.18 

21.6 


Trap rock 

10 

4.95 

12.8 

63.3 



20 

7.69 

8.27 

63.6 



30 

12.0 

5.34 

64.1 


Limestone 

5 

4.06 

16.6 

66.8' 



10 

5.06 

13.2 

66.7 



15 

6.31 

10.1 

63.7 

Venezuelan 


20 

7.88 

8.55 

67.4 

asphalt 

Silica 

10 

6,26 

9.91 

52.0 



15 

6.80 

7.96 

64.1 



19 

8.36 

6.40 

63.6 



23.8 

10,7 

6.42 

58.0 


diameter of the powders present in the mixture, and K a constant for the 
particular liquid and solid considered, we have 
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Mm - Eq (17-11) 

The data on which this relationship is based are shown in Table 70. The 
average void diameter was obtained from the equation log + 

6, where z? = percent voids ^ and m and b are constants. (See Eq 6- 
28.) 

Traxler and Baum (1936) showed that the value for the slope m (m 
0-019) holds for a large number of mineral powders. For irregular par- 
ticles it is necessary to determine the average void diameter experi- 
mentally. This subject was discussed in Chapter 6. Note that in Table 
70 the value of C = is practically constant for a given mixture, 
regardless of the amount of solids present, 

Einstein Equation for Viscosity of Suspensions — Einstein derived 
a general equation for computation of the viscosity of a suspensoid in 
terms of viscosity of the medium, and the ratio of aggregate volume of 
solid particles to total volume of suspensoid. Einstein’s equation is 

m' - ju(l H-P) Eq (1M2) 

where = viscosity of suspensoid, fx = viscosity of medium, 6 = ratio 
of aggregate volume of solids to total volume of suspensoid, and / = 
constant. The value of / varies between 2.5 and 2.9. Einstein’s equa- 
tion may be considered as giving an approximate value of the viscosity 
of the suspensoid when the concentrations of suspended material do not 
exceed 2 percent. In general, the consistency of suspensoids determined 
by viscosity must be considered a matter of experiment rather than of 
mathematical computation. 

Broughton and Windebank (1938) re-examined the basis of the Ein- 
stein relation and found that it held for spheres of relatively large 
size (20 to 200 /u) provided the concentrations did not exceed 2 percent. 
These investigators found that for small spheres no agreement was 
obtained with the Einstein equation. No completely satisfactory 
reason for breakdown of the equation for particles smaller than 50 jx 
was given, but it was pointed out that Brownian movement decreases 
as particle-size increases, thus reducing the rate of agglomeration. 

’ It may be mentioned that Einstein based his equation on the assumption 
that the particles were spherical in shape, uniform in size, random in 
orientation, and that coagulation and agglomeration did not take 
place. While in theory it was intended that the equation should 
apply to colloids, it is remarkable that it is better suited to particles 
of fairly large size. Eq (17-12) does not hold if any charges exist on 
the particles. In such cases a more general expression due to von 
Smoluchowski (1917) must be used. 
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Measureme 7 it of Consisiency — As a rule the determination of vis- 
cosity of fine-particle suspensions, such as most pigments and clays, 
involves little difficulty. Many types of viscosimeters for plastic 
materials are available and have been discussed by Bingham (1922). 
However, when rather large particles are in suspension, say in making 

''heavy liquids” for float-and-sink separa- 
tion, vigorous agitation is required to 
maintain the suspension so that correct 
determinations can be made. For this 
reason, many standard viscosimeters can- 
not be used for particles of rather large 
diameters or of high densities* 

DeVaney and Shelton (1940) developed 
a consistometer (viscosimeter) which is 
easily made in the laboratory and has 
proved fairly accurate for a wide variety 
of suspensions, both large and fine. Be- 
cause of its simplicity and its range of 
usefulness a description is presented here. 
The device is shown in Figure 92 and con- 
sists of a graduate cylinder 3.8 cm in diam- 
eter and 16.5 cm in length, capable of 
holding 200 ctt cm of suspended material. 
A glass tube 16.5 cm in length and having 
an inside diameter of 0.264 cm is attached 
to the cylinder. Within the cylinder is 
placed an impeller actuated by an electric 
mixer (kitchen-type) at a speed of 890 rpm, 
or such speed as will keep the particles in 
suspension. Baffle plates are fixed on the 
walls of the cylinder to reduce vorticity. 
To measure consistency, the suspension 
is first brought to the temperature at which 
the observation is to be made* It is then 
Figuke 92. Consistometer quickly stirred and placed in the cylinder/ 
Discharge material being retained by a stopper 

at the end of the discharge tube. The 
motor is started and the contents stirred. 
A graduated flask is then placed at the end of the discharge tube, 
the stopper removed, and the time required for 100 cu cm of the sus- 
pension to flow into a graduate or volumetric flask is measured. The 
viscosity is then directly determined from Bingham’s approximate equa- 
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tion, Eq (17-0) 


M = 


128QL 


■(poht 


(po being the density of the suspension and h the head in cm of the sus- 
pension. If ^0 approximates the density of the liquid and h is kept con- 
stant, and if t is the time required for 100 cu cm of suspension to move 
through the tube then 

m' = Kt 


where K\sa suitable constant. DeVaney and Shelton found good agree- 
ment between calculated and observed results by using standard sucrose 
solutions. Their results are shown in Figure 93, 



Figure 93 . Comparison op Observed and 
Caiculated Rates op Flow for Sucrose 
Solutions in Consistombtbr. 


FACTORS AFFECTING CONSISTENCY 

Effect of Specific Gravity — ^The effect of specific gravity on con- 
sistency was studied by DeVaney and Shelton (1940) using the consis- 
tometer described above. Suspensions were made of fine substances 
ranging from a density of 2.65 for quartz to 11.3 for metallic lead. Each 
of the materials was screened so as to pass a 200-mesh sieve and be re- 
tained on a 326-mesh. The materials were carefully washed so no slime 
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or dirt adhered to their surfaces. Results of the tests are shown in Fig- 
ure 94, Each curve shows that as material is added to the suspension 
the consistency increases gradually and almost in proportion to the 



DENSITY OF SUSPENSION 

Figure 9i. Effect of Specific Gravity of 
Pulp on Consistency of Several Suspen- 
soiDS — 200/325-mbsh. 

density of the pulp or suspension, until a certain point is reached. 
Thereafter consistency increases enormously, while density of the sus- 
pension scarcely changes. The critical points are given in Table 71. 


Table 71 — Critical Points of 200/325-Mesh Suspensions Shown in Figure 94 


Material 

Specific 

gravity 

Maximum 
gravity of 
suspension 
obtainable 
(estimated) 

End of linear relation 

Volume of 

Specific gravity solids 

of suspension (percent) 

Quartz 

2.65 

1.8 

1.38 

23.1 

Magnetite 

5.18 

, 2.7 

2.08 

25.8 

16 percent ferro- 
silicon 

6.80 

3.5 

2.30 

22.4 

Galena 

7.60 

3.8 

2.50 

23.0 

Lead 

11.30 

6.0 

3.90 

28.0 • 


It is a curious fact that for all substances studied, the proportionate 
relationship ends at a point where the solids approximate 25 percent by 
volume of the suspension.* 

Effect of Particle-Size and Shape — ^The effect of particle-size on con- 
sistency is clearly shown in Figures 95 and 96, taken from the investiga- 
tions of Ward and Kammermeyer (1940) and DeVaney and Shelton, 
respectively. Note that as the size of the average particle decreases, 
the consistency of the pulp increases. In other words, pulps composed 
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of fine materials are much less fluid than those m*ade of coarse grains. 

The shape and surface characteristics of particles naturally affect 
consistency. Studies by DeVaney and Shelton verify this fact. Thus, 
one sample consisting of round 
grains of sand was compared with 
freshly ground angular quartz 
particles in the same size range 
(lOO/lfiO-mesh). At a consist- 
ency of 10 centipoises the pulp of 
round particles had a specific 
gravity of 1.54 as compared 
with 1.59 for supensions of angu- 
lar particles. This effect was 
even more striking when new and 
abraded ferrosilicon were com- 
pared. There can be no question 
but' that the ease with which 
particles roll and slip past each 
other must influence the consist- 
ency of suspensions made from them. In making heavy liquids for 
float-and-sink operations these considerations take on a certain signifi- 
cance. 



Figure 95. Effect of Particle- 
size ON Consistency of Various 
Slurries. 



Figure 96. Effect of Particle-size on Con- 
sistency OF Magnetite. Average Diameter 
IN Microns: 4, 15.8; B , 25.7; C. 37,6; D, 

61.7. 

THICK MUDS AND CLA YS 

Haines' Extrusion Apparatus — Haines (1925^i), in studying the 
physical properties of soils, developed an extrusion apparatus. This 
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consists of a plunger fitting into a cylinder in which is placed a sample 
of the soil made into a paste. The soil is extruded through an opening. 
The plunger is forced downward by the screw arrangement and the soil 
is made to press against a cylinder containing oil. The oil cylinder is 
connected to a suitable pressxure gauge so that pressure readings are 
readily indicated. In operation the pressure was found to increase con- 
siderably before extrusion commenced. Once extrusion started Haines 
found that the rate of extrusion was constant as long as it was slow. 
Haines carefully studied the effect of varying moisture on the extrusion 
pressure. His general equation was as follows : 

ilf = « aP - exp - {bP + c) Eq (17-13) 

where M is the percent moisture, P the extrusion pressure, and a, 5, c, 
and e are constants. With regard to the general properties of a plastic 
material Haines (1925a) made the following statement: “Determina- 
tions of the rate of flow for different stresses have indeed been made, 
but their interpretation is quite obscured by the fact that the conditions 
of flow change from one determination to another. Practically every 
property of a fluid which is dependent upon the various methods of 
measuring viscosity, fails to be fitted in the case of plastic substances 
like soils and clays. In the first place a fluid can suffer deformation to 
an indefinite extent without physical change, but usually a plastic sub- 
stance begins to crack and break under comparatively small deforma- 
tions.’" 

Atterberg (1911-1912) developed an apparatus shown in Figure 97 
for the determination of soil cohesion. This apparatus depends on the 

force required to make a steel 
wedge penetrate a specially pre- 
pared block of soil. It is impor- 
tant that the wedge be sharp and 
that the force be applied gradu- 
ally. The force required to make 
the soil yield is indicated by the 
pointer and is taken as a measure 
of soil cohesion. Atterberg's 
wedge is approximately 16 deg. 
As might be expected there is 
always some difficulty in determining when the yield point has been 
reached. 

The general relationship between cohesion E and moisture-content 
AT, as determined from this equation, is as follows: 

E «= aAT"'* 



FiGtTRE 97 . Atterberg's Apparatus 
FOR Determination of Soil Co- 
hesion. 


Eq (17-14) 
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where a and c are constants determined by the condition of the soil. 
The force necessary to overcome cohesion by the Atterberg apparatus 
is given by the following 

where F' is the force tending to split the block, F the force driving the 
wedge, and 4 the width and height of the wedge, respectively, and r 
the coefficient friction, usually taken as 0.3. 

Some further light may be cast on the subject of cohesive forces by 
the following analysis. Suppose we have a mixture of particles and water 
which exhibits a cohesive character. The complex will be held together 
by free surface energies in accordance with Dupre's equation. The work 
of adhesion Wsl is that necessary to disrupt the latent cohesive energies; 
thus, using negative signs to indicate tearing apart rather than forma- 
tion, 

= (^SL - <^SA - ctla Eq (17-16) 

where is the free energy (surface tension) produced by the distribu- 
tion of the particle-water interface, <tsa that used up in the formation 
of the particle-air interface, and that used up in the formation of 
the water-air interface. 

We have noted on page 238 that fine particles when wetted release 
heat. This heat may be termed the total surface energy and can be 
determined calorimetrically. Let represent the heat of emersion of 
fine particles in water; then what is measured is given by the following 
equation: 

lie = ~ Eq (17-17) 

where the X's are the latent heats of surface formation, and the <t's are 
expressed in heat units. 

The least amount of water necessary to cause cohesion is readily 
extrapolated from a series of experiments with a given material, as may 
also the corresponding value of He* The values so obtained may be 
regarded as the critical cohesive limit of the material with water. A 
similar procedure may of course be applied to any other solid-liquid-gas 
phases.* 


COAGULATION 

In all suspensions we must contend with constant motion and ad- 
herence of small particles to each other. This effect constantly reduces 

^ The procedures outlined here are discussed in Chapter 11. 



356 


MICROMERITICS 


their number — an effect which is further augmented by accelerated 
settling action due to the increased mass of some particles. Some esti- 
mate of the nature of the action taking place may be obtained by refer- 
ring to Figure 98, This figure shows the change in particle-size of 
zinc-oxide fume at various instants of time. While the data presented 
apply to an aerosol, the phenomenon is not greatly different for particles 
suspended in fluids. 

The theory of coagulation was developed by von Smoluchowski 
(1917) and found to be correct as long as particles are not attracted or 
repulsed by electric charges, or go into solution. Von Smoluchowski's 

basic assumptions are as follows: 

(1) There must be a sphere of 
attraction around every particle 
such that every other particle 
coming within this sphere adheres 
to it; if is the diameter of the 
particle, this sphere of attraction 
is taken to have a diameter of 2i; 

(2) the probability that one parti- 
cle (motionless) in a medium con- 
taining w particles per cu cm gets 
within the sphere of attraction 
of another particle is 47r3Dd, where 
3D is the mean displacement (dif- 
fusion constant) as defined in the 
case of Brownian motion by Eq 
(8-2) et seq. 

where B is the gas constant, T the absolute temperature, and N 
Avogadro's number. Thus, starting with Wo single particles, ni after 
time tu fh after time Z 2 , etc., we have 

« Wo-exp [— 47r3D<iwoZ] 

Hence their decrease is 



Figure 98 . Particle-size Distri- 
bution IN A Smoke After Various 
I lTTERVALS OF TiMB. (WbLLS AND 
Gerke, 1919 .) 


— ^ Eq (17-19) 

where K, is called the coagulation constant. When only a small part 
has come together so that approximately mo = we have on integratmg 
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^ ”0 

i — AT'Xidn^ 1 + ^ 

where ifc equals l/(47r3Drfwo) is called the time of coagulation. Now, 
double particles exist, and when these meet they become quad- 
ruple particles; if they meet single particles they form triple ones, etc. 
The procedure of calculating the new numbers is the same, with the fol- 
lowing assumptions: That the displacement of f-single particles com- 
posing one particle, SD^, and one composed of j-single particles, on 
corning together possess a mean displacement = 3)i + S)y and that 
the sphere of attraction of the combination is dij = {di + dj)/2. The. 
following series of equations developed by von Smoluchowski gives the 
manner of formation for single, double, triple, etc., particles 

' (1 + xnoty 

""Vl + xnoty 


ftj = Uq 


(1 + xnoty'^^ 


The total number of particles of all kinds at any time t is given by the 
equation 


Sn = Eq (17-20) 

'■*1 

From this equation we see that when ^ the total number of particles 
is just halved. The significance of tc is therefore apparent. Note that 
Wi and 2n start at the same point (if = 0), since originally the suspen- 
sion consisted only of single particles. 

Whytlaw-Gray et al (1936), while considering only disperse systems 
in gases, obtained the following simple equation to express coag- 
ulation: 

= Eq (17-21) 

where fh and are the number of particles per unit-volume at times 
h and ti, respectively, and Kj is the coagulation constant as defined by 
Eq (17-19). 
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.Whytlaw-Gray et al, citing Cawood, state that the coagulation proc- 
ess is to some extent independent of the nature of the particles, al- 
though the constant for any one system of particles may vary as fol- 
lows: 


1. With the average size of the particle, the smaller the size, the 
faster the rate of coagulation, 

2. With size-distribution, when the size-range is small (that is, if 
the particles approach the homogeneous), coagulation is smaller than is 
the case with widely heterogeneous systems- 

3. With the form and shape of the particles and the aggregates 
formed. 

Attraction of Two Spheres — ^An expression for the attraction between 
two or more particles, based on collision theory rather than attraction 
due to the motion of spheres, may be developed by the methods of di- 
mensional analysis. Let the force of attraction between two particles 
of diameters di and be F and assume that when the particles are close 
enough so that the gaseous film enveloping each particle coalesces over 
a region about the point of contact, then the whole attraction is due to a 
free surface energy <r. If the average surface of contact of the particles 
is denoted by Sq then 

F == KSc> (t) Eq (17-22) 

Hence, by the methods of dimensional analysis, 

[MLT~2] = [L12‘^*[MT"2p> 
and, a ^ V 2 , J = 1, so that 

F = k(7\^c 

where ^ is a constant of proportionality. 

The value of Sc is difficult to determine unless we assume that the 
surface of a given volume of particles is proportional to the harmonic 
mean. If this assumption is valid, then such contacts as we have de- 
scribed are also proportional to this mean (see Chapter 3) . Let us now 
write 

F = <r) 

where 4 denotes the harmonic mean of the particle diameters. Pro- 
ceeding as before, we find for this case that 

F = 

For two particles 2/dj, « 1/di -f l/d^, so that 

did^ 
dx 


F ^ k' 


Eq (17-23) 
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This is identical with Bradley’s (1930) expression where was found to 
be equal to 2t. However, Bradley used a general law of attraction to 
derive Eq (17-23), and his derivation rests on a firmer foundation than 
the one we have derived by dimensional analysis. Bradley was able to 
show for quartz spheres that i?’ was in fact proportional to did^/idi + d 2 ) 
as in the above expression. 

The question now arises as to the significance of Eq (17-23) in a vi- 
brating or turbulent field of small particles. The particular expression 
we have developed assumes two particles which have come into contact 
and are held together by their mutual surface energy. Bradley has ex- 
amined this problem for smoke particles, and has found (a) that particles 
of equal size will cohere, even at high temperatures; (b) that a very 
small particle will cohere with a very large particle even if it will not do 
so with one of its own size; and (c) that linear chains and aggregates 
yield results similar to (a) and (6). All this provided that the particles 
are very small and of the order of 10~® cm. 

The situation here described applies equally well to a vibrating field. 
For, consider a wide range of particle sizes. Obviously, they will have 
different amplitudes of vibration, thus leading to a large number of col- 
lisions and eventual coagulation of many pairs, so that the phenomenon 
of sonic precipitation of aerosols is readily explained. In addition we 
must consider the effect of the constantly changing size distribution, but 
in this connection we should appreciate the following fact: It is clear 
that the net effect of numerous collisions is to reduce the concentration, 
and hence the frequency of collisions (for a fixed frequency) . Therefore, 
we must alter the frequency of oscillation in order to maintain efficient 
coagulation up to the point at which the particles are large enough to 
settle rapidly under gravity, remembering at the same time that ampli- 
tude and phase exert a definite influence. Whether direct contact leads 
to coagulation in every instance (when particles are vibrated) cannot 
be stated. 


SETTLING OF SUSPENSIONS 

It must be realized from the foregoing that if settling is assumed to 
follow Stokes' law, the viscosity is a variable and a function of the con- 
centration. Moreover, when particles are in great concentration a cer- 
tain amount of disturbance is set up in the fluid, which may be sufficient 
to destroy the usefulness of this law. As particles settle toward the bot- 
tom of the container their concentration increases, and with time a kind 
of packing action sets in. In the design of settling basins and in gauging 
the ultimate size of a plant, some knowledge of the laws which govern 
settliug of great concentrations of particles is necessary and valuable. 
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Most of the available Infonnation on settling concerns small labora 
tory units. In practice, settling basins and thickeners are of large size 
and are kept in continuous operation. Comings (1940) presented an 
excellent practical discussion of these and other factors affecting their 
operation. However, it remained for Kanunermeyer (1941) to evaluate 
the importance of these factors quantitatively. 

Ultimate Settling Height — and Kammermeyer (1940) found 
that initial and final heights of the suspension (without stirring) are 
related to the weight percent of suspended solids by the expression 

§■ = aC? Eq (17-24) 

ijfo 

where Hu and iZo are the ultimate and initial heights of the suspension, 
C is the weight percent of suspended solids, and a and h are constants. 
The constant a is a function of particle-size, and 6 is characteristic of a 
given suspension. According to Ward and Kammermeyer, Eq (17-24) 
may be used to determine average particle-size. Thus, values of Hu/Hq 
for weight concentration of 30 percent quartz in water, of 0.302, 0.383, 
and 0.432 have average particle-diameters corresponding to 80, 32, and 
10 jUj respectively. 

Effect of Container Diameter — ^The rate of settling, as well as ulti- 
mate compacting of the particles, is affected by the diameter of the con- 
tainer in which settling takes place. No data are available on particle- 
size, but in general, for laboratory experimentation the diameter of the 
settling tube should not be less than 40 mm for substances such as cal- 
cium carbonate, barium sulfate, and silica (Kammermeyer, Joe cit). 



Figure 99. Effect op Stirrer Height on 
Ratio HJDio - 

Effect of Stirrer Height — ^Figure 99, taken from data by Kammer- 
meyer (1941), indicates the effect of stirrer height on the ratio HJHa, 
The data apply to a 19 percent suspension of calcium carbonate. The 
stirrer ^eed was adjusted to 2 rpm. From the curve shown in the 
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figure it is seen that the ratio becomes constant when the ratio 

of stirrer height to ultimate height of suspension approaches one. 

The effect of stirring is interesting. For most substances the curve of 
Hu/IIq versus concentration is a straight line, almost parallel to the 
curve for normal settling without stirring. This is true up to a point 
where the mud or slurry thickens. At that point there is a sharp rise 
in the slope of the curve which may be explained in terms of com- 
pressibility of the material, and possibly an accelerating action due to 
a decrease in voids. This effect is not so noticeable in the case of hard, 
firm particles which do not compact easily. It is necessary to point out 
that the break in the curve is sharp. This break may signify a charac- 
teristic of packings of some importance, probably in their bidking prop- 
erties. Work on this subject merits further attention. 

Rate of Settling — At the present time two methods are widely used 
for computing settling rates of liquid suspensions. Rollason, cited by 
Egolf and McCabe (1937), proposed the use of Stokes’ equation in the 
form 

^ - po; 

dt ju 

We have pointed out that the difficulty of this equation lies in the fact 
that ^ cannot be considered constant, but is a function of the concentra- 
tion at any given time. The value of K must be determined experi- 
mentally. 

Egolf and McCabe propose the following equation to determine the 
rate of settling: 

E,a7-25) 

where dH/dt is the rate of settling, which is assumed linear up to the 
time the settled particles are compressed by their own weight (hence, 
dH/dt = H/t), <f) symbolizes “function of,’’ and 9 is the volume concen- 
tration (cu cm/cu cm) of suspension at ultimate height. The other 
terms have been defined previously. With regard to this equation, 
EgoH and McCabe state substantially as follows: The equation is for 
the most part empirical, but does have some rational basis. The initial 
rate increases and the concentration decreases, and the ratio Hq/Hv 
is equivalent to the reciprocal of the concentration since the ultimate 
height is practically constant. The quantity (0.415 — 6) is a measure 
of the intensity of the flocculation since it has been observed that the 
more strongly the particles flocculate the less dense the final sediment, 
and hence the greater the value of (0.415 — 0). Eq (17-24) does not hold 
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for values of 6 equal to or greater than 0.415. Ward and Kammermeyer 
state that for quartz d becomes equal to 0.415 at an average particle- 
diameter of 50 ju. 

The compression part of the curve as given by Egolf and McCabe is 

log = K' log at Eq (17-2 'i) 

where H is the height of the suspension at time t, and a is a compression 
constant- Thus K' is determined from the slope of the curve. The 
value of K' was found to be fairly constant for any given material; de- 
termination of a entails no difficulty. Plots of concentration of sus- 
pension versus aHo (or were found to give a straight line. 


MIXING OF SUSPENSIONS 


It is often useful to determine the concentration of a suspension after 
a given amount of dJuent has been added. The procedure involved in 
calculating the resulting mixture is simple. Suppose we have a volume 
Qo of a suspension whose initial concentration is Co and that a volume 
Qi of diluent is added to this suspension. Let Q = dQo where 6 repre- 
sents the fractional part of Qq added. If the diluent possesses a concen- 
tration Cl of the component in Qo being diluted, the final concentration 
of the suspension C is then simply the weighted average of the compo- 
nents 


r =s= ^oQq + CiQi _ Co + ^Ci 
^ 0+^1 1+0 

When Cl = 0, the condition for a pure diluent, 

^ _ Co 
1 + 0 


Eq (17-27) 

Eq (17.2cS) 


If we now consider a situation where there is an influx of diluent and 
an efflux of desired concentration C, we may arrive at a general solution 
for the case of two liquids for which the two equations above are special 
cases. This may be done provided that the liquids diffuse instantane- 
ously (a condition which may be accomplished mechanically) and that 
no chemical reaction takes place. Let Co and Ci, as before, represent the 
initial concentration of suspension to be diluted and the concentration 
of the same suspension in the diluent. If ^ denotes the ratio of efflux to 
influx into the container whose volume is Qo, then 

jp ^ CiQodB CQodd 

“ Qo[i + 0(1 - m Qo[i + 0 (1 « m 

The first term on the right gives the fraction of increment Qodd mixed 
with the original amotmt Qf Qo of the fluid, and the second term gives the 
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fraction, forced out by the admission of Hence, on reducing and 

integrating between limits C = Co, C = C, and 0 = 0, 0 = d, we obtain 


In [1 + e(i - m 
1 - I 


= - In 


Cl - C 

Cl — Co 


or 


-.a-) 

Thus, if the initial volume of the suspension to be diluted is known, 
we may calculate the volume Q = OQq of the diluent required to give a 
concentration C for any ratio of efflux to influx. Note that when $ = 0 
(no efflux), we obtain Eq (17-27) and that when ^ = 0 and Ci = 0 (fluid 
without suspension), we obtain Eq (17-28), Intermediate cases for 
Cl = 0 with efflux and influx are directly obtainable for Eq (17-29). 
Note further that Eq (17-29) is indeterminate when ^ = 1. Also, if Ci 
C, Co ^ C ^ Cl, and if Ci ^ C, then Ci ^ C ^ Co. The latter case 
represents an increase in the concentration of the suspension in the con- 
tainer. 


Problems 

1. Calculate the density of a suspension of particles, given the following informa- 
tion: Volume 500 cu cm, total weight of particles 50 g, density of particles 2.2. 

2. From the data of Problem 1, calculate the weight of a unit-volume of the sus- 
pension. 

3. Using Eq (17-12) calculate the viscosity of the suspension given in Problem 6, 
Chapter 4. 

4. A suspension of zinc oxide was measured at 2 p.m. and the concentration esti- 
mated to be 4 particles per cu cm; at 4 p.m. the concentration was estimated to be 1 
particle per cu cm. Determine the coagulation constant. 

5. (A) Suppose a volume V of a fluid is present in a container and V' is the volume 
of another fluid equal to V which is added to give a concentration C of a fluid. If 
the initial concentration of the fluid is Co, determine the quantity of fluid V' required 
to yield a concentration to a value C. 

Note: The change in concentration dC produced by the admission of a small in- 
crement VdV of the added fluid is proportional to the difference between this incre- 
ment and that contained in the mixture forced out of the container. Hence 

dC « VdV' - VCdV'/V 

whence 


F' = - In (1 - C) « -2.303 log (1 - C) 

(B) If the concentration of the fluid being added is Ci, determine the value of F' 
in part A of this problem to give a concentration C. 

(C) Given that the fluid introduced contains the fractional part Q of the compon- 
ent whose concentration is to be qhanged, determine the volume of the fluid which 
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must be added to give a concentration C, assuming that the initial concentration in 
the receiver is Co, and that there exists a free efflux of fluid mixture. 

Note: Here we have 

dC = (CiVdV - CVdY’)iy = (Cl - C) dV 
so that under the conditions of the problem 

C 2.303 log [(Cl - C)/Ci - Co)]. 



CHAPTER 18 


TRANSPORT OF PARTICLES 


T his chapter will deal with the movement of particles in liquids and 
gases. The subject matter will be considered in three major sections : 
(a) Silt transportation in open channels, {b) movement of sand and 
clays in pipes, and (c) pneumatic transport. In each type of transport 
there are different laws of behavior — in fact, many of them. The 
whole field dealing with transport of particles has been in a state of 
flux for many years. Each investigation seems to have produced a 
separate concept of the importance of the variables affecting trans- 
port, and formulas developed are equally numerous. In this chapter we 
can only indicate the significant factors involved. For more complete 
discussions the reader is referred to the bibliography which contains a 
fairly representative list of contributors to the subject. 

As a matter of general interest we shall show that the velocity re- 
quired to just move a particle varies as the sixth power of the velocity 
if the motion is turbulent. As will be shown later, this law has been 
amply verified, but its use thus far seems to be limited almost exclu- 
sively to problems of silt transportation. Referring to Eq (2-10) 



Since the mass of the particle is as the cube of the diameter, we have 
moving force « 

SILT TRANSPORTATION 

Land contours have been shaped largely through the movement of 
fine grains by streams and rivulets. The accumulation of particles has 
created fertile fields in some places and important deposits of minerals 
in others. All this has been going on for countless ages and still con- 
tinues. We have learned to appreciate the significance of the earth’s 
shifting surface because the forces of erosion have also deprived us of 
untold agricultural wealth. And equally important is the effect of 
river silt on reservoir basins used for power and irrigation; heavy silt- 

365 
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loads quickly reduce capacities. Some concept of the amount of silt 
moved by a river can best be shown by data obtained for the Missouri. 
Thus, for the 2-yr period July 1, 1929, to June 30, 1931, the silt-load at 
Williston, N. D. (1659 miles above the mouth), was 64 million tons; 
at Sioux City, Iowa (769 miles above the mouth), the silt increased to 
141 million tons; and at Howard Bend (36.5 miles above the mouth) the 
total load was 270 million tons. All this is suspended silt. Between 
the stations, some silt was deposited and more picked up. 

When a river enlarges or comes to the still waters of a reservoir, its 
velocity is reduced and the silt-load deposited forms a delta. The 
material in the delta is therefore sorted as to size, the coarser particles 
settling first and the finer ones being carried farther on. 

Relations of Silt-Load to Flow and Velocity — It is difficult to obtain 
a relation between silt-load and flow and velocity, since the amount of 
silt present depends on unpredictable factors. In connection with 
studies of silt transportation in the Missouri River by the Corps of 
Engineers (19355), the following empirical relations were obtained at 
Kansas City 

G == 30.4 X 
G = 0.00862 

where G is the total amount of silt transported in tons per sec, Q the 
flow in cu ft per sec, and v the mean velocity in ft per sec. If the first 
of these equations is written 

G/Q = 30.4 X 

then the amount of silt per unit-volume is nearly proportional to the 
flow. These equations are interesting, but it should be remembered 
that they cannot be expected to hold for all times. In the many hun- 
dreds of miles of rivers and tributaries, the greatest variety of local condi- 
tions may exist, such as cloudbursts, melting snows, droughts, etc., 
all affecting the main stream far below. 

Distribution of Particles — ^The distribution of particles at various 
depths in a slowly moving stream may be determined as follows. 
From the fact that the rate of change in weight of silt at a depth L is 
proportional to the weight of silt per unit-volume of water vertically 
above a unit-area, we obtain the following expression 

dw _ 
dt ^ 

and the solution is 


w = wo*exp {—ktiL) 


Eq (18-1) 



I'RANSPORT OF PARTICLES 


3(57 

where Wo is the weight of silt originally in the water. The w’s in the 
equation may be replaced by number of particles per unit- volume. 
However, the constant k involves certain difficulties in its determina- 
tion. A more complete equation for distribution of suspended silt 
in a slow-moving stream was obtained by Christiansen (IQ.S.'l'l 

C = Co exp J" Eq (18-2) 

where C is the number of particles per unit- volume at a point L measured 
downward from the surface, Co the initial concentration, Vm the settling 
velocity defined by Eq (2-9), po the density of the fluid, and « a coef- 
ficient defined by the equation 

Po5Z, 

* dv/dL 

where v is the velocity of the water, and 5 the slope of the channel. 
If € is constant, then 

C = Co -exp (vmPoL/e) Eq (18-3) 

which on reduction {dv/dL = v/L) gives the same result as Eq (18-1). 
The above equations do not hold at points near the bottom of the chan- 
nel. Moreover, in computing the concentration at any point it is pref- 
erable to use Eq (18-2) since the ratio of L/{dv/dL) is not necessarily 
constant. Values of dv/dL are derived from velocity traverses in the 
stream. 

Sorting Phenomenon — It is a common observation that larger par- 
ticles are dragged or rolled more rapidly than small ones along the bed 
of a stream. Thus, just as there is a 
gradation effect on particles in the 
formation of a delta (previously dis- 
cussed), along a stream bed a similar 
gradation also takes place. How- 
ever, the causes are different in each 
case. W e explained the delta forma- 
tion in reservoirs as due to settling 
phenomena, while in the present 
instance the effect is due to large 
changes in the stream velocity gradient near the bed surface. The 
effect is shown schematically in Figure 100. This figure shows two par- 
ticles (assumed spherical), and the accompanying velocity distribution 
for the flume in which they lie. For purposes of illustration the curve is 
exaggerated, but it is obvious that the mean velocity presstue is much 


WATER SURFACE 



Figure 100 . Illustrating Rolling 
Effect on Stream Bottom. 
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greater over the upper portions of the larger particles. The effect is 
easily shown quantitatively; If »» is the velocity of the bed stream, 
then the equilibrium forces on a particle, say of diameter d, are given by 
the equation 


4 ■ 2g 




where / is the coefficient of friction and the other terms are as defined 
previously. Hence 


= 



K Vd 


Thus if di = 2^2, the velocity of the larger particle requires a bed veloc- 
ity of times that of the smaller. However, the velocity change be- 
tween the points identified as centers of the two particles is generally 
more than doubled, so that the coarser particle is more easily moved. 

Bed Velocity — It is customary to use the term “mean” velocity to 
define movement of streams. In silt transportation we are primarily 
interested in the velocities near the bed of transportable material. 
It is difficult to define precisely what is meant by bed velocity, but in 
general, we refer ‘to the average velocity over a narrow region next tc 
the bed. The thickness of this region and the velocity distribution 
across it require certain fundamental assumptions beyond the scope of 
this text (see Rubey, 1938). The bed velocity may be shown to be 
related to the mean velocity Vav as follows: 


V = -i-vJRS Eq (18-4) 

where g is the gravitational constant, the coefficient of bed resistance 
referred to the bed velocity, R the hydraulic radius (cross-sectional area 
of stream divided by the wetted perimeter), and 5 the slope of the 
stream. From the same equation 

■s/h = VF V„ VRS Eq (lS-5) 

and for a particular bed velocity 

« Vav \^RS 

Manning's Formula — ^From time to time we shall have occasion to 
refer to the coefficient of roughness contained in Manning’s formula for 
fliunes (in fps units) 


» 


Eq (18-6) 
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where R is the hydraulic radius, 5 the slope, and n the coefficient of rough- 
ness. The coefficient of roughness depends upon the nature of the bot- 
tom and sides of the flume, and frequently is difficult to determine. 
There has also been some discussion regarding the dimensions of n, 
those generally accepted being [L]'"'*. Chang (1939) cites Strickler as 
having proposed an equation for n in terms of the diameter of particles 
near the surface layer of the bed 

» = 0.015d„.‘A 

where is the median diameter in mm. Chang himself verified this 
formula, obtaining in his experiments 

n = 0.0166i..'A 

where denotes the mean diameters of the particles also expressed in 
mm. Both Strickler’s and Chang’s equations must be used cautiously 



DEPTH (FEET) 


Figure 101. Variation of Sand Discharge, 

Mean Velocity, and Manning’s n for an 
Experimental Flume. Average Diameter 
OF Sand 0.347 mm, Kramer’s Modulus 
0.643, AND Slope 0.0015. 

although they give values of the right order of* magnitude. Difliculty 
in applying them generally lies in the fact that n is not constant, but 
fluctuates with the conditions of flow. Some estimate of the variation 
of n may be seen by inspection of Figure 101 taken from data obtained 
by the Corps of Engineers (1935a), at the U. S- Waterways Station, 
Vicksburg, Miss. Note the change in values of n with the develop- 
ment of riffles. 

THEORIES REGARDING TRANSPORT 

Several theories have been proposed to explain the laws governing 
transport of particles in streafns. Each theory seems to have points in 
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its favor, but until the movement of water on stream beds is better 
understood, it is doubtful whether a completely satisfactory theory can 
be developed. In general, there are three theories regarding silt trans- 
port. One of these is implied in the sixth-power law, discussed in the 
opening paragraphs of this chapter, although this law has not been used 
in the form given. As indicated elsewhere, the velocity in question 
is that near the bed of the stream, and it is practically impossible to 
measure this velocity. The bed velocity must be expressed as the mean 
stream velocity, but such alteration involves approximations often 
leading to errors of considerable magnitude. In spite of these limita- 
tions, the velocity theory finds an important place in silt problems. 

The second theory is called the “tractive-force theory” and utilizes 
the concept of current drag or “Geschiebe” required to move particles of 
a given size. Later we shall develop the underlying basis of tractive 
force, but for the moment we merely note that it is distinguishable from 
the velocity theory in that the movement of a particle by a stream varies 
as the depth and slope of the stream. 

Finally, the third theory states that the dislodging of particles from a 
stream bed does not depend upon velocity or tractive force, but upon 
the lift induced by the velocity gradient or the rate of shear between ad- 
jacent fluid filaments. There can be no question but that “lift” plays 
an important role in silt transport. However, the author believes 
it is ancillary to the two preceding theories and hardly to be considered 
self-sufficient or capable' of explaining the movement of particles. At 
least until such time as more is known regarding the nature of flow at 
boundary layers, we cannot hope to use the lift theory alone in predict- 
ing what may be expected from a given stream, even though we do know 
its depth, slope, and velocity, as well as the size-distribution of the silt 
composing the bed. 

VELOCITY THEORY IN SILTING 

It was shown that large particles are more easily transported by 
streams than smaller ones. This phenomenon becomes more pro- 
nounced with small particles since the cohesive forces existing between 
the particles increase as the latter decrease in size. Chatley, cited 
by Tchikoff (1937), gives the formula 

= 0.02/d 

where Vc is the critical or eroding velocity (average velocity of stream) 
in cm per sec, and d the diameter of the particles in cm. The method Of 
determining d was not given, but we infer that it applies to classes of 
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particles as given in Table 72. The formula is limited, but offers an 
idea as to the importance of small particles in scouring. 

Table 72 — Eroding Velocities for Stream Beds Composed of Certain Par- 



TICLES 



Class of particles 

Diameter of 
particles 
(mm) 

Critical velocity 
(velocity of erosion) 
(cm/sec) 


Fine gravel to coarse sand 

1.00 

0.2 


Fine sand to very fine sand 

0.10 

2.0 


Very fine sand to silt 

0.05 

4.0 


Silt to clay 

0.005 

40 0 


Clay 

0.001 

200.0 


Colloids 

0.0001 

• * • 



Kennedy's Formula — Kennedy (1894-1895) proposed an empirical 
formula of the type 

Vc = aU 

where Vc as before is the velocity of the stream required to cause move- 
ment of silt, L the distance between the surface of the bed and the 
stream, and a and h are constants. For the Upper Bari Doab Canal, 
Punjab, India, Kennedy obtained a value oi a = 0.84 and b = 0.64. 
Subsequent investigations of other canals by Kennedy and later 
workers on the subject obtained values of a ranging from 0.39 to 0.95, 
and b from 0.52 to 0.57. Kennedy assumed that vertical eddies alone 
were responsible for silt transportation and that width of the channel 
was unimportant. It is now known that other dimensional factors in 
addition to depth are necessary. Lacey (1930) re-examined existing 
data utilizing the Kennedy formula, and proposed a formula of the type 

where R is the hydraulic radius, c a constant, and S a silt-factor, derived 
in a manner to be described later. Kennedy’s equation for the Upper 
Bari Doab Canal, Ve = 0.84 was recast in the form Vc = 1.17\/!r. 
Other data, when similarly treated, assumed the form Vc = where 

a is a specific constant applying to the stream. 

Now to introduce the Lacey silt-factor we write a generalized for- 
mula such as 

»e = 1.17 VIK Eq (18-7) 

For the original Kennedy formula { = 1, an arbitrary arrangement. 
If Vei is the critical velocity for a flume, such that va. = 1.17 vrhere 
is the specific silt-factor for the flume, then va/ve = \/& and we note 
that the silt-factor measures the ease with which a stream bed is moved. 
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Lacey next developed an important concept of the silt-fac tor -area 
relationship of a channel. Following Kennedy’s formula and derming 
a *hegime channel” as a channel whose bed-silt and also self-silted side 
berms are nearly stable, self-derived, and long continued, then for two 
channels having the same mean velocities 

= ^iRi 

If the wetted perimeters are considered to follow the same law as the 
depth or hydraulic radius, then 

= fiTi 

where the -tt’s are the wetted perimeters. Multiplying these equations 
together and generalizing for all regime channels 

Ae = Ai^i^ = = etc. 

where .4, Au ^ 2 , etc., are the respective cross-sectional areas of the 
regime channels (equals tR). By plotting the available data, A^“ 
against Vc, Lacey derived the relationships 

Ae = 3.8z^/ Eq (LS-8) 

and 

^ Eq (LS-9) 

Therefore the silt- transporting power is as the sixth power of the veloc- 
ity, as it should be. 

Gilbert' s Experimental Results — Gilbert (1914) carried out extensive 
flume experiments which are regarded as models of excellence;. Gilbert 
was interested primarily in stream capacity, but the data collected have 
been used often to calculate the ability of a stream to move particles 
on the bed surface. Following are the developments due to Rubey 

(1938) who derived formulas of critical bed velocities. By plotting a 

roughness ratio, d^j2R, logarithmically against the inverse measure of 
bed velocity and resistance coefficient, and drawing a line of 

best fit between region marking no movement of particles and that 
indicating movement, Rubey obtained the following equations : 

For particles of sand 0.250-0.370 cm (average == 0.304 cm) 

. 7 ^ - f. + “■'“ 

For particles of sand 0.175-0.250 cm (average = 0.209 cm) 

2R 
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For particles of sand 0.045-0.105 cm (average = 0.069 cm) 

Using Eq (lS-5) el seg, an approximate general equation for bed velocity 
was derived; 

v„^ = ^1.05 log ^ + 3.11^ Eq (lS-10) 

where the term in parentheses corresponds to 1 / VX in Eq ( 1 8-5) . Rubey 
also derived the following equations giving the maximum particle-diame- 
ter capable of being moved by a stream 

= 0.44 (log— + 2.96) -gg— Eq (lS-11) 

where po is the density of the water, p that of the particle, the other terms 
being as previously defined. 

As a measure of the amount of silt moved by a stream, Gilbert ob- 
tained the approximate expression 

^av 

where G is the rate of silt movement, expressed as weight per unit-time, Q 
the volume of flow per unit-time, and a and b are constants. 

TRACTIVE-FORCE THEORY 

In the velocity theory above developed it is apparent that while 
fundamentally sound, the chief difficulty in practice concerns the meas- 
urement of bed velocities. This has been overcome in part by Rubey’s 
analysis of the subject, and by the general theory of Kennedy and 
Lacey. However, in recent years studies of silt movement have utilized 
DuBoys’ (1879) expression of “tractive force.” This expression is 
simple and convenient and involves the basic elements of channel hy- 
drology; depth and slope. Tractive force means the force activity 
on the bed causing movement of the particulate material. The force 
required to impart initial motion to the bed material is called the “criti- 
cal tractive force.” General movement is defined as the condition 
where particles up to and including the largest composing the bed are in 
motion. 

DiiBoys* expression for the tractive force may be derived in the fol- 
lowing manner: Consider a channel with a uniform flow of water of 
depth L: if no resistance is offered to the Stow the kinetic energy of a 
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prism of unit cross-sectional area and depth i in a time d. is very nearly 
dE = ^ [(z^ + dvY — = mvdv 

where E is the energy, m the mass of fluid, and v its velocity. Since 
dv/dt = g5, and dE == mgSvdt, and assuming that there is no increase in 
kinetic energy, there must be a force F opposing it, and since this force 
acts in the distance vdt, we have 

F-vdt == dE 
F == mgS 

If the density of the fluid is taken as po, then m = poL/g, so that 

F = poLS Eq (lcS-12) 

This is DuBoys’ equation for tractive force. The equation makes no 
allowance for internal friction and turbulence, bed friction, or move- 
ment of bed load. However, in spite of these omissions, it has been 
found that for a given bed material, the movement is proportional 
to the tractive force. DuBoys’ equation for the rate of movement of 
silt was of the form 

G = ipF(F - F,) Eq (lS-13) 

where G is the amount of sand moved per unit-time, a factor which is 
a function of particle-size, condition of bed, etc., and F^ is the critical 
tractive force. 

Kramer's Equation — Kramer (1935) made a series of measurements 
of flume traction in which the important variables (including particle- 
size) were carefully controlled. Kramer's equation of the critical 
tractive force was as follows: 


IQQ ^me ijP Po) 

6 ’ K 


Eq 


in which F^ is the critical tractive force in g per sq m, d^e is the median 
diameter of the particles composing the bed in mm, p and po are the 
density of particles and fluid, respectively, and K is • Kramer's size- 
factor or uniformity modulus, discussed in Chapter 3. It has a value 
o| 1.0 for uniform particle-size, and a value of Vs for a uniform dis 
tribution. The addition of fine or coarse particles to a given mixture 
tends to reduce its value. Kramer used the following sizes of sand : 


Sand No. 

Size-range of 

Median 

particles 

diameter 


{mm) 

{mm) 

I 

0.0 -5.00 

0.53 

ir 

0.0 -1.77 

0.51 

III 

0.385-5.00 

0.55 
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Therefore, Eq (18-14) may be said to hold for a range of sand sizes from 
0.0 to 5.00 mm. 

Work of C7. S. Waterways Experiment Station — ^The most compre- 
hensive study of silt movement in recent years is that by the Corps of 
Engineers (1935a), published by the U. S. Waterways Experiment 
Station. To some extent this study followed the pattern used by 
Kramer, but included more different kinds of material. The mean 
sizes for eight of the sands composing the beds ranged from 0.205 to 
0.586 mm; for one other sand the mean size was 4.08 mm. The sand, 
having a mean diameter of 0.586 mm, had a uniformity modulus of 
0.280; all the others had moduli of approximately 0.5. The critical 
tractive-force equation obtained was 

Fc = 29 Eq (18-15) 

where the units axe the same as in Kramer’s Eq (18-14). In addition 
to the experimental data obtained in this study, the data of various 
other investigators (including Kramer) were found to fit Eq (18-15). 

An equation was also obtained for the rate movement of silt; that is, 
the amount of silt moving per unit-width of channel per unit-time. The 
following empirical formula was derived 

G - i Eq (18-16) 

where G is the rate of movement, n Manning's coefficient of roughness 
as given in Eq (18-6), L and S, respectively, the depth and slope of 
the channel, LcSc the value of the depth-slope product for the given sand 
mixture at the time movement begins (determined by the linear plot of 
Gn against Z5), and k and m are functions of the physical characteris- 
tics of the bed-load material. Table 73 gives values of the various quan- 
tities included in Eq (lS-16), The values of G are expressed in lb per ft 
width per hour. 

Work of Chang — K great number of formulas on flume traction 
are available. We cannot give details on all of them, nor discuss their 
relative merits, but shall confine the discussion to those of most recent 
origin and general interest. 

Chang (1939) conducted numerous experiments and correlated the 
data of several earlier investigators. Unlike Kramer and his co-workers 
at the U. S. Waterways Experiment Station, Chang found that when 
values of Fc were plotted against the product of the variables [(p — po)/ 
the various data plotted as two straight intersecting lines on 
double log grid. The intersection was found to occur at a value of the 
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Tabi e 73 — Vai.ue of Constants in Expression G 



m 


Sand dav 

No (mm) K 

1 0.586 0.280 

2 0 541 0.439 

3 0.525 .0.539 

4 0.506 0.406 

5 0.483 0.438 

6 0.347 0 643 

7 0.310 0.525 

0 205 0.560 

4.077 0.566 


Range of values 
Slope of n 


0.0010 

0 0112 

to 

0.0118 

0.0015 

O.Olld 

to 

0 0124 

0.0020 

0.0118 

to 

0 0128 

0.0010 

0.0120 

to 

0 0132 

0.0015 

0.0124 

to 

0 0143 

0.0020 

0 0132 

to 

0 0144 

0.0010 

0.0146 

to 

0.0193 

0.0015 

0.0165 

to 

0.0232 

0.0020 

0.0132 

to 

0.0188 

0.0010 

0 0152 

to 

0.0188 

0.0015 

0.0184 

to 

0.0248 

0.0020 

0.0140 

to 

0.0260 

0.0010 

0 0166 

to 

0.0194 

0.0015 

0.0170 

to 

0.0260 

0.0020 

0.0178 

to 

0.0260 

0.0010 

0.0195 

to 

0.0212 

0.0015 

0,0190 

to 

0.0242 

0.0020 

0.0184 

to 

0.0250 

0.0010 

0.0214 

to 

0.0238 

0.0015 

0.0218 

to 

0.0252 

0.0020 

0.0206 

to 

0.0272 

0.0010 

0.0176 

to 

0.0296 

0.0015 

0.0236 

to 

0.0276 

0.0020 

0.0180 

to 

0.0292 

0.0030 

0.0164 

to 

0.0172 

0.0040 

0.0162 

to 

0.0165 

0.0045 

0.0164 

to 

0.0193 


Le^^c k m 

0 000100 0.00063 1 5 

0.000095 0.00061 1.6 

0.000270 0.00046 1.6 

0.000300 0.00049 1.7 

0.000350 0.00058 1.5 

0.000280 0.00100 1.8 

0.000250 0.00110 1.7 

0.000260 0.0006G 1.6 

0.000940 0.00060 1.5 


product of approximately 1 .0. The general equation obtained by Chan g 
is 

F, = 0 . 0175 .^/ev.y Eq 

where dj is the average of the shortest and longest dimensions of some 
150 particles, d is the ratio of the longest to the shortest diameter of a 
sand partide, and the p’s have their usual significance. For values of 
[(p ~ Po)/ po]d,,'fl^’ greater than 1, = 1, and for values of this product 

less than 1, ^ = Va* The discontinuity obtained by Chang is assumed 
due to a critical partide-diameter composing the bed. It will be re- 
called that in our discussions regarding movement of partides, large par- 
tides are moved more easily than smaller ones. According to Chang’s 
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thesis, which apparently is widely accepted, there is a size of particle at 
which the larger size no longer moves first, and above which finer par- 
ticles are placed in motion first. In the work of the U. S. Waterways 
Experiment Station this critical diameter was placed at 0.6 mm. 
Chang’s value is surprisingly close to this, being in the neighborhood of 
0.5 mm. Chang’s use of a shape-factor in terms of the ratio of long to 
short dimensions of particles (0 = 1.75 for sand) involves a great deal 
of labor. Undoubtedly any of the various shape-factors discussed in 
Chapter 3 would have proved equally suitable and could have been 
derived with less work. 

Chang’s results for the rate of movement G, of various materials, 
expressed in lb of silt per sec are: 

For sand (/> = 2.645, 4/ = 0.226 mm, 0 = 1.4) 

G = 100,000 F(F - F,) Eq (lS-18a) 

For pumice (p = 2.053, dj — 0.289 mm, 0 = 1.52) 

G = 210,000 F{F - F,) Eq (18-185) 

For emery (p = 3.89, = 0.210 mm, 0 = 1.33) 

G = 50,000 F{F - F,) Eq (lS-18c) 

The tractive force is, of course, expressed in lb per sq ft. 

OTHER FORAfULAS FOR RATE OF SILT MOVEMENT 

Below are a few of the more common formulas used for estimating 
the rate of silt movement. The rate of movement, G, is expressed in 
lb per sec. 

(A) Schoklitsch' s Equation — Shulits (1935) gives an equation 
due to Schoklitsch which is based on Gilbert’s experiments. The equa- 
tion is 

436.5 

G = :;^‘S*ab( 2 - a.) Eq (is-io) 

where da, is the average size of the particles in mm, whose range is con- 
fined to narrow limits, 5 is the hydraulic slope of the channel. B the 
surface width of the channel in ft, q the water discharge per unit-width 
of the channel in cu ft per sec, and q, the critical discharge to move the 
sand or silt per unit-width of channel, expressed in cu ft per sec. The 
value of qt for sand is given to a fair degree of approximation by the 
equation 

2c = 0.00021 L5-V* 
where L is the depth of flow in ft. 


Eq (18-20) 
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(B) Fabre’s Equation — Chang states that Fabre proposed the 
following general equation 

G = 2 . 16 f '/>(2 - 20. Eq (18-21) 

\P — Po/ \ Po / 

where Q is the total discharge in cu ft per sec. The equivalent critical 
discharge is 

Q, = k §7; Eq (lS-22) 

Fabre’s results apply to materials having specific gravities slightly 
greater than 1 and to materials having specific gravities greater than 4. 

(C) Meyer-Petefs Equation — ^Meyer-Peter el al (1934) obtained 
an equation of the form 

G = (1.32 5’^* 0-0.340*/“ (1‘^-23) 

This equation was found to apply to most sands. The equivalent criti- 
cal discharge is given by the expression 

Qc = c (y^y^^ Eq (18-24) 

where c is a constant. Note the dijfference between this equation and the 
corresponding equation developed by Fabre. 

J/OVEA/EJVr OF SANDS AND CLAYS IN PIPES 

Much less is known about the movement of sands and clays in pipes 
than of silt in regular channels. In spite of the industrial importance of 
the subject, the amount of research done is extremely limited. While 
it may seem that fundamental information could easily be obtained from 
various installations, this is not generally the case. Wherever sands, 
clays, or other particulate matter are moved in pipes, little attempt is 
made to control the concentration of the mixture moved. When such 
material is moved from a vat or thickener, the most concentrated ma- 
trial is removed first. In other words, since the concentration of the 
material moved seems a most important variable at first, and since it 
usually cannot be controlled, there has been little incentive to experimen- 
tation. 

In addition to concentration of the material moving in a pipe, we must 
consider particle-size. Obviously, material of relatively large particle- 
size offers fewer interfacial contacts than smaller particles. The latter 
will behave differently — more like a viscous fluid. This is amply borne 
out by many investigations. In g^eral, it may be said that the energy 
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required to move a mass of particles in suspension is dependent upon 
(a) accelerating the particles (that is, imparting kinetic energy) ; {b) 
providing kinetic energy for moving the fluid; {c) overcoming inter- 
particulate and fluid friction ; and (d) (for vertical pipes) energy to lift 
the particles. In the following paragraphs, only horizontal movement is 
discussed and there will be no 
attempt to distinguish between 
the different energy components, 
since this is frequently impossible. 

TRANSPORTATION OF 
SAND IN WATER 

In considering transportation 
of sand, we deal with par- 
ticles of relatively large size, 
so that settling rate becomes 
an important variable. Veloci- 
ties must be so maintained that 
no settling takes place. It is a 
curious fact, in so far as sand and 
substances similar to it are con- 
cerned, that at comparatively low 
water velocities, say 5 to 10 ft 
per sec, the resistance to flow is 
quite high (most sands begin to 
move at the lower velocity) ; but 
at higher water velocities, the 
lines of resistance for water and 
water and sand (up to 25 percent at least) approach each other and 
become parallel. The higher initial resistance is undoubtedly due to 
constriction effects (settling) and to the lower velocity of sand movement 
with respecf to the water. Figure 102 shows data compiled by Dent 
(1939) from various experiments made by Howard (1939) on the trans- 
portation of sand and gravel in a 4-in. pipe. 

Transportation Equations for Saitd — Dent (1915) gave the follow- 
ing practical equation for use in dredge design, 

- + Cx Eq (18-25) 

where h is the total loss in head due to flow of a mixture of sand and 
water (per 1000 ft of pipe line), hto the loss due to the flow of water at the 
same velocity, the excess loss due to the presence of the sand, x ^ fac- 
tor depending upon the character of the sand and diameter of the pipe, 



Figure 102. Loss op Head Due to 
Transportation op Various Ma- 
terials IN A 4-inch Pipe. 
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and C the weight percentage of sand present in the mixture. The 
mean value of x obtained by Dent (1939) to fit the data of the above 
figure is 2.14 for a 4-in. pipe. For 3-in. and 1-in. pipes, Dent esliiiiates 



maximum sand concentration percent by volume 

Figure 103. Results op O'Briek and Folsom 
(1937) ON THE Velocity of Impending Clog- 
ging AT Various Sand Concentrations for 
2-inch and 3-inch Pipes. 

values of x at 3.04 and 10.10, respectively; while for pipes exceeding 
12 in., he estimates values between 1.0 and 1.5. 

Experiments by O’Brien and Folsom (1937), with three different 
sands having the following median sizes: 0.17, 0.33, and 1.3 mm 
showed (1) that above the critical velocity the head loss in any given 
pipe is the same as would occur with dear water at the same mean veloc- 
ty, and (2) that the pressure-drop increases in proportion to the specific 
gravity of the mixture. These data correspond to Dent's findings, as 
well as those of Howard whose experiments will be discussed later. 
We have shown that with increasing vdocities the resistance offered to 
flow by particulate material does approach that of dear water. How- 
ever, it is hard to conceive why resistance at rather heavy concentrations 
should be the same as that for water unless we consider that the partide- 
size distributions used in Howard’s experiments differed considerably 
from those of O’Brien and Folsom. As the latter have pointed out, 
the importance of settling vdocities cannot be ignored, and since this is a 
function of partide-size it may be a possible explanation of the differ- 
ences. Thus, both investigators may be entirely correct. Reproduced in 
Figure 103 is an important set of curves by O’Brien and Folsom, based on 
experiments on 2-in. and 3-in. pipes. It is to be noted in these curves 
t^t the average settling velodties and the vdodty of impending dog- 
ging are dosdy rdated. 
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We have already cited the work of Howard (1939) whose experiments 
were carried out with 4-in. pipe. In addition to the losses given in the 
figure, Howard also computed the Fanning friction factor from the 
equation 


h 


2gD 


Eq (18-20) 


where h/is the friction loss per unit-length of pipe, v the velocity of the 
fluid, L and D respectively the length and diameter of the pipe, g the 
gravitational constant, and / the Fanning friction factor. Factors were 
computed from experimental observations for different water velocities 
and concentrations of mixtures. Values of / obtained by Howard 
are presented in Table 74 and may be compared with a similar compila- 


'Pable 74 — Variations in Friction Factor,/", for Changes in Solids Concen- 
tration IN A 4-in. Pipe 


Values ol ( for the 

Velocity Values of / for the following percentage^ following percentages 

(ft ot hand in the mixture of gravel 

per sec) 10 15 20 2."> 30 35 40 15 20 25 


6.5 

• . • 



... 

... 



0 089 

.. 


6 0 

. . . 

. . . 


. . . 

... 



0 084 

0 102 

0 118 

6.5 

0.035 

. . . 

. . . 

... 

. . . 



0 069 

0 084 

0 090 

7 0 

0.030 

0 031 

0 033 

. . . 

• . . 



0.058 

0 070 

0 082 

7 5 

0.027 

0 028 

0 030 


0 034 



0 050 

0 040 

0 0t)S 

8.0 

0 024 

0 026 

0 027 

0 029 

0 030 


0 038 

0 044 

0 051 

0 058 

8 5 

0.022 

0 024 

0 026 

0.026 

0 027 

0 029 

0.036 

0 040 

0 045 

0 0.51 

9.0 

0 019 

0.023 

0 024 

0.025 

0 025 

0 029 

0 033 




9 5 

0 020 

'0 022 

0.023 

0 023 

0.024 

0 028 

0 031 




10 0 

0.020 

0 021 

0 021 

0 022 

0 023 

0.026 

0 029 




10.5 

0 020 

0.020 

0 020 

0.021 

0.022 

0 024 

0 027 





11.0 

0 020 

0 020 

0 020 

0.021 

0 021 

0.023 

0.025 




11 5 

0.019 

0 019 

0 020 

0.020 

0.020 

0 022 

. . . 




12 0 

0 019 

0.019 

0 019 

0 019 

0.019 


. . . 




12 Ti 

0 018 

0 018 

0 017 


. . . 


. . . 




13 0 

0 017 



... 



... 





All values of /are computed from a head that is ia ft of mixture rather than in ft of water. 


tion (also given by Howard) for data obtained on a 1-in. pipe by Miss 
Blatch (190G) as well as for 3-in. and 4-in. pipes by Hazen and Hardy 
(1906) given in Table 75. Inspection of these tables shows decreasing 
values of/ for increasing velocities, as well as increases in /for increasing 
concentrations of solids transported. 

For sand having a median diameter of 0.38 mm (geometric standard 
deviation 1.64) Howard derived the following formula to fit his data 

hf = 0.0044 

log h, = -2.36 + 1.74 log C + 1^0 log v Eq (18-27) 
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Table 75 — Variations in Friction Factor, for Changes in Solids Concen- 
tration IN Pipes of Various Sizes 


Velocity 

(llper 

sec) 


Values of /for the following percentages of solid matter 
1-in pipe 3-in pipe 4 in tiipe 

20 30 10 20 30 10 20 


10 


30 


4.0 0.060 

5.0 0.046 

6.0 0.038 

7.0 0.036 

8.0 0.034 

9.0 


0.084 0.098 
0.054 0.066 
0,041 0.050 
0.037 0.041 
0.034 0.038 


0.070 0.081 
0.048 0.059 
0.039 0.047 
0 034 0 039 
0.030 0.034 
0.028 0.030 


0.098 0.076 

0.069 0.055 

0.053 0 044 

0.043 0.037 

0.033 
0.029 


0.100 0.123 
0.071 0.085 
0.055 0.064 
0.045 ... 

0 038 ... 

0.034 ... 


® All values of /are computed from a head that is in ft of mixture rather than in ft 
of water 


where A/ is the loss of head in ft of mixture per ft of pipe, C the concentra- 
tion of solids in percent, and j; the velocity in ft per sec. Eq ( liS-27) ap- 
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Figure 104. Distribution of Solids in a 4-inch Pipe. 


plies only for the sand in question and only for a 4-in. pipe. It is pre- 
sented above merely to indicate a possible relationship between the vari- 
ables considered. 

Distribution of Solids — ^The distribution of solids and the velocity 
traverse of the 4-in. pipe above referred to are shown in Figure 104. It is 
seen from this figure that the material is highly concentrated at the bot- 
tom of the pipe. The amount of material discharged section by sec- 
tion is shown in Figure 105, the data for which were obtained by multi- 
plying the material passing a given section by the area and velocity 
at that section. 


FLOW OF MUDS AND SLURRIES IN PIPES 

When material of extremely small size such as muds and slurries is 
moved, our problem becomes exceedingly complicated. So much de- 
pends upon the nature of the material moved that generalizations 
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are almost impossible. As is well known, the shearing stress of a 
plastic or semi-formable material varies with the velocity at which the 
materia is moving. Therefore, it is always necessary to define the 
limits of application of a formula. 

A form of equation applicable to a large number of industrial muds and 
slurries was advanced by Babbitt and Caldwell (1939, 1940), 


Ik _ 16t h'v 

'Ll 


Eq (18-28) 


This equation is based on fundamental considerations pertaining to the 
flow of plastic materials. The terms have the following significance in 
fps units: hv) = difference in 
static head between two points of 
a pipe in ft of water, L = distance 
between the points in ft, r the 
shearing stress at the yield point 
of a plastic material in lb per sq 
ft, y.' the viscosity of the material 
in lb per ft sec, v the velocity of 
the material in ft per sec, the 
density of the flowing substance 
in lb per cu ft, and D the diame- 
ter of the pipe in ft. To deter- 
mine the loss of head between two 
points, it is only necessary to de- 
termine <pq, y', and t for the sus- 
pension in question; <p is easily determined gravimetricaUy, and y' and 
T may be obtained with a Stormer viscosimeter. The values of y' and 
T may be obtained as follows: Plots are made of the driving force 
W (in g) against the revolutions of the drum. The intercept of the 
line on the PF-axis is a measure of the shearing stress, and its slope S is 
a measure of viscosity. Converting to pipe-flow constants in the units 
above given 



Figure 106. Amount of Material 
Discharged Through Various Sec- 
tions OF A 4-inch Pipe. 


m' = 0.00355 


T - 0.0020W 


Eq (18-28) was tested by Babbitt and Caldwell and found to apply 
to streamline-flow conditions. Between this type of flow and turbulent 
flow there is an indeterminate region. The lower and upper limits of 
this region are given by the following equations: 

_ 1000m' 4- 103 A/94(/i0^ + JVyo 


Eq (18-29) 
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1500 ti' + 127 VUO (jx'Y + 

Dipi 


Eq (18-30) 


where Vi and refer to the lower and upper limits of velocity within the 
critical region of flow. 

Wilhelm and his co-workers (1939) made a study of cement-rock 
suspensions, 92 percent of which passed a 200-mesh sieve. These in- 
vestigators obtained the following general equation, based on experi- 
ments with V 4 -J 1 V 2 -, and 3-in. pipes: 

A P 

= Eq (18-31) 


where AP is the pressure-drop through length of pipe L, D the diameter 
of the pipe, and h a constant which is a function of the nature and con- 
centration of the material transported. Note that the pressure-drop 
varies as the one-fifth power of the velocity, and inversely as the diame- 
ter. Eq (18-31) was determined with two mixtures of rock-cement 
which were 54 and 02 percent by weight; and the range of velocities 
studied was from 0.3 to 4 ft per sec. The Fanning friction factors (Eq 
18-26) were given by the following equations: For the 54 percent 
suspension, / = 0.8u“^; and for the 62 per cent suspension, / = 

In these equations the velocity is expressed in ft per sec; the equations 
do not apply for velocities above 4 ft per sec, when turbulent motion 
starts. 

Problems involving head loss for thick suspensions of fine materials 
at velocities greater than calculated by Eq (18-30) — ^that is, for flow in 
the turbulent region — can be solved by the usual friction charts or 
formulas developed for the flow of water, after making due corrections 
for the density of the suspension. 


PNEUMATIC TRANSPORTATION 

In Chapter 2, Eqs (2-9) to (2-11) giving the terminal velocity of par- 
ticles may be used to calculate the velocities required to move such 
particles through vertical pipes. The velocities calculated by these 
formulas are those required to support the partides in a vertical fluid 
stream. Motion in the direction of the moving stream will be imparted 
when the vdodties exceed the calculated amounts. Little is known 
with regard to vdodties for horizontal transportation of particles. In 
general, vdodties capable of moving particles vertically will be more 
than sufficient for horizontal transportation. 

In this discussion we confine ourselves to two t 3 rpes of transportation: 
(a) Transportation of low concentrations, as given in Eqs (2-9) to (2-11) 
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and Eq (1 /-28) ; and (5) transportation of high concentrations of mate- 
rials, commonly referred to as pneumatic conveying. The former en- 
tails little difficulty in design of equipment, but the latter is com- 
plicated by many factors and is not well understood. 


TRANSPORTATION OF LOW CONCENTRATIONS 


While the equations cited above may be used with considerable cer- 
tainty of success, we must remember that the usual particles encoun- 
tered in industry are by no means 
regular in shape, nor do they move 
in straight lines. The continual re- 
bound of particles in pipes, which 
often brings them to rest, requires 
that more accurate equations be ob- 
tained. The author (1932, 1942) de- 
veloped the following equations for 
transporting materials having speci- 
fic gravities less than 3.0. For hori- 
zontal transportation 



V = 6000 


Eq (18-32) 


Figure 106 . Velocities Required 
TO Lift Various Grains. W) 
Oats; (F) Wheat; (C) Corn. 


and for vertical transportation 

V = 13,300 




Eq (18-33) 


where v is the velocity in ft per min, p the specific gravity of the par- 
ticle, and d the diameter in inches of the largest particle to be trans- 
ported. 

Lifting Velocities for Grain — H. R. Brown and J. O. Reed (1926) 
made tests to determine the air velocity required to lift grains of oats, 
wheat, and com. One hundred kernels of the various grains were uni- 
formly distributed in a single layer on a screen placed at the intake of a 
vertical air duct. By controlling the air volume they were able to 
determine the percentage of material moved at various velodties. 
The data obtained in these studies are shown in Figure 106. 

It will be seen from the data presented in this figure that lift begins 
at the following velocities; for oats, 685 ft per min; for wheat, 986 
ft per min; and for com, 1070 ft per min. All grains are moved when 
the velocities for the same grains are 1050, 1300, and 2000 ft per min, 
respectively.. 
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TRANSPORTATION OF HEAVY CONCENTRATIONS 


The movement of large quantities of fine material, especially grains, 
was studied by Cramp (1925). The analysis given here closely follows 
that developed by him. While theoretical developments were given by 
M, Jennings (1940) and Gasterstadt (1924), no practical comprehensive 
work is available other than that of Cramp. We begin with the general- 
ized energy equation 

F = « (z/fl — vY 

where a is a constant having the dimensions [ML”"^] , and — v) is 
the relative velocity of the air with respect to that of the particle. 
The value of a depends on the shape, density, and other characteristics 
of the particle. If F = = the weight of a single particle, 


Vc — ^ 



Eq (18-34) 


and this is the terminal veloc ity as discussed in Chapter 2. We see 
from this equation that \^wfa measures the vertical speed at which the 


Table 76 — ^Values of v, and (v^ — v) for Manitoba Wheat Moving in a 

Vertical Pipe. (Velocities Expressed in M per Sec) 


Air velocity 
m pipe 
(Pc) 

Particle velocity 

Value of 
(I'fl — v) 

10 

1.5 

8.5 

11 

2.5 

8.5 

13 

3.2 

9.8 

14 

5.2 

8.8 

14 

6.1 

7.9 

14 

6.0 

8.0 

16 

5.3 

9.7 

16 

6.7 

9.3 

16 

8.7 

7.3 

18 

9.0 

9.0 

18 

9.0 

9.0 

19 

10.0 

9.0 

19 

9.4 

9.6 

20 

10.2 

9.8 

air must slip past the partides in order to support them. Values of 


and V given by Cramp are pres'ented in Table 76. It will be seen that 
although the velocity of the air increases, the velocity of the partide 
does not increase in the same proportion. Experimentally, Cramp 
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found the value of « for Manitoba wheat having a bulk density of 52 lb 
per cu ft was 0.00052 in cgs units. 

Regarding the horizontal velocity of particles in pipes, the following 
experiment was made: Wheat was introduced into the positive side 
of the duct connecting the fan, and the material was blown from the 
open end. The distance at which the grain struck the floor was meas- 
ured from this end. Tests with dry wheat showed that the extreme 
values of the ratio vjiia were 0.48 and 0.41, but the bulk of the material 
gave a value of 0.47. If denotes the horizontal velocity it may be 
represented with a fair degree of accuracy by the equation 



Eq (18-35) 


where ^ is a constant to be determined by experiment. For Manitoba 
wheat = 0.0005. Note that if 1 is the distance from the discharge 
end of the pipe to the point where the grain touches the floor, and if H 
is the height of outlet above the floor, then Vn = ll^/2Hjg. 

Pressure Loss — ^The equation obtained by Cramp, giving the rela- 
tion between the various factors thus far discussed is 


Ah = 


20 7 W 
A 


g kv 




+ 


0.0011 Va^L 


+ 0.00092 Va^ 


Eq (18-36) 

This equation is composed of the following forces, with the following 
units: 


1. hh ~ pressure-drop from end of pipe D cm in diameter to any 
point along the pipe L meters distant expressed in cm Hg per sq cm of 
pipe area. 

2. 20 .7 WL/h) = force required to support the weight of material 
in the vertical section of the pipe, where W is the weight of material 
conveyed in tons per hr, k is a constant to allow for accderation period 
of grain in the pipe, and v is the velocity of the material in m per sec 
given by the equation 


V = 



Eq (18-37) 


where Va is the velocity of the air in m per sec, w is the average weight of a 
single grain of wheat, and m is a pipe friction constant — 0.018 for wheat. 

3. 20.7 Wv/g — force required to accelerate the material in the 
pipe, and g is the gravitational constant = 9 . 81 m per sec. 
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4. 20.7 \i^W-Lm.v/k = force required to overcome the friction 
on the walls of the pipe. 

5. 0 0011 Va^L/D = force required to overcome air friction in 
the pipe. 

6. 0 . 00092 = force required to accelerate the air in the pipe. 

From the above we see that the first force is equal to the sum of forces 
(2) to (6), inclusive. The constant m may be set equal to zero whenever 
it cannot be determined and an approximate solution for v obtained. 
Of course the term A is the area of the pipe. 

Design of Nozzle — Cramp has given an equation for the design of a 
nozzle for raising material into the pipe system. For each type of nozzle 
there is the relation 


? = 


W 

An Vn 


where f is a nozzle constant, A„ the area of the nozzle in sq cm, and v„ 
the velocity of the air through the nozzle in m per sec. Since 

Vn = • w • Oa (approximately) 


where is the pressure at the nozzle, and h the pressure at any section A 
of the pipe, we obtain 


W 

A 


= f 





Eq (1<S-3N) 


Hence for maximum effectiveness it is necessary to use a nozzle with a 
value of f as large as possible. Cramp found that f for various nozzles 
ranged from 0.017 to 0.05, and was generally lowest for a vertical cir- 
cular nozzle. He also recommended a value of just small enough to 
lift the material. It must therefore exceed and preferably 

should be about \3>\JwjoL* 


Problems 

1. Calculate the critical tractive force on a flume bed of sand whose average di- 
ameter is 0.033 in. and Kramer’s modulus 0.44. Take the spcciflc gravity of sand 
as 2.66. 

2. Given a flume with a sandy bed whose particles arc 0.69 mni and Kramer’s 

modulus 0,28. Using Eq (18-16) and taking n «= 0.0118, « 0.00011, h » 

0.00063, and w — 1.6, compute the rate of bed-load movement in lb per ft width of 
flume per hr. 

3. The flow of water in a sandy-bottom flume depends upon many factors. 
Assume that the following factors are involved: The average velocity over the 
cross section the hydraulic radius JR, the acceleration of gravity g, the slope 
of the flume 5, the density and viscosity of the fluid p and p, respectively, and a 
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roughness coefficient of the bed material n, which may be taken as proportional to 
the diameter of the sand grains. From the function 

/(?», R, g, S, p, p, w) = 0 

indicate by use of Buckingham’s Il-theorem a possible relationship of the variables 
involved. Note: The function may be replaced by 

ir2, Ta, T 4 ) = 0 

as indicated in the text, where the t’s are dimensionless quantities. Obviously, for 
n wc may write Froude’s number ti — v^/Rg and for 7 r 2 , Reynolds number ir 2 = 
VRp/fjL. Thus, we have included all variables except n and S, the coefficient of 
roughness and the slope. If the former is taken as proportional to the average 
diameter of the sand particles composing the bed, then a possible dimensionless 
ratio for tts is d/ R. Since the slope is dimensionless, we may write 

4»(F, R, n, S) 

Hence, derive a possible expression for n. 

Determine the dimensions of n in Manning’s equation 

KR^/* 

V = 

n 

Note: In the above discussion, assuming F to be the most important factor, write 



where k' == <p{R,n),Q. dimensionless quantity. Substitute this value of 5 in the above 
equation. 

4. Using the data of Problem 1 and assuming the particles to be spherical, com- 
pute the critical tractive force by means of Chang’s equation. 

5. What is the velocity required to transport vertically a mixture of particles, 
the largest of which is 1 mm in diameter, and whose density is 2,1? 



CHAPTER 19 


DUST CLOUDS 


T his chapter deals with the motion of masses of particles over ex- 
tended terrain.* Thus far we have considered what may be termed 
“transport"’ in channels and pipes (Chapter hS). The more general 
problem of dust cloud movement and formation forms the discussion of 
the present chapter. 

The dissemination of particles from point, line, or areal sources by 
winds has both economic and climatic aspects. Thus, the smoke from 
industrial chimneys not only causes wastage by its very uncleanliness, 
but in many cities it contributes to formation of heavy fogs. Such condi- 
tions are trifling compared to the magnitude of dust and sand storms. 
These are large-scale phenomena affecting terrain and habitation for 
thousands of square miles. What causes sand storms and what moti- 
vates them? We cannot give all the answers, of course, but the behavior 
of such storms properly comes within the scope of micromcritics. The 
laws governing them are those we have sketched in preceding paragraphs 
and are natural consequences of them. 

Because smoke clouds may be regarded as arising from point or line 
sources, we shall begin this chapter with a treatment of them. Dust and 
sand storms are more complicated phenomena arising from areal sources. 
The former are, in a sense, limiting cases of the latter, although we can- 
not generalize as yet. There are certain important physical differences, 
which will be indicated as the subject matter develops. 

SMOKE CLOUDS 

Diffusion Equation — ^We shall now proceed to discuss the general 
equations applying to a few special cases. Consider first a line source of 
particle emission in the yjsp-plane, at a height z above the xy-plane ; then 
any occurrence in the xiz-plane through the line source will be the same 
in any other :x; 2 ?-plane. In other words, the problem is reduced to a two- 
dimensional analysis. If the particles are subject to a fluid velocity in 
the x-direction equal to and if the particles are small enough that 

* The reader is referred to Chapter 8 for fundamental theory relating to diffusion 
of particles by air turbulence. 
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this velocity tends to make the concentration gradient in the :x:-direction 
small as compared to that in the sf-direction, we may by a simple proced- 
ure establish the necessary relation to compute the concentration every- 
where in the space involved. Consider a small rectangle whose coordi- 
nates are {x,z), (x + dx, z), (x, z + dz), and (x + dx, z + dz). Consider- 
ing only the diffusion through the sections represented by the lines paral- 
lel to the xy-plane at a distance dz apart, we have through the lower 

boundary a gradient —£ 1 ^ ^ dx, and through the upper one 


dXy so that by adding the loss through the element 

increase in concentration in the element is 
clearly (dC/bt)dx and this must equal the loss. Hence 


bz bz \52 A 


bt ^ bz \bz / 

But 3) is clearly a function of z, in accordance with Eq (8-33) 


bC , b / bC\ 
S' - ‘''-sw 

Also, since = dx/dt 

bC .b( bC\ 
2)x ^bz V bjs / 


Eq (19-1) 


Diffusion Pattern from a Continuous Point Source — The distributiotx 
of particles from a point source in a moving fluid can be determined pro- 
vided we assume that the concentration gradients in the direction 
of fluid motion are small compared to those at right angles to it. If C 
is defined as the concentration of particles over a unit area of a plane 
horizontal surface downstream and to one side of the mean path of the 
diffusing stream from a point source, then the equation of diffusion at 
any point x downstream and at a distance y from the mean path is 


b£, ^ 

dx Vx by^ 


Eq (19-2) 


where is the fluid velocity and £)« the eddy diffusion coefficient. At y 
= 0, along the mean path, the concentration C$ must be a maximum 
and must diminish as we recede in the y-direction on either side of it. 
If Ct defines the concentration of particles, issuing from the source in 
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unit time, then CijVj- must be constant since it is the concentration per 
unit length of diffusing particles and [Ct/i^x] = IC], dimensionally. 
Subject to these conditions and noting that = kuji, Eq (<S-33), and 
\ = kx, Eq (S-35), we obtain as a solution of the above equation 



a / "ZTrkUxX 


• exp 



Eq (10-3) 


Thus the distribution curve is Gaussian, which conforms to observed 
results. (See, for example, Kalinski and Pien, 1944.) 

Distribution from a Point Source — Eq (19-1) has been integrated by 
Bosanquet and Pearson (1936) for both point and line sources. The 
solution for the former, when the source is at ground level, yields 


a = 


hVj^C 


• exp 



Eq (10-4) 


where Cs is the concentration at z expressed in weight of particles above 
a unit area and Cx the amount of material issuing from the point in unit 
time. These units may appear confusing but it is obvious that if is 
in mi per hr, and z and x are in miles, Q would be in weight units jier hour 
and Cs in corresponding weight units per sq mile. 

In the case of smoke we are chiefly concerned with determining the 
concentrations Cos at ground level, Bosanquet and Pearson obtained 
a solution for this case for a chimney of height JJ, 


Cqs 



* exp 



Eq (19^5) 


where iJ, of course, must correspond to the units of x. This equation 
gives the ground-level concentration in weight per unit area. 

Both Eq (19-4) and Eq (19-5) give the concentration along the mean 
centerline of travel of the cloud in the x-direction, subject to the condi- 
tion that Cdz — Ct/vx* From the second of these equations it is clear 
that Cos is a maximum when x = H/h, Thus if ki is taken as 0.05, Cos 
is maximum at about 20 chimney heights downstream. For large values 
of X 






Kq (19-0) 


so that the concentration fal s off inversely as the distance. 

If now we concern ourselves with the concentration at ground level 
on either side of the cloud axis a distance y, we may substitute the value 
of CsVx in Eq (19-3) for C, in Eq (19-5), obtaining 


2rkkiv^‘^ 


exp 


H 

kipo 


jW 

2kV} 


Eq (19-7) 
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where Cos now becomes the weight concentration of particles per unit 
volume, Co. Along the mean axis of cloud movement, the concentration 
per unit volume is therefore 

Figure 107 is taken from work by Bosanquet and Pearson to whom we 
are indebted for much of the mathematical treatment of the smoke 
problem we have thus far presented. The lower curve is a plot of Eq 
(19-«S), where the following values apply: k == O.OcS, ki = 0.05, H == 100 
m, t'r == 5 m per sec; Cn is in mg per cu m and Ct in metric tons pe. 
day. In the figure values of the ratio, Ca/Ct are plotted against distancer 



Figure 107 . Concentration of Settled Smoke 
Issuing from a Tall Stack, Note Position op Maxi- 
mum Concentration Downwind. Data from Bosan- 
quet AND Pearson ( 1936 ). 


The upper curve in the figure applies to a source at ground level, that ts 
= 0. Note that in the first case the concentrations are low within 
V 4 km of the stack and that a maximum occurs at about 1 km. How- 
ever, at great distances the difference between the two types of sources 
disappears. Thus the effect of stack height is to reduce the concentra- 
tions of smoke in the immediate region of the stack. 

The variation of concentration over long periods of time due to 
changes in wind direction can be obtained from Eq (19-8). For, let 
the fraction of time (say a year) during which the wind direction falls 
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within an arc 6 be ad, and the mean velocity be Then the average 
value of Co for the year will be 


Co = 


aC, 


"s/ 2TkkjVx^ 


exp 


hx) 


Kq (lO-f)) 


where the mean value of a is bV and the variation with direction may be 
obtained from weather bureau observations for the locality in question. 

Line Source~The equation governing concentrations from a line 
source, such as, for example, a city whose length is very great as com- 
pared to its width, is the same as Eq (.19-5), where now- Ct is defined as 
the weight of particles emitted from the line per unit length per unit time 
when Vx is the velocity of the wind at all points along the line. 

DisirihuHon Allowing for Settling — ^The equations given abf)ve apply 
generally for particles below 20 m in size (approximately). For larger 
particles certain corrections must be applied to the diffusion equations 
to allow for settling. If v„, is the terminal velocity of a particle of given 
diameter, then Eq (19-1) becomes 


d.x 




i>z 


Eq (10-10) 


subject to the condition 


£ P 


Cdz 




Vm 

Vx 


Eq (19-10) cannot be integrated in convenient form, but a solution has 
been given by Bosanquet and Pearson for small values of v„JkiVx. Since 
Ct is expressed as weight per unit length per unit time, we have for both 
line and point sources 


\ kix) 


Eq (19-11) 


For a point source, taking account of the distribution on either side of 
the mean direction of motion 


r Ctil.78 /H 


' y'^ 


) Eq (19-12) 


Note of course that as before is an areal ground-level concentration 
along the mean axis of cloud motion, and that Co is the ground level 
concentration at any point xy expressed in weight per unit volume. 
When == 0, Eqs (19-12) and (19-7) are identical. 
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EFFECT OF FLUID MOVEMENT ON SETTLED PARTICLES 

Superficial Motion of Particles — If loose soil or sand is disturbed by 
wind, we may readily hypothesize two possibilities regarding the subse- 
quent motion of particles composing them, (a) a diffusion of fines as dis- 
cussed in Chapter 8, and (b) a superficial motion of the particles. The 
latter may further be considered as composed of two kinds of motion, the 
first consisting of particles which rebound on settling and are carried on 
in this manner, and the second consisting of a creeping motion of the soil 
or sand layer caused by the drag of the fluid and by partial impact. 
A singular characteristic of superficial motion with which we shall be 
concerned is the large size of particles which are dislodged and carried 
along by the fluid. This effect is in part explained by the extra-surface 
projected by such particles so that they receive a greater amount of drag 
(Chapter IS), but as we shall show later there are other forces at work 
which help contribute to the motion of these particles. 

For example, small particles moving downwind possess considerable 
energy. These particles have well-defined trajectories and when they 
reach their respective termini, this energy may be imparted to a larger 
particle which the smaller ones strike. This process may be repeated 
often enough so that the large particle is dislodged and set in motion. 
The bounding motion of particles near a surface immersed in a moving 
fluid is called “saltation.” 

In the following paragraphs we shall devote much attention to the 
effect of fluid motion over a bed composed of particles. We shall have 
occasion to discuss not only the theory regarding superficial motion of 
particles, but also the principles underlying true suspension of particles 
in a moving fluid. 

Dynamics of Saltation — ^The concept of “susceptibility” of particle 
motion has been introduced by Bagnold (1943). It is the ratio of two 
forces, that of the wind on the particle to that of gravity. When the two 
forces are equal, the particle moves at constant velocity. If the force 
of gravity is greater, the particle motion is accelerated, and conversely 
if it is less. 

The resistance encountered by a particle in a fluid in a direction oppo- 
site to the motion has been shown in Chapter 2 (Eq 2-12) to be 

(R = I Crp^v^ 

where Cr is the coefficient of resistance, po the density of the fluid, A the 
projected area of the particle, and v the velocity of the fluid. The force 
of gravity is obviously mg ^ Td?pgl& where m is the mass of the particle 
having a diameter i and density p and g is the acceleration constant of 
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gravity. If B is termed the susceptibility (Bagnold’s number) we have 
for a spherical particle 

Since B varies inversely with particle diameter, we sec that with small 
particles the effect of the wind is greater than that of gravity. Hence we 
conclude that such particles conform nearly to the motion of the fluid 
stream in which they are carried. Let us examine Eq (19-13) more 
closely. The constant Cr is obviously a function of Reynolds number 
which for streamline motion is equal to 24/R and for turbulent motion 
has a constant value of 0.4. Hence for Bagnold’s number we may write : 

for streamline motion — "B = 

pdrg 

for turbulent motion — 

JO pdg 

where n is the coefficient of viscosity which enters the Reynolds relation 
R == podvlfx. 

We see that for streamline motion the susceptibility varies inversely 
as the square of the diameter and directly as the viscosity and velocity 
of the fluid. Hence on a small particle the effect of gravity is offset by 
the viscosity of the fluid, while the converse is true for large particles. 
When the motion is turbulent the effect noted above is further enhanced 
by the fact that the value of B varies as the square of the velocity so that 
small particles conform even more closely to the motion of the fluid than 
was at first suspected. 

Angle of Particle Fall — ^After a particle has reached the top of its 
flight path it begins to fall. If we assume the particle to be large enough 
so that the terminal velocity of fall is quickly reached and that near the 
end of its motion it has attained the velocity of the fluid, then the particle 
will hit the ground at an angle with the horizontal such that 

tati a - v elocity of particl e ^ v,n, 

velocity of fluid "" v 

where a is the angle made with the horizontal. The expression is ap- 
proximate ^nce it is never known when the terminal velocity of a particle 
is reached, unless, of course, it reaches the top of its flight curve at a con- 
siderable distance from the ground. On the other hand, if the particle 
does not reach a sufficient height so as to attain its terminal velocity 
before hitting the ground, neither will it have attained the horizontal 
speed of the fluid. Hence, as Bagnold points out, the angle a remains 
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fairly constant over a wide range of conditions. For desert sands it is 
estimated that a is between 10 and 16 deg. 

Impact and Fluid Threshold — ^Two important concepts have been 
introduced by Bagnold regarding the behavior of saltating particles 
which we shall explain briefly, Bagnold found in controlled experiments 
when particles were permitted to fall from the roof of his wind-tunnel 
on a layer of mobile sand that the former would saltate for a certain dis- 
tance downwind. The energy of these particles is dissipated by forming 
small craters in the sand surface. As the wind intensity was increased 
in the tunnel, but not sufficiently so as to cause a movement of the mobile 
sand layer, the saltation of the falling particles was extended downwind. 
However, the saltation ceased the moment the flow of particles from the 
tunnel roof was stopped. This experiment indicated that at wind speeds 
below that necessary to disturb the sand surface, the saltation of par- 
ticles is not perpetuated by the direct action of the wind but by the 
elastic rebound of the descending grains. 

The upper limit of wind intensity at which saltation is perpetuated 
without the wind affecting the mobile sand surface has been termed 
the impact threshold. It is readily determined for a given sand 
by wind-tunnel experiments, by direct observation of the moving 
particles, or by the formation of a fine crater-like roughness on the once- 
smoothed sand surface throughout the length of the tunnel. The term 
impact threshold applies only when the saltation as above described ex- 
tends indefinitely downwind. 

When the wind intensity in the same tunnel is increased (after the fall 
of the particles has stopped) above the impact threshold, another critical 
limit is reached. This limit is difficult to observe because it is not well 
defined. It is that wind intensity at which a general movement of sand 
particles begins. At this limit, called the fluid threshold^ the grains of 
sand gather speed in their movement downwind, and begin to saltate and 
give the appearance of a sand cloud. 

When the fluid threshold has been reached, the sand movement is 
general. As we have stated, we then have in addition to saltation a sur- 
face ‘‘creep.” This action is due to the impact of the falling particles. 
It is not, as might be supposed, induced by the drag of the wind, but is 
almost entirely an impact effect. Bagnold's experiments indicate that 
for desert sands having diameters ranging from 0.18 to 0.3 mm about V 4 
of all the sand moved by a wind above the fluid threshold is accounted 
for by creeping. 

Both saltation and creeping are characteristic motions of large par- 
ticles. Finer particles may be swept upward by a turbulent fluid and 
kept in motion by it so that the effect of gravity is nullified. Such par- 
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tides are said to be in suspension. They travel at the velocity of the 
fluid and hence offer no appreciable resistance to its motion. ‘‘Suscepti- 
bility” as we have defined it in an earlier paragraph might well be used 
as a modulus of suspension, although application of such a modulus, 
especially as regards its critical value, has yet to be undertaken on ex- 
perimental data and observations. 

WIND SPEED AND SURFACE ROUGHNESS 

It is now well established thatwindvelocity varies logarithmically with 
height — at least to those heights of interest to us. It is also well estab- 



Figurb 108 . Wind Velocity Distribution Plotted 
ON Logarithmic Height Scale. 


lished that near any surface across which a fluid moves, there is a certain 
height within which the movement of the fluid is streamline. In other 
words, turbulence does not extend to the surface itself but to a height 
designated as the source point at which the transition from streamline to 
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turbulent motion theoretically takes place. The source point is readily 
determined if we plot the velocities corresponding to various heights 
above the surface on the semi-log grid. By extending the velocity- 
height line to zero-velocity, we see that it intersects the ordinate at a 
fixed height as shown in Figure 108. For a given surface, it will 
be found that all wind intensities when plotted as above intersect at the 
point shown in the figure. 

The intersection is determined by the condition of the surface over which 
the wind (or any fluid we desire) is moving. It is a function of the sur- 
face, For particles, it has been found that the position of the point 0 is 



A B 

Figure 109 . Coordinate Systems Required for Computa- 
tion OP n AND 2o. 


about Vao the scale of surface roughness. Thus if on a flat surface there 
is a layer composed of sand particles of diameter d, the point 0 is located 
d/ZO above the flat surface. 

The theoretical relation between velocity and end height has already 
been developed in Chapter 8 and we have exhibited a special form of this 
relationship in the first part of this chapter. Let us, however, return to 
the fundamental equation, Eq. (8-17) 



in which motion in a specified direction is here assumed and the various 
terms are as already defined. If we set vi = 0, then zi becomes the dis- 
tance from the surface to the point 0 of Figure 109, and this distance we 
shall denote by so that the above equation becomes for any given point 
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or 

v = l^v\nl Eq (19-14) 

ko n 

where = Vr/^o is defined as the drag velocity, The term ko 
is von Karmdn’s turbulence constant. The value of ko is generally ac- 
cepted as being between 0,2 and 0.4, although values outside of this 

range are not infrequent. 

Note that which we have defined as the drag velocity \/ r/po is also 
a measure of the rate of increase of velocity with /w-height, or is, in other 
words, a velocity gradient. It is the variation of velocity with height 
which causes surface drag as we have shown in Chapter cS. We may also 
state with reference to that the greater the strength of the wind (or 
fluid), the greater must be the inclination of the velocity-height line 
from the vertical as shown in Figure 108. 

Variation of n with Surface Character — The position of the point 0 
in Figure 109 which characterizes the roughness of the surface is most 
important. It is therefore necessary to go into some detail relative to 
the computation of its position; for it is readily apparent that if this 
can be done in terms of velocity-height data much can then be said re- 
garding the diffusion of particles or other diffusible phenomena, as, for 
example, temperature and humidity. The position of n is easily com- 
puted from two wind velocity observations at Zi and Since the veloc- 
ity is known to vary logarithmically with height (Figure 109.4) 

Zi = n-exp {hv^ 

= w-exp [bv^ 


or 


from which we obtain 


and 


In si = In w + fei 
In 22 = In w + bvi 

j — fn Zi ~ In 02 
Vi — v% 


In w == In — 


In 2 i — In 22 

Vi — V2 


* 


Thus if n is measured directly from the ground surface 




Vl/(,Vz - Vi) 


Eq (19-15) 
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Often it is desirable to obtain some estimate of the height of the ob- 
struction on which n depends. We have stated that if the surface is 
composed of particles of diameter d that the position of n is d/30 above 
the surface. Obviously this does not permit generalization and leaves 
much to be desired. Roughness depends upon so many obstacles form- 
ing the surface that the source point 0 in Figures 108 and 1094 must be 
considered as an intergrated average of all the obstacles. Let us now 
refer to Figure 1095 which shows the source point above an irregular 
surface whose height is Zo above the ground. Our problem is to deter- 
mine 00 in terms of the velocity-height relationship. This may be done 
by making three velocity-height observations and e liminatin g the meas- 
ure of roughness n. From the figure, we see that 

n — Za z 
Zi' = 01 — 00 
= 02 — 00 
Zs' = Zs — Zo 

From these three points it is possible, from our equation involving" the 
natural logarithm, height, and velocity to eliminate n and compute zq. 
Thus using zo as our reference point 

In (;si — 2o) = In w + bvi 

In (z -2 — zq) = In n + bv 2 

In (zs — 0 o) = In n + bvs 

Subtracting 

In (01 — Zq) — In (zs — Zo) = b(vi — Vi) 

In (02 — Zo) — In (03 — 0 o) ^ b{v 2 — Vz) 

Dividing, these equations after changing signs lead to 


Vi — Vl 
Vi “ t’s 




Ill 

01 — 0() 

In 

Zz — 00 


02 00 


Eq (19-16) 


from which 00 may be computed by trial and error. 

Effect of Roughness Change — If a wind is moving over a terrain with 
obstacles determined by the constant 00 and if the wind suddenly en- 
counters another terrain with obstacles determined by the constant zf, 
there will be an immediate effect on the wind velocity near the source 
point. Eventually the effect will be imparted to succeeding layers up- 
ward, but a certain amount of time will be required before the full effect 
of the change will be transmitted to the whole mass of wind. In other 
words, the wind will have traveled a considerable distance before the 
ground change will have been fully developed within it. 
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The locus of a fully developed velocity change with height from the 
new point source as the wind moves downstream is called the boundary 
layer. Above this layer the effect of the change in roughness has not 
been completed. It appears from experiments that the boundary layer 
increases rather slowly in thickness as the wind moves downstream from 
the new obstacle. Some recent data show that the thickness at any 
given distance is proportional to the change in surface roughness and is 
independent of velocity. 

Eventually the effect of a change in surface roughness after causing an 
immediate shift in the source point, will be to shift the velocity-height 
line on the semi-log grid until it is parallel to the original. 

Further consideration of the general theory of surface roughness here 
given leads us to the following corollary: If the roughness increases 
suddenly, the velocity gradient over the surface at the point of change is 
greater than at any other point, simply because near that point it is 
checked while as we move upward the effect of the change has not been 
transmitted. Hence, near the source point the drag is greatest momen- 
tarily, and gradually decreases as the wind moves downstream. At the 
moment an obstruction is encountered the drag may be reduced by alter- 
ing the tail profile of the obstacle downwind. By curving the rear of the 
obstruction gradually downward, the drag may be kept constant. The 
tendency of the wind to preserve a constant drag as it moves over an 
obstruction is in part responsible for the type of ripple profile found in 
desert regions and in stream bottoms. 

Effect of Particle Movement on Drag — Since the velocity-height rela- 
tionship is altered by surface roughness, it must follow that once the 
movement of sand begins — that is, once the fluid threshold has been 
reached — the relationship is similarly altered. However, in this case 
we are confronted with a surface moving at some velocity relative to the 
fluid. 

In reference to Figure 110, we have shown by dashed lines the velocity- 
height relationship for winds of different intensity moving over a surface 
of mobile sand particles. The impact threshold — that is, the velocity 
at which saltation of grains can be sustained downwind indefinitely — is 
indicated by the line marked — 19.* 

As the intensity of the wind is increased up to the fluid threshold ~ 
22 and above, the movement of sand becomes general. At the fluid 
threshold and above the velocity-height relationship undergoes a marked 
change, as shown by the heavy lines in the upper part of the figure. 

* The source point in this case, as Baguold points out, is not a function of the sand 
diameter, but of the height of the craters produced by the bombardment of saltating 
particles. 
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Within 2 cm of the surface, the relationship is not strictly linear, but at 
greater heights the lines become straight. This is explained by the fact 
that the concentration of particles in motion is not uniformly distributed 
with respect to height. 

The theoretical source point lies some distance above that for the 





Figure 110. Variation op Wind VELoaTY with Height. Dashed 
Lines Are for Constant Drag Velocities Over a Fixed Sand Surface. 
Solid Lines for a Mobile Sand Surface, Bagnold (194-^). 


stationary bed, but is not constant for all wind velocities. Actually a 
point exists about 0.2 cm above the surface on the impact threshold line 
at which the velocity-height lines intersect, provided, of course, that 
the wind intensity exceeds this threshold. Note that in the case of 
general sand movement, increasing the wind intensity above the impact 
threshold actually decreases the vdodty near the surface . Thus at 1 cm 
above a ‘'fixed'" immobile sand surface the velocity for a wind intensity 
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shown by the dashed line = 62 is 9 cm per sec. For a mobile surface 
we have at the same height for the same wind intensity a velocity of 4.4 
cm per sec. As we approach nearer and nearer the surface the difference 
becomes greater. 

If for a moment we disregard the kinks in the velocity-height relation- 
ships for general sand movement shown in Figure 111 and assume the 
lines to be straight, we then have as the relationship applying to these 
lines 

I, = i * 1 ., In I + J-. Eq (19-17) 

where and are the drag velocity and roughness coefficient applying 
to the altered conditions caused by the sand movement and Vt is the 
threshold velocity applying at the new source point. Thus tr — is the 
relative velocity of the wind with respect to the sand. 

The extension of the intensity lines from the focus so as to intersect 
the zero-ordinate permit us by means of Eqs (19-15) and (19-16) to 

compute the characteristics of a static 
'‘fixed” surface necessary to produce 
the result given by Eq (19-17). 

Effective Saltation — On the basis of 
the departure from the straight line re- 
lationships near the surface when 
general sand movement takes place 
(solid lines, Figure 110), Bagnold as- 
sumes that it is possible to replace the 
paths of all the particles by a charac- 
teristic grain path. This concept is 
similar to the computation of effective 
diameter by sedimentation techniques. 
However it must be remarked that the 
analogy is not perfect for in one case 
we are concerned with mass and shape 
while in the other with mass, resilience, 
angle of terminal contact (of particles in 
flight), and wind velocity. The use- 
fulness of the concept lies in the fact that it can be applied to the com- 
putation of distance between ripples formed when wind blows over a 
mobile sand surface. 

The kinks in the height-velocity relationship shown in Figure 1 10 are 
due to the variation in sand concentration with height. If such a con- 
centration were plotted in the maimer shown in Figure 111, it would be 



Figure 111 . Relative Concen- 
tration OF Sand Particles Ac- 
cording TO Height above the 
Surface. Bagnold ( 1943 ). 




DUST CLOUDS 


405 


found that more than 50 percent of the sand mass in motion lies within 
one cm or so of the surface. Moreover, as reference to the figure shows, 
this mean height corresponds in magnitude with the k-inhs in the veloc- 
ity-height relationship shown in Figure 110. Bagnold has calculated 
the possible paths of a particle by assuming that the height of the in'tiV 
or its equivalent position on the height-concentration curve, is a mani- 
festation of the average height to which the saltating pains rise. 
His computations are based on the assumption that a particle after strik- 
ing the surface rebounds vertically upward. By further ag-suTning dif- 
ferent values of the upward velocity of rebound he was enabled to extra- 
polate the distance traveled upward and the horizontal length of flight. 
These he found would correspond to the kinks in Figure 110 and to the 
distance between ripples observed in his wind-tunnel experiments. He 
concludes that ripples are manifestations of the travel of average sand 
pains downwind. 

The results noted above apply to more or less uniform sand. Neither 
the kinks in the velocity-height curves of Figure 110 nor the spacing be- 
tween ripples are clearly defined with mixed sands. This may be attrib- 
uted to the different effective paths of various fractions. 

Computation of Impact and Fluid Thresholds — The velocity neces- 
sary to sustain a particle in a fluid must be the same as that required to 
keep it in suspension, or, in other words, the terminal velocity Vm. Thus 
whether the forces acting on a stationary particle causing it to move are 
vertical or horizontal, they are encompassed in the equations developed 
in Chapter 2, Eqs (2-9) to (2-11). Since we are generally interested in 
conditions corresponding to turbulent motion, we may write 

“ I'm « ■d^^^= K ( ^ - ~ 

which is identical to Eq (2-10) . The constant K is experimentally deter- 
mined and for irregular particles it has a value of 2.5 at the impact 
threshold and 3.1 at the fluid threshold. These values differ very much 
from the value of Kr = 50 given in Table 2 for irregular particles, but we 
must remember that the moments of horizontal forces acting on a par- 
ticle may first cause the particle to roll. If we place the above expression 
for in Eq (19-14), we obtain an expression for the impact and fluid 
thresholds in the form 

so that we have a relation involving the densities of the particle and fluid 
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and the particle diameter. The value of K for water has been found to 
be about twice that for air.* 

The value of Vt in Eq (19-17) is derivable from Eq (19-18) if in the 
latter we place z = fig, so that 

We have assumed that v is determined by conditions of turbulence. 
However, this is not always the case and it is an observed phenomenon 
that fine particles are not necessarily set in motion with the same fluid 
intensities needed to move the larger particles. Greater intensities are 
often necessary for fine than for large particles. This is due to the fact 
that when the surface is composed of small particles the drag is distrib- 
uted over the whole surface. A large “exposed” particle, on the other 
hand, may carry not only the drag on the area it occupies but also for an 
area about it as much as twenty times its projected area. 

These differences in the state of flow due to particle size cause the 
value of Vo in Eq (19-18) to vary as shown in Figure 112. For large 



Figure 112 . Variation of Fluid and Impact Thresholds with Grain 
Diameter, Bagnold ( 1943 ). 

grains the coefficient K is seen to be constant, but there is a certain par- 
tide diameter, about 0.2 mm, at which this is no longer true. (For par- 
ticles in water this occurs at a diameter of 0.6 mm.) A critical diameter 

* A detailed account of the reasons for the different behavior of particles in air 
and water is given later in this chapter. The equations thus far developed are gen- 
eral and apply to all fluids. There are real differences between fluids which can gen- 
erally be attributed to the density factor (p — po) /po. 
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is reached in the case of air when the particles are O.OS mm in size. 
Thereafter tlie value of increases. The variation of threshold velocity 
gradient with grain size shows the same similarity when the fluid is 
water, although the critical diameter is larger, being about 0.2 mm. 

Bagnold has determined the Reynolds number which fixes either the 
critical diameter or the threshold velocity gradient. He has found that 
when 


> 3.5 

V 

the particle behaves as though it were isolated and eddies are thrown off 
at the lee face. The terra is, of course, some function of the particle 
diameter d. When Reynolds number is less than 3.5, that is, when either 
the grain diameter or the threshold velocity gradient is smaller, the sur- 
face is smooth and the flow streamline. 

When the wind moves over a bed composed of particles of mixed sizes, 
those most exposed will be moved first. Much therefore depends on 
what the bed-surface is like. If the sand is spread out so that particles 
of all sizes are equally exposed, then those particles will move first for 
which is a minimum. The threshold velocity gradient as we have 
employed the term, refers to that value of required to move the par- 
ticles of predominant diameter. As the grading action continues, larger 
and larger particles remain on the bed-surface, and hence for these the 
threshold velocity gradient must increase. 

SAND FLOW 

The equations governing the amount of sand transported superficially 
are easily derived. Let Vi be the velocity with which a particle rises 
after impact by another saltating particle and V 2 its final velocity after 
it has traveled a distance x downstream. Since V 2 is very large as com- 
pared with Hi, the amount of momentum lost in saltation per unit length 
of path by a mass of sand q of unit width is 

— Vl qV2 
q = ~ 

This movement of sand is resisted by the drag. Denoting this drag by 
we obtain 


& 

X 


Ts = 




Now Xj the distance moved by the particle, is proportional to the velocity 
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gradient, so that we may write the quantity of sand moved by saltation 
as 

2 - Eq (19-20) 

Hence the amount of sand moved varies as the cube of the velocity 
gradient. For uniform sand having a diameter of 0.25 mm, the constant 

r' has a value of 8.1 X 
in cgs units. The term g rep- 
resents the amount of sand 
moving by saltation in a lane 
of unit width past a given 
point in one second. If the 
total sand moved were ex- 
perimentally measured, a cer- 
tain portion of the total would 
be that due to creep. The 
quantity of sand moved by 
creeping, as we have stated 
earlier, is about one-fourth 
that moving by saltation. 
Hence using this factor we 
may predict from Eq (19-20) 
the total amount of sand 
moving. 

It has been found from ex- 
periment that the amount of 
sand moved also varies as the 
square root of the particle diameter d, or 

S = Eq (19-21) 

where f is another constant having the following values when d is meas- 
ured in cms: 

0.97 X 10“^ for nearly uniform sand 

1.1 X lO”^ for dune sand (naturally graded) 

1.8 X 10~^ for sand with wide range of particle size 

If we wish to convert Eq (19-21) so as to obtain the sand flow from a 
wind measurement at a given height, we may use Eq (19-17). If we 
take 1 m as the standard height of measurement and the roughness 
coefficient == I cm, then using logarithms to the base 10, log z/n^ == 2, 
we obtain 



WIND VELOCITY (M/SEC) 

Figure 113 . Effect of Wind Velocity 
Measured at a Height of One m on the 
Flow of Sand. Sand Diameter 0,25 mm. 
Data from Bagnold ( 1943 ). 


2 = 6.85fi*/«po(» - Pt)’ X 10-* 


Eq (19-22) 
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The curve shown in Figure 113 gives the sand movement in metric tons 
per hr per m width for various wind velocities. This curve is for sand 
0 025 cm in diameter and having a threshold velocity Vt = 400 cm per sec, 

SUSPENSION OF PARTICLES 

In a wind of strong intensity fine particles do not saltate but move 
with the fluid and may be said to be in a state of suspension. Under 
such conditions Bagnold’s number is very large although unfortunately, 
as we have already noted, the criterion for distinguishing suspension 
from saltation in terms of this number is lacking at present. However, 
there is evidence that when the settling velocity is less than seven times 
the drag velocity * 2 ^ suspension begins to set in. 

White (1939) has proposed a formula which gives the concentration of 
particles at any depth in a flume or stream which is of the following form 

log ~ = 5.75 ^ log (--l) ■ 

where C is the conceatration of particles at any height y in a stream of 
depth L and Ci/, is the concentration at midstream depth, y = L/2. In 
the case of a wind blowing over extended terrain, the midstream depth is 
infinite. By taldng the concentration C./, as the concentration at the bed 
(mass of sand per unit volume of stationary bed), Bagnold obtains a 
suspension equation of the form 

«' - + 6 ®) 

6 = 2.5»to/,^o 

where q' is the mass of particles in suspension moving past a fixed point 
in a lane of unit width in a unit time. This equation applies only when 
Vm < 7*». 

We have set forth in Eq (8-17) a possible expression for determining 
the “pick-up” of fine material by a turbulent surface wind, 

C„ - - »■) a, (19-24) 

In* ^ 

Z\ 

In this equation po is the density of the air and vi and n the mean wind 
velocities in a specified direction at two corresponding heights Zi and 
and Cl and C 2 the corresponding concentrations as weight per weight of 
air. The constant feo is von K^rmdn's turbulence constant which, as we 
have elsewhere noted, has a value of approximately 0.4 and is independ- 
ent of the fluid. The value of Co* is simply the mass of material raised 
from a unit surface in a unit tirne. 
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The derivation of Eq (19-24) assumes that the coefficient of eddy vis- 
cosity, /ig, for momentum and matter are the same (see Chapter 8). It 
further assumes that the distribution of vertical velocity and concentra- 
tion varies logarithmically with height from the ground surface. Actu- 
ally this is not the case, because near the ground surface turbulence does 
not operate, and the variation begins from the source point as we have 
shown earlier in the present chapter. 

If now in Eq (19-24) we refer one of our observations to the source 
point, for which = 0 when zi = n, and if further we note with respect 
to units that [CosM ~ [po(C — Co)], we obtain in conjunction with Eq 
(19-14) 

5 == 1 - I In ? E(} (19-25) 

Co ko n j \ / 

or 

Eq(19-2(i) 

C/Q 

where C is the weight concentration of particles per unit volume at 
height z (or at corresponding velocity y), Co the concentration at the 
source height, and ^ a constant which is a function of the height to which 
the particles rise due to the wind gradient. The units of C and Co cor- 
respond to Co /v. The above equations do not allow for settling nor 
do they state the suspension threshold to which they apply. 

Eqs (19-24) to (19-26) apply only so long as the wind moves over an 
area where particle pick-up is possible. Beyond the limit of this area 
downstream, we may treat the problem as a line source, utilizing Eq 
(19-5) or (19-6). If, for example, we assume that the mean height of a 
dust cloud is 500 m and that it issues from the edge of a dust bowl at the 

rate of lO"^ grams per km per hr, then with a wind rate of 10 ktn per hr 

with h = 0*05, we have at a distance of 100 km 

^ _ 10^ / 0.5 \ 

0.05 X 10 X 100 ■ ^ 0.05 X 100/ 

= 2 X 10® -exp (—0.1) = 1.8 X 10®g/sqkm 

EFFECT OF FLUID DENSITY ON PARTICLE BEHAVIOR 

It is readily apparent that the behavior of particles in a wind is not 
similar to the behavior in a denser fluid such as a stream of water. 
There are several reasons for such differences as occur. Aside from the 
fact that observations in flowing water are difficult to make, especially 
if the particles are fine, there are two factors of significance. which we shall 
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proceed to discuss. The first of these is the density factor for air and 
water which affects buoyancy . Thus, the density ratio for air and quartz 
is about i.KHi atul for water and ciuartz only */ 1 . 54 . For the same speed 
of travel of a grain of quartz in both fluids, it is obvious that the energy 
of the grain suspended in air is 1400 times that of an equivalent volume 
of air, whereas in water it is only 1.G4 times that of the same volume of 
water. It follows, therefore, that the energy of motion of a particle, 
taken at the expense of the fluid, is greater in the case of air. 

When a wind moves over a surface of sand, the reduction in velocity 
as we approach the surface is so great that the unevenness due to ripples 
and small craters is relatively unimportant as compared with the effect 
produced by the saltating particles. In fact when saltation sets in, the 
vertical velocity profile is almost independent of the actual surface con- 
tour. On the other hand, in the case of water the reverse is true, and 
since saltation is negligible the velocity profile is almost entirely ac- 
counted for by the stationary surface contour. Thus while saltation is a 
dominant factor in the case of air which controls sand movement, in the 
case of water it appears as though the movement of particles depends on 
the probability of the occurrence at the surface of an eddy of sufficient 
intensity to move an exposed particle. Furthermore, since in water the 
drag of particles already in motion is not limited as in the case of air 
moving over saltating particles, higher velocities increase the probability 
of grain dislodgement and the concentration of particles moving with 
the fluid is increased. The differences in ripple formation in sand beds 
in flowing water and air can be attributed to the differences in mode of 
particle pick-up. 


RIPPLES, RIDGES, AND DUNKS 

'I'he formation of land surfaces by wind and water is not properly sub- 
ject matter for a text such Jis this. However, there are basic principles 
utiderlying the formation t»f such surfaces that we should consider with 
some discussion at this point. More detailed discussion will be found in 
Bagnold’s (1943) book with ample illustrations. 

We shall begin our treatment of the subject by a discussion of the 
instability of a flat sitrface and the effect of pebbles. In the first in- 
stance it is readily apparent that the finite character of grains of sand or 
soil excludes the possibility of having an absolutely plain surface. If, 
then, a wind moves over as smooth a surface as it is possible to have, 
there is a chance that a few particles will be picked up . These will saltate 
in the manner we have already described, and will set in motion other 
particles until a condition is reached where the whole surface is in motion . 
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The saltation in turn initiates a creep and a surface will be set up such 
that the advance profile of a small section will be humped. The wind- 
ward side of this hump receives the full impact of the saltating grains 
which strike it at a small angle to the horizontal, while the lee side re- 
ceives few impacts and is not built up. This procedure continues until 
a more or less equilibrium condition exists. If the wind blows with great 
intensity the uneven surface will be leveled and a '‘grading” action will 
set in. Hence, we conclude that a flat surface is unstable since any 
small deformation sets up a chain of circumstances affecting the whole 
surface. 

The effect of pebbles, too large to be moved or carried by the strongest 
wind, is most interesting. If these are scattered about the surface of 
a sand bed, they tend to keep the bed smooth and prevent the formation 
of ripples and ridges. The action of these pebbles is somewhat as fol- 
lows : As the wind blows over the surface it tends to move the particles 
most exposed. Thereafter as the pebbles are bared, a new roughness 
condition sets in and the source point (the value of n) changes position. 
Between the pebbles are particles which are sheltered. As the wind in- 
tensity increases, more particles will be picked up between the pebbles, 
and no opportunity is given for a ripple or ridge to form. For, suppose a 
few pebbles are in close proximity to each other; the wind will tend to 
clear the particles about the pebbles, leaving them to rest on a sort of 
elevation. In time, the pebbles will roll into the lower area about them 
and the elevation of finer particles on which they rested will be smoothed 
over. The pebble agglomeration is then distributed over a wider area 
so that whatever wind condition may arise no further opportunity is 
afforded for sand accumulation. 

On the other hand, if the wind intensity decreases, particles will begin 
to fill the space between the pebbles, but only to a definite height. 
Lesser wind intensities will eventually cover the pebbles. We may con- 
clude that, in general, sands with a wide range of particle size tend to 
maintain smooth surfaces in a wind. 

Ripples — ^The regular pattern of ripples running crosswise to the 
wind can probably be attributed to the average length of path traveled 
by the saltating sand. The ripples begin at an obstructing hump. The 
particles strike the windward side of this hump, bound upward and are 
carried downwind. Relatively few particles strike because of the small 
angle at which the particles terminate their fall. Thus the average dis- 
tance traveled by the saltating particles causes them to fall within a 
narrow strip which gradually builds up into a ripple. Particles saltating 
from the first ripple then create the second and the process is repeated 
many times. As Bagnold has pointed out the spacing between the ripples 
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occurs with quasi-mathcmatical regularity which may be readily com- 
puted iti terms of particle mass and wind velocity. 

As might be expected, various types of ripples are formed depending 
upon the availability of transportable sands upwind. Nor can we over- 
look the fact that fluctuations in wind intensity can alter from moment 
to moment the character of the ripple formed. The end result is not 
necessarily something developed in an incrementally constant manner. 
There may be periods when the ripple is more extensive and higher, or 
composed of particles of much different size range than those found 
after the wind has ceased blowing. 

Ridges The term ripple is applied to a repetition of wave form 
whose distances between crests depend upon the average distance 
traveled by the saltating particles, or, in other words, ripples possess a 
wave length which depends upon the wind intensity. Other forms of 
sand waves whose wave lengths increase indefinitely with time are called 
"ridges.” They differ fundamentally from ripples in that they occur 
whenever the grading of surface particles becomes coarser. Ripples 
occur when the surface grading is uniform or nearly so, and their ampli- 
tude decreases if deposition is heavy. The converse is the case with 
ridges. 

The oncoming saltation on a ripple tends to build up the top portion 
so that fewer and fewer particles reach the lee slopes. As the wind 
intensity increases larger particles arc deposited on the ripple. With this 
accumulation the form is preserved and continues to increase in size. 
Those large particles resi.stant to the effects of strong winds are a chief 
characteristic of ridges. The increase in height of a ridge tends to in- 
crease the distance between it and the next one fonned downwind. 
Ripples of uniform sand 0.25 nun in diameter disappear at intensities of 
about xcOj = 05 or throe times the threshold value, while ridges are 
sustained and even built up at these wind intensities. 

While ridges are ordinarily formed in a direction transverse to the 
wind, they may also be formed in longitudinal strips parallel to the wind. 
The latter type occurs when the wind moves over an existing ridge which 
is parallel to the direction of its motion. During a wind of high inten- 
sity, the velocity at the top of such a ridge is less than that on either side 
of it so tlmt a horizontal swirling effect takes place on either side of the 
ridge and this tends to build up two other ridges parallel to the first. 
This is followed by a repetition of form as the wind continues to blow. 
On the other hand, when the wind is gentle, it moves with greater speed 
along the top of the existing ridge than on either side of it. Ridges fonned 
in the direction of wind motion are called sand strips, and the existing 
ridge giving rise to their formation is called a sand-pebble border. 
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Dunes — Dunes are formed in much the same way as ripples. They 
represent an accretion of sand which under favorable circumstances of 
sand supply and wind direction often attain extensive proportions. 

Bagnold classifies dunes into two forms, namely, the barchan or cres- 
centic dune and the seif or swordlike dune. The former are perhaps the 
more basic form since they may be shown to degenerate into the seif 
type. Dunes are characterized by the fact that they are capable of 
moving over terrain often without change of form. While the contour 
of a dune affects the flow pattern of the wind (which in turn affects it), 
it is possible by a simple analysis to obtain a relationship of other perti- 
nent variables. Let us refer to Figure 114 which illustrates the cross 



Figure 114 . Schematic Illustration op Dune Travel. 


section of a barchan type dune and consider a volume element of sand 
dq at a height II above the base of the dune. If all elements of the dune 
move a distance c in a unit time and the apparent density of the dune is 
Pa, then for an infinitesimal difference in level dll^ we have 

^ = c ■ dH Eq (in-27) 

Pa 

and since dll = dx tan a 

^ = P„C- tan or Kq (U)-28) 

where a is the angle made by the dune surface with the horizontal at 
the point considered. If we assume for an ideal situation that all the 
sand removed from the windward side of the dune is deposited on the lee 
side, we readily see that as the dune continues to travel downwind, the 
sand once taken from the windward side and deposited over the brink 
on the lee side again returns to the windward side. This effect is shown 
schematically in Figure 114 and illustrates the circulatory motion within 
a moving dune. 

Let us now return to Eq (19-28) . We see that the rate of removal per 
unit area at any point on the surface of the dune is proportional to the 
tangent of the angle of inclination at that point. At the summit of the 
I dune dq/dx = 0, so that there can be neither removal nor deposition. 
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As the sand moves over the summit dg^/ dx is negative and deposition is 
indicated. This deposition does not take place uniformly over the lee 
side of the dune, but just over the brink. This deposition continues 
until the angle assumed by the deposited sand with the horizontal ap- 
proaches the angle of repose (about 34 deg for sand) and then the deposit 
slides down. Thus the lee slope, or slip-face as it is called, never exceeds 
the angle of repose. 

The equations we have developed thus far are oversimplifications, but 
as Bagnold has pointed out they give remarkably good agreement with 
such observations of dune movement as are available. If we write 
V for r in R(j (19-2/ ), since r is actually the rate of dune movement 



Eq (19-29) 


Thus the higher the dune, the less is its rate of movement, subject of 
course to the supposition that all the sand moved from the windward 
side has been deposited on the slip-face. As a corollary we also conclude 
that, if the dune decreases in size for any reason, its rate of travel in- 
creases. As an example of the magnitude of the quantities involved in 
the present discussion, suppose that with a wind intensity of 14 m per 
sec, q = 0.40 ton per meter-width per hr. If p„ = 1.7 and // = 15 m. 
we then have from Eej (19-29) that 

0.40 

= y: 7 « l.S cm per hr 


Using the development here given, Bagnold has computed from meas- 
urements made of an Egyptian barchan belt that if the rate of travel of 
the barchans was at all titnes proportional to their height, the time taken 
for them to move from their suspected place of origin to their present 
position is of the order of 7000 yrs. He suggests from this computation 
a measure of confirmation regarding the migration from the Libyan 
Desert to the Nile Valley of pre-Dynastic peoples. These peoples are 
known to have commenced their migration about 5000 b.c* 


Problems 

1. Approximately I ton of fLy ash issues from a stack 250 ft in height. Using 
values of k and ki equal to (>.06, determine the concentration distribution at ground 
level along the direction of a wind blowing 10 mi per hr. 

2, In Problem 1, delenuinc the concentration distribution at ground level per- 
pendicular to the wind direction 0,5 tni downstream. 
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3. The following data were recorded during an investigation of a dust storm: 

Height Concentration Wind velocity 

tmeters) (M P P C F )'<' (mi pei hrj 

1 2000 20.0 

10 600 17.4 

*** Million particles per cu ft. 

Using a value of von Karman’s constant of 0 4 and assuming the density of the 
particles to be 2.4, compute the number of particles lifted from the ground surface 
by the wind. 



CHAPTER 20 


ATMOSPHERIC AND INDUSTRIAL 

DUST 

ATMOSPHERIC POLLUTION 

W ITH the exception of dust storms, most of the dust found in munici- 
pal air conies from chimneys and stacks. With the advent of 
powdered fuel and ultimate discharge of fine ash through stacks, the 
degree of dustiness in most cities increased enormously. However, in re- 
cent years with the application of electric precipitators, cyclones, and 
other types of arresters, the amount of fly-ash discharged industrially has 
been reduced. Indeed, industry has given so much attention to the ef- 
ficient combustion of coal and elimination of air pollution that the 
amount of atmospheric pollution is no longer in direct proportion to the 
number of industries in any given locality. There have been many stud- 
ies to indicate this, as well as the fact that small houses and apartments 
with poor fuel regulations are the chief cause of atmospheric pollution. 

In addition to the method of firing, atmospheric pollution also de- 
pends upon the frequency of rainfall and direction of prevailing winds. 
It has been estimated that if all the pollution existing at a given time 
in an industrial city actually settled within its limits, it would amount to 
approximately 5 tons per year per acre. Some areas in highly industri- 
alized cities without the benefit of smoke-control programs have re^ 
corded dust settling to an amount of over 300 tons per year per acre. 
This is an enormous quantity of dust which, if it were not for the natural 
elements, would require much moie frequent cleaning of streets and 
rooftops. 

Economic Aspects- -The economic aspects, from the standpoint of 
eflicient use of fuel, have been touched upon but briefly. It is clear that 
black smoke is the result of ineffective coal combustion. As a matter 
of fact, effective combustion of fuel may actually represent a saving and 
has been the most pertinent argument for the elimination of black 
smoke. However, the use of powdered coal with complete combustion 
and the production of a white smoke or fly-ash is equally detrimental. 
When w*e consider that approximately 15 to 20 percent of coal is ash, and 
if this is poured out continuously from an industrial chimney day after 
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day it represents a sizable quantity of material. This fly-ash is rela- 
tively free of carbon but possesses features which arc equally bad ; since 
it is discharged in such high quantities it quickly covers a vast area, 
penetrating into homes, offices, and stores; it crumbles easily and 
smudges, not as badly as soot but noticeably nevertheless. Naturally 
this fly-ash is combined with all other fine matter present in the air, and 
the total amount of air contamination determines the frequency of 
laundering, house-painting, window-cleaning, loss of goods in depart- 
ment stores, and many other similar items. But this is not all. In 
addition to dust per se, we must consider its acidity when wetted. At- 
mospheric dust generally runs high in acidity, so that following a rain it 
gradually attacks limestone, mortar, and many other structural mate- 
rials. To a certain degree it is also responsible for the destruction of 
plant life. Everything considered, if atmospheric pollution is very high, 
it represents a serious monetary loss to both citizens and community. 

Results of Studies — ^The concentration of dust in city air depends 
upon many factors such as time of day, degree of activity, prevailing 
winds, etc. While clean country air is estimated to contain 0.2 mg of 
dust per cu m, a careful study of dust concentration in some 14 American 
cities undertaken by the U. S. Public Health Service (1930) showed the 
following results: 

1. The average amount of suspended matter in the air during the 
winter months in the 14 cities in which the studies were made was found 
to be 5.1 mg per 10 cu m of air, of which 65 percent consisted of carbona- 
ceous matter, 35 percent of ash, 12 percent of silica, and 2 percent of iron 
oxide. An average amount of 0 . 73 mg of sulfur was found to be present 
in 10 cu m of air during the winter months. The amount of sulfur in the 
air was found to be closely correlated with the amount of carbonaceous 
matter present. The modal size of the dust particles in the air was found 
to be about half a micron. The median size of the dust particles was 
found to be 0.58 ix. Only a small percentage of the particles were more 
than 1 V 2 in diameter. The variation in particle-size from city to city 
was found to be very small. The average number of particles per cu 
cm in winter was 815. 

2. As was to be expected, atmospheric pollution was found to be 
greatest in the winter, reaching a maximum in December. The occur- 
rence of the maximum in December seemed to be associated with un- 
usually cold Decembers in the two winters studied, and it is possible that 
the peak would occur normally in January. The winter months showed 
about twice as much pollution as the summer months. This excess 
was particularly evident for carbonaceous matter and sulfur. 

3. There was found to be a ^eat variation in atmospheric pollution 
at different times of day. A minimum was found at about 3:30 A.M., 
a maximum at about 7:30 a.m., a dip in the middle of the day, and 
changes in the slope of the curve at about 8 p.m. and again at midnight. 
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The pollution at the time of the morning maximum was about twice as 
great as that in the middle of the day. These variations in pollution 
with the hour of the day were clearly marked for all seasons of the year, 
but the morning peak occurred about two hours earlier in the summer 
than in the winter. The minimum in the middle of the day was much 
more marked in the summer. 

4. Atmospheric pollution was less on Sundays than on week days, 
indicating the importance of the pollution due to industry. However, 
the nonindustrial pollution in the winter, resulting from the heating of 
residences, apartment houses, hotels, and other buildings, appeared to be 
even more important. 

5. The velocity of the wind was found to have a marked effect on 
the degree of atmospheric pollution, increase in velocity being associated 
with a decrease in pollution. In the winter, on cloudy days, the pollu- 
tion, as measured with the Owens automatic air filter, had an average 
shade of about 1.9 for a velocity of 5 miles per hr, 1.2 for a velocity of 
about 10 miles, and O.S for a velocity of about 20 miles, or when the veloc- 
ity of the wind doubled, the pollution decreased to about six-tenths of 
its original value, and when the velocity quadrupled, the pollution de- 
creased to about four-tenths. Wind direction also affected the degree 
of atmospheric pollution, but this factor depended on local conditions, 
such as the position of industrial areas, large bodies of water, etc. 

6. Aside from the morning 
maximum, which appears to be due 
primarily to the starting up of in- 
dustrial and domestic fires, the 
density of the pollution during the 
day appears to depend largely on 
the vertical air currents. This is 
indicated, among other things, by 
the fact that on clear days there 
was a marked minimum in the pol- 
lution in the middle of the day, 
which was not present on cloudy 
days. 

7. An examination of the rec- 
ords of the automatic air filters 
failed to show any definite decrease 
in atmospheric pollution either 
during or after the fall of rain. 

This result is curious in view of the 
generally accepted belief that “rain 
clears the air.“ 

Size-Distribution — ^The size-frequency distribution of atmospheric 
dust is shown in Figure 115. 

In this figure it will be seen that the average size of atmospheric dust 
particles is below 1 This is much lower than that obtained for in- 
dustrial dust shown in the same figure. A cumulative plot of the 
curves for the two dusts indicates that more than 50 percent of in- 



Figurb 115. Size-frequency Dis- 
tribution OF Atmospheric and Indus- 
trial Dusts. 


420 


MICROMERITICS 


dustrial dust is greater than 1 in size, while for atmospheric dust the 
median size is approximately 0.5 jlc. 

INDUSTRIAL DUST 

Industrial dust is of general interest because it is associated with cer- 
tain diseases of the lungs, commonly referred to as the pneumoconioses. 
It has long been known that workers in dusty trades become disabled 
after a few years’ exposure. While the etiology of the disease is known 
to be due to dusts initialed in high concentrations, in sizes generally below 
10 ju, the exact nature of the action on the lung tissue itself remains a 
mystery. Not all dusts react alike and some, such as quartz-containing 
dusts, are very active. It is probable that any dust when breathed in 
sufficiently high concentrations for long periods of time is injurious. 

In addition to those dusts producing lung injury arc dusts which are 
systemic in their effects. Common examples of these dusts are the lead 
compounds, manganese dioxide, cadmium oxide, etc. On inhalation, 
the effect of these dusts is much more severe than if they were ingested. 
They are easily absorbed into the blood stream and act directly on many 
vital organs. 

Finally, there is the third group, such as pollens and certain organic 
substances, whose action produces allergy. As a rule the severity of 
their effect is due to the individual susceptibility of the person exposed; 
but there are instances, notably exposure to castor-bean dust, where 
susceptibility does not play an important role. However, as in the 
classes previously discussed, degree and length of exposure are the most 
important considerations. In this chapter the discussion is limited to 
three topics of interest, namely: (1) Particle-size range and concentra- 
tion; (2) the methods used to determine safe limits of exposure; and 
(3) a brief outline of control methods. 

PARTICLE^SIZE OF INDUSTRIAL DUST 

There has been much discussion on the significant particle-sizes 
giving rise to pneumoconioses. It is the contention of one school of 
investigators that particles of decreasing fineness have greater signifi- 
cance than the larger particles. This question cannot be answered until 
more exact data are available concerning the action inducing fibrosis in 
the lung tissue. Many investigators have recovered particles from lung 
tissue, and it has been shown that such particles rarely exceed 10 m in 
longest dimension, most of them falling below Z ix in size. In obtaining 
inhaled particles from autopsy material it must be remembered that the 
lung tissue is subjected to rigorous chemical treatment, which may 
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materially affect the amount of small particles present. As a general 
rule j:)articles recovered from lung tissue are rarely noted when less than 
0.5 /X. It is curious that in ordinary microscopy the particle-size dis- 
tribution of dust found in lung tissue closely follows that found in normal 
industrial air. The size-range (0.5 to 3 fi) is that which would be sus- 
tained in the air long enough to be inhaled. Extremely fine particles 
submicroscopic in size are not noted, because they go beyond the resolu- 
tion of most microscopic systems now in use. T. Hatch and Pool (1934) 
using dark -field technique for counting showed that concentrations 
obtained with light field were greatly underestimated. This leads to 
the conclusion that the finest particles have greatest physiological sig- 
nificance. At the same time it must be indicated that the work of C. E. 
Brown (1931) shows that fine particles are not retained by the lungs; 
the efiicicucy of retention decreases as the particle-size decreases. It is 
conceivable that we may approach particle-sizes of the order of tobacco 
smoke (0.05 fj) for which retention efficiency by the lungs is nil. Parti- 
cles of this size may well be produced industrially. Whether they 
should be considered of physiological significance still remains a moot 
question. The particle-size distribution of outdoor and industrial dust 
(a composite of several industries) is shown in Figure 115. 

With regard to concentration, several important variables must be 
considered. These arc size and number of the dust-producing opera- 
tions, space in which they are located, material being worked, degree of 
ventilation provided, amount of activity, housekeeping provided, etc. 
Rock drilling in tunnels may produce concentrations exceeding 2 
billion particles per cu ft of air, foundry shakeout operations more than 
500 million particles. No set figure can be given for any single opera- 
tion or process, but it may be stated that, without control, concentrations 
generally exceed 10 million particles per cu ft which is the accepted 
lower limit for safe exposure to most dusts. 

METHODS OF SAMPLING INDUSTRIAL DUST 

Much of the confusion arising in the interpretation of dust counts may 
be traced to an inadequate appreciation of their actual significance. 
Many investigators have ignored the limitations of the technique used 
and this has caused severe criticism of such counts in evaluating a dusty 
environment, particularly in attempts to comprehend the meaning of 
wide variations so often obtained in results. Therefore, what are the 
criteria which make dust counting definitely valuable? 

Dust counts have a threefold application: (1) They are an index of 
the cleanliness of a plant; (2) they help to determine the effectiveness of 
dust-removal equipment; and (3) they can be used in conjunction with 
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medical data to determine the threshold or safe limit of exposure to a 
specific dust. In practice, the first and second applications arc more 
common than the third. It is important to check upon the performance 
of control measures in order to protect workers from excessive dust 
exposures. Dust counts are a quantitative measure of environment, 
which, coupled with a knowledge of the safe or threshold limit, tell 
whether the conditions found are inimical to the health of workers. The 
third application of dust counts, namely, their use in establishing thresh- 
old limits, is a research function. In order to understand the causes of 
the difficulties encountered by so many investigators in making dust 
counts, a brief discussion is given of the characteristics of instruments 
and techniques generally used for dust sampling, the environmental 
conditions affecting the sample, and the methods of averaging and 
weighting of counts in order to arrive at an index of dustiness which 
accurately defines the environment of the worker. These factors have 
a direct bearing on the applications of dust counts mentioned above. 

There are two general types of sampling, which may be designated as 
continuous or integrating, and grab or instantaneous. The first is 
represented by the impinger device as used by the U. S. Public Health 
Service (1935&). This instrument samples at a constant rate for any 
period of time and thus “integrates” variations in dust concentrations. 
The second mode of sampling includes devices similar to the Owens jet 
dust sampler and the Kotze konimeter, which take small and relatively 
instantaneous samples. Both methods of sampling are valuable and 
widely used. As with all instruments, they have certain applications 
for which they are best fitted. These must be appreciated if the results 
obtained are to be reliable indices of the environment. 

There is no need for absolute sampling devices — ^that is, equipment 
which will capture all dust suspended in air. Such a device would be 
of little value. The only requirements for any method are that it secure 
a representative sample of dust present in the air, and that such tests 
can be duplicated by other investigators. 

There is an exaggerated tendency among many technicians making 
dust surveys toward a “simple” dust-counting instrument. Generally, 
it is desired to make daily or weekly inspections, but the actual need is 
for a rapid method of making dust counts. While it is admittedly useful 
to have an instrument both rapid and reliable, it must be stressed that 
frequent dust surveys are not necessary. The pneumoconioses develop 
only after many years of exposure to dust. Consequently, only two, or 
at most three, annual surveys are necessary to evaluate exposure in any 
dusty trade. Control equipment, once tested to assure effective re- 
moval of dust, will continue to perform so long as it is maintained in 
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good condition. Finally, in making repeated checks of a given activity, 
it is important to have designated sampling points accurately spotted, 
since dust concentrations vary considerably with distance from the 
source of production. 

The Greenburg-Smith Impinger — ^The Greenburg-Smith impinger 
is the device most commonly used for dust sampling in this country. Its 
advantages over other instruments have been discussed in U. S. Public 
Health Bulletin 217. The impinger is adapted to taking samples of air- 
borne dust over short or long periods of time. It is not efficient for 
very small particles (<0.5 ju), but the fact that samples can be dupli- 
cated, plus its reliability, are distinct advantages. The lack of efficiency 
of the impinger device for small particles need cause no alarm, because it 
is doubtful whether very small particles (<0.5 ju) are sufficiently in- 
jurious to warrant an accurate estimation of them. The use of dark- 
field methods adds little to the reliability of the count since, as has been 
mentioned, the impinger itself has a vanishing efficiency as the size of 
the particles sampled diminishes. 

Volume of sample — There are several points of view as to the amount 
or volume of impinger sample which should be taken. Many believe 
that numerous short-time samples have greater significance than a few 
long-time samples. There can be no question but that a large number of 
samples taken at various times depict the environment better than 
single samples, even if taken over a period of several hours. The reason 
for this is not far to seek. No activity produces a constant quantity of 
dust. The human clement, as well as variations in dust-producing 
processes, change from day to day. Samples taken for too long a time 
arc subject to two serious criticisms: (1) Long-time samples cause many 
particles to go into solution, and (2) if a process tends to produce dust 
floodvS, there is a tendency to overlook important causes of dust produc- 
tion. Moreover, long-time samples lead to results which do not cor- 
rectly picture the dust generated by the activity itself. This phase of 
the dust-sampling problem will be discussed more fully in another 
section. 

Dilution of sample — ^The dilution of concentrated samples may lead to 
large errors in counting. Concentrated samples flocculate and settle 
at higher rates than dilute samples. Consequently, the portions trans- 
ferred by pipette are not always representative. However, this in itself 
may not be a serious drawback except when the samples are taken for 
long periods of time. The dilution of samples should proceed to a 
point where the average count per one-fourth field is greater than 20 
and less than 40 particles. Control samples may be relatively free from 
particles, but as a rule they average from 4 to 10 per one-fourth field. 
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Therefore, if the count is much less than 20 per one-fourth field, it is 
probable that some fields may be constituted almost entirely of dust 
contained in the control sample itself. 

Microscopy — Mention has already been made of the limitations of the 
microscopic system in counting impinger dust samples. In addition, it 
may be stated that accuracy in counting depends to a great extent on 
experience. The technician skilled in recognizing dust particles employs 
iust enough illumination so that all particles stand out distinctly. 
Less experienced technicians frequently use too much illumination 
which may obscure highly refractive particles as well as tire the eye. 
Application of color adapters to the illumination system on microscopes 
often helps in making certain particles, such as quartz, stand out clearly. 

Grab-Sample Devices — ^The chief criticisms of grab-sample devices 
are the smallness of the sample taken and the lack of any reliable data as 
to the significance of the results obtained. These devices should not be 
compared with continuous-sampling devices such as the impinger. 
There are no points of similarity to warrant comparisons; the impinger 
device integrates the dust sampled over a period of time, while the grab 
sampler represents conditions during a brief instant. The devices are to 
be compared only when the dust concentration is known to be constant. 
Even then care should be exercised, since the selectivity and other char- 
acteristics of the instruments may vary with dust concentration. 

Field of Application — It must not be concluded from the foregoing 
that grab samplers are not to be used. For general air samples and 
routine control work these devices are quite effective. Similarly, re- 
peated samples taken at a station may often reveal the variations in 
dust concentration with time. Such studies help to locate sources of 
activities producing excessive amounts of dust. It is in the field of 
dust control that grab-sample devices find their most valuable applica- 
tion. Once a criterion or threshold limit has been decided upon for the 
device selected, it is merely necessary to determine from time to time 
whether this criterion is being met. Hatch and Thompson (1934) dis- 
cussed a novel arrangement with one form of grab-sampling device 
which is both rapid and simple to use. In the hands of a trained techni- 
cian and used at fixed sampling stations, routine surveys of dust condi- 
tions in a plant can be expedited, and all failures in control equipment 
noted and remedied. Exact quantification is not necessary; only a 
visual comparison of the sample taken with the standard is required. 

The conditions producing a dusty atmosphere arc the all-important 
considerations limiting the quantitative aspects of dust-counting meth- 
ods. No greater degree of accuracy is needed in sampling than war- 
ranted by the nature of the dust-producing activities. Dust counts will 
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average either high or low depending upon whether large or small 
quantities of dust are produced by the activity in question. This will 
be the case regardless of refinements of technique in sampling. 

No dust sampling should be undertaken until a careful study of the 
occupations and activities involved in producing dust has been made. 
Dust samples alone should never be taken to represent the exposure of a 
group of activities since such samples do not indicate the relative 
amounts of dust to which all the workers are exposed. In its many 
field investigations, the United States Public Health Service (1935, 
193<S, 1940) has generally given its attention to determination of the 
exposure of specific occupational groups. This has been done because 
similar occupations function in identical ways and have corresponding 
dust exposures. The occupation can also be analyzed on a time basis. 
The need for this is apparent when we consider that it is possible to have 
dust produced only during a part of normal operations associated with 
an occupation. An occupation is composed of many activities, and the 
worker is exposed to intermittent concentrations of dust. Hence, 
samples must cover every phase of the workers’ activities. 

It must be remembered that the dust counts are used to obtain an 
index of dustiness. Some of the data presented undoubtedly show 
wide variations which might make the averages based upon them open to 
serious criticism. But if we bear in mind that only an index — or relative 
degree of dustiness— is sought, no difficulties should exist. Statistical 
methods for the treatment of raw-dust-count data are not always war- 
ranted since variations in processes, natural ventilation, and other 
factors affecting dust concentration change from time to time. It is one 
of the advantages of this method that the effect of such factors is ac- 
counted for without incurring serious discrepancies in large series of 
dust counts. 

AVERAGING AND WEIGHTING OF DUST EXPOSURES 

In small plants, workers are frequently engaged in several different 
activities. In order to reduce the problem of determining the exposure 
of such workers to simple terms, it is essential that a study be made of 
tlic time spent in each activity. Table 77 illustrates the first steps in 
the technique used in estimating tire exposure of 39 workers in two plants 
who were engaged in grinding, drying, and bagging mica. The two 
plants differed as noted in the column headed “activity.” In plant A, 
the ground-mica sludge was filtered, dried in rotary kilns, and bagged by 
mechanical equipment of modern construction; plant B utilized ordi- 
nary oven-type kilns to dry the sludge and used manual methods of 
bagging. In the last column of the table is given the time spent by the 
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various workers in each activity during the course of an (S-lir day. The 
other columns give the individual dust counts and their arithmetical 
averages. 

Determination of Average Exposure — Table 78 shows the method of 
arriving at a weighted average of the workers' exposure. This consistvS 


Table 77 — Average Dust Counts and Time Estimates Made in Two Mica- 
Grinding Plants Where Workers Partake in All the Activittios 


Results of Arithmetic Time esti- 

individual average mated as 

samples (mil- (million par- spent in 

lion particles tides per activity 

Activity per cii ft) cu ft) per day (lirs) 


Wet grinding and mica settling (both 
plants) 

Filter-cake drying (plant A ) 

Kiln drying (plant B) 


24.2 1 
39.6 J 
123 j 
193 J 


Screening and machine bagging (plant 34.2 1 

A) 64 6 J 

Screening and hand bagging (plant B) 133 \ 

128 j 


3.1 

32.0 

158.0 

49.0 

128.0 


3 

3 

3 

3 


Table 78 — Method op Determining Exposure of Workers in a Wet Mica- 

Giunding Plant 


Activity 

Time esti- 
mated as 
spent in 
each ac- 
tivity (hrs) 
(a) 

Average 
dust con- 
centration 
(million 
particles 
per cu ft) 

(6) 

Million- 
particle 
hrs ex- 
posure, 
plant A 
(a X b) 

Million- 

particle 

hrs 

exposure 
plant fh 
(a X 6) 

Wet grinding and mica settling 
(both plants) 

2 

3.1 

6.2 

6.2 

Filter-cake drying (plant A) 

3 

32.0 

96.0 


Kiln drying (plant B) 

3 

158.0 

• • • 

474.0 

Screening and machine bagging 

(plant A) 

3 

49.0 

147.0 

, . . 

Screening and hand bagging 

(plant B) 

3 

128.0 


384.0 

Total 

8 


249.2 

924,2 


Weighted average: Plant .4 
Plant B 


248 million-particle hrs per cu ft 
8 hrs 


31 million particles 
per cu ft 


934 million-particle hrs per cu ft 

8 hrs 


= 116 million parti- 
cles per cu ft 
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in multiplying the average dust concentration in each activity by the 
time spent in it. The sum of these products for each plant, divided by 
the number of hours (S) spent at work, gives the weighted average ex- 
posure. Table 78 shows that the workers in plant A were exposed to a 
weighted average concentration of 31 million particles per cu ft, while 
those in plants were exposed to 116 million particles per cu ft. If 
straight arithmetical averages of all the samples for each plant had been 
used, the estimates would have been 24.6 and 83.0 million particles per 
cu ft, respectively. Again, if different times had been assigned to the 
activities in question, it is evident that very wide discrepancies would 
exist between the weighted and arithmetical averages. The chief 
differences between the two methods of expressing the dust exposure 
associated with a set of activities are that in the case of weighted average 
emphasis is placed upon duration of exposure, while in the arithmetic 
average dependence is placed upon the number and magnitude of in- 


Tablk 79— Misthod of Calculating the Exposure of Feldspar Drillers and 
Helpers Working in an Open-Pit Mine 


Activity 

Number 

of 

samples 

Time esti- 
mated as 
spent in 
each activ- 
ity (hrs) 

(a) 

Average 
dust con- 
centration 
(million 
particles 
per cu ft) 

(&) 

Million- 
particle 
hrs per cu 
ft exposure 
(a X b) 

Remarks 

Drilling 

Mucking, sorting, and 

2 

4 

65.0 

260.0 

Dry drilling 

cobbing 

2 

4 

2.1 

8.4 

No drilling 

Total 

4 

8 


268.4 


2(38.4 nulhon-particle hrs per cu ft 
Weighted average: ^ , - 

8 hrs 

33.(3 million particles per 
cu ft 


dividual samples. Here again, however, it must be stressed that there 
is no certainty in the dust exposures arrived at by weighting. It is a 
convenient way of obtaining an index of dustiness which accounts for 
all the activities associated with a given job. 

Another example is furnished in estimating the exposure of drillers 
and helpers in an open-pit feldspar mine. In this case, the drillers were 
engaged in drilling operations for only four hours each day. The re- 
tnaining four hours were spent in mucking and cobbing the feldspar 
blasted from the working face. The data and computations are shown 
in Table 79. The weighted average is seen to be 33.6 million particles 
per cu ft. If no time studies had been made, and reliance placed merely 



428 


MICROMERITICS 


on the designation implied in the term “driller,” the exposure ■w^ould 
have been assumed to be 65 million particles per cu ft. 

Method of Averaging a Widely Fliicliialing Dust Exposure — ^The 
examples given above are especially adapted to the weighting of occupa- 
tions. However, with slight modifications the technique can also be 
applied to the problem of determining the effectiveness of a given piece 
of dust-control equipment. The procedure consists in taking dust 
samples at regular intervals over a period of time sufficient to represent 
all variations in the operation to which it is applied. Figure 1 16 shows 
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Figure 116 . Variation of Dust Concentration as 
Indicated by Impinger Sample for a Feldspar-crush- 
ing Mill. 


the variations in dust production generated by a hammer-type crusher. 
The dust peaks occur at the times the crusher is loaded. The crusher 
in question is small and is exhausted near the opening at which the rock 
is fed. 

To calculate the average dust concentration generated by the crusher 
it is necessary to determine the area under a curve of the pointvS plotted in 
Figure 116 and divide by the period of time over which the samples were 
taken, in this case 1 hr. The average concentration is then seen to be 
42 million particles per cu ft. This value should then be compared with 
the criterion of permissibility to determine whether the amount of dust 
generated is hazardous to health. 

Weighting of Occupational Histories — If a worker has been employed 
in several occupations over a period of years, some measure of his total 
dust exposure becomes necessary. This is particularly true when medi- 
cal findings must be correlated with the amount of the workers’ ex- 
posure. Pneumoconiosis is the result of prolonged exposure to dust, and 
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if the worker has been employed in several occupations, all involving 
differetit dust exposures, a method of integrating them is essential. The 
tendency to utilize the exposure in the present occupation in correlating 
medical with engineering findings may lead to many difficulties. The 
solution of this problem follows the procedure developed in the previous 
paragraphs, subject to the following restrictions: (1) The dust associated 
with the various occupations must not have changed very much for a 
number of years, and (2) the dust breathed must not have changed in 
composition with change of occupation. 

Table SO gives the occupational history of a worker 45 years of age 
who has been working since the age of 15. Note that the first occupa- 
tion, namely that of farmer, was for a period of 10 years and involves 
no exposure to dust. The succeeding years were spent in feldspar 
mining and feldspar milling and crushing. The exposure due to these 
occupations, together with the method of calculating the total and 
average exposure of the worker, is given in Table SI . 


Table 80 -“’Occupational History or a Feldspar Worker, 45 Years Old, Who 
Be(}an Work at the Age of 15 


OccMipat ion 

Years in 
nondnsty 
occupation 

Years m 
dusty 
occupation 

Remarks 

Fanner 

Mucker and sorter 

10 

2V. 

Underground mine, full-time work 

Driller 

. . 

3 

V 2 time drilling 

Traniincr" 

. . 

5 

V 2 time sorting and mucking, feld- 




spar plant 

Farmer 

Mill operator 

1 

7 

Va time sorting and mucking, feld- 




spar plant 

Idle 

IV. 


Estimated 

Total 

12V. 

177^ 



" Handling wheelbarrow. 


The total given in the last column of Table 81 is a measure of the life- 
time exposure of the worker to feldspar dust. It is an index often suffi- 
ciently absolute to indicate whether or not pneumoconiosis is present; 
that is, when the million-particle years of exposure exceed a particular 
value it may be expected that some lung pathology will be found. The 
weighted average is equally valuable for statistical purposes when it is 
desired to group workers with the same degree of exposure by years of 
employineut. 

In view of the number of variables involved, it would seem preferable 
to classify dust counts in broad categories. Thus, counts could simply 
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be expressed as greater or less than a maximum tolerance, say the 
threshold limit, without reference to the actual counts themselves. 
This term is usually taken to mean the maximum permissible limit of 
dust concentration. The threshold limit may be arbitrary, being bused 
on engineering practices alone, or it may be derived from a correlation 
of dust concentrations with medical findings. It is likewise apparent 
from a consideration of the foregoing that a standard may be considered 
a maximum irrespective of the activities engaged in, or as a weighted 
average based on a careful time analysis of all activities. The former 


Table 81 — Weighting of Exposure of Worker Whose Occupational History 

Is Given in Table 80 


Activity 

Time spent 
in stated 
activity 
(yrs) 

(a) 

Average dust 
concentra- 
tion associated 
with occupation 
(million particles 
per cu ft) 
ib) 

Million- 
particle 
years 
exposure 
(a X h) 

Mucking and sorting 

2Vi 

239 

597 

Drilling 

3 

500" 

1500 

Tramming 

5 

20 

100 

Mill operating 

7 

270 

1800 

Total 

17V2 


4087 


4087 million-particle yrs per cu ft 


Weighted average exposure 

17 5 yrs 

234 million par- 
ticles per cu ft 


* Weighted average to take account of time spent mucking and sorting. 


interpretation appears in some state regulations. A threshold limit 
having a medico-engineering basis requires that all factors entering into 
the occupational environment, including time studies, be considered. 
By this latter method, an upper permissible limit can be exceeded for an 
interval of time although the weighted average may well be less than the 
limit. A threshold limit, therefore, should state whether it is a maxi- 
mum to be complied with at all times during a given activity, or whether 
it is a weighted average based on a consideration of the time engaged in 
various phases of the work. 

CONTROL OF INDUSTRIAL DUST 

Isolation of Source — Dust can best be controlled at the source of 
generation by enclosures, wet methods, or exhaust ventilation. The 
first of these methods, although obviously the simplest, cannot be used 
where the process requires attention by an operator. In tlieory this 
control method utilizes segregation of the dust-producing soiuce. It is 
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tisiially belter adapted to large-scale operations, so as to protect workers 
ill nearby nondiist-prodncing operations. This system cannot be ap- 
plied successfully unless means are provided to prevent accumulated 
dust from interfering with the process. 


Wet Method — ^The second control method, wet method, is generally 
used in rock drilling, blasting, and mucking in tunnels, and in these 
operations it has proved effective. Wet drilling consists in introducing 
approximately V 2 gal of water per min through the drill steel. 

The effect of water introduced through the drill steel during rock drill- 
ing is shown in Figure 117. It is seen that amounts of water as low as 
0.2 gal per min reduce the dust 
concentration below 10 million 
particles per cu ft. Higher rates 
of flow will further reduce the 
amount of dust produced, so that 
with approximately V 2 gal per min 
the reduction is sufficient to main- 
tain concentrations below the 
generally accepted limits. It must 
be remembered that in tunnels, 
where a number of drills are used 
simultaneously, the dust count 
may be greater than indicated in 
Figure 117, so that wet methods of 
control should be supplemented 
with ventilation. 

Dust produced in blasting is con- 
trolled by a fine water spray placed 

near the face. The spray is made to form a curtain and is so fine that 
the diist formed is immediately wetted. Mucking is accomplished by 
wetting down the blasted rock. The effectiveness of wet methods in 
tunnel operations is shown in Table 82. 

In using wet methods due allowance should be made for freezing 
weather and possible accident hazards. The use of wetting agents may 
in many cases aid in controlling dust and also cut down on the volume 
of water required. Except in the case of drilling, no fixed amounts of 
water can be specified since this is dependent upon the size of the opera- 
tion and other variable factors. 

Local Exhaust Ventilation — ^Exhaust ventilation at the source of 
dust generation is perhaps the most widely used method of dust control. 
This method of control requires that an air movement be provided at 
the source suifficient to convey the dust into the hood and duct system 



Figure 117 . Effect of Rate of 
Water Flow Through Drill Steel 
ON Dust Count. 
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and thence to a suitable point of disposal. Maxiinitni cfTcctivencss is 
obtained when the hood encloses the dust source as much as praclicuhle 
Complete enclosure is not advisable since the basis oi' control by exhaust 
ventilation requires air movement to carry the dust into the duct sys- 
tem. The duct system should be sized so that the velocity is great 
enough to move the largest particles. 

Since exhaust ventilation depends upon the provision of air move- 
ments, near the source of dust production, sufficiently great to convey 
the dust into the hood we must have information available on the nature 
of the dust source and the air velocities generated by the hood. The 
former entails difficulties because processes vary greatly. Some opera- 


Table 82— -Variation in Concentration of tub Dust in the Air in Passing from 
THE First to the Second Sampling Places, 70 to 100 Ft Farther from the Face 

Dust concentrations, million piu tides 
Sampling time (min after per cu ft (light-fiekl teeliniqiie) 

Test last hole blasted) Test without spray Test with spray 

head- ' Location Location Location 


mg 

i** 

2& 


2b 


2b 

1 

10-15 

25-30 

452.0 

71.6 

1.6 

1 3 

1 

20-25 

35-40 

80.9 

41.5 

0.4 

0 5 

1 

35-45 

50-60 

57.5 

37.8 

0.5 

1.0 

2 

12-17 

27-32 

77.4 

129 5 

0.3 

0.6 

2 

22-27 

37-42 

52.4 

97.9 

O.l 

0.2 

2 

38-48 

53-63 

49.6 

91.6 

3.1 

0.2 

3 

10-15 

18-23 

141.7 

403.4 

19 1 

114.3 

3 

20-25 

28-33 

146.1 

199.4 

9.2 

104.8 

3 

35^5 

43-53 

77.2 

83 3 

20.8 

55.8 


® 70 ft from working face, 

^ 100 ft from working face. 


tions, such as grinding, throw off dust at high velocities in a well-defined 
direction; others, such as sandblasting, generate dust over relatively 
wide areas. Nor can the influence of the operator be overlooked since 
his methods in manipulating a particular job may influence both the 
rate and amount of dust produced. In general, the control by exhaust 
ventilation means taking advantage of directional effects and enclosing 
the source so that the dust is confined as much as possible. 

The problem of predicting the velocities necessary to control a given 
hazard cannot be given in a form applicable to all operations. In fact, 
little information is available on this subject. As a general rule, the 
air velocities may be as high as 1200 ft per min for grinding-wheel dusts 
and as low as 100 ft per min for sandblasting in a cabinet or room open 
at one end and exhausted at the other. Some data on the air volumes or 
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velocities necessary to control common industrial operations are given 
in Table 83. Difliculty is also experienced in predetermining the ve- 
locity characteristics of hoods under suction. These characteristics are 
largely detcriiiiiied by the shape of the hood opening and the obstruc- 
tions forward of the opening. For hoods under suction which are free 


Table 83 — Air Velocities Required to Control Dust in Certain Operations 


Required air velocity or volume 
(ft per min) 

At point of At hood 

Process dust origin opening 


Granite 

Hand pneumatic tool 

200 


Surface machine 

1500 


Swing grinder 


100 

Crusher (rock, ore, etc.) 


200 

Flat-deck screen (enclosed) 


200“ 

Cylindrical screen (enclosed) 


600” 

Mixers 


200 

Bagging (powdered sand) 


400 

Bucket elevator 


200^ 

Conveyor belt (transfer points) 


200^* 

Metal spraying 

Lead 

200 


Zinc 

125 

, , 

Welding 

100 

, . 


“ Through inspection openings or 50 cu ft per min per sq ft of screen. 

** Cu ft per iiiin per ft of screen diameter. 

® Through openings or 100 cu ft per min per sq ft of cross-sectional area of enclosure 
Or 350 cu ft per min per ft of belt width. 


of any obsU'UcUous forward of the openings, the author (1939a) has 
obtained the following formulas for determining air velocities outward 
along the center line of the opening: For rectangular openings 



and for circular openings 

Y ^ 0.65^2*1 
100 -“’F rci*® 


Eq (20-1) 


Eq (20-2) 


where Y is the percent average velocity at the opening at the point x, A 
the area of the opening, 0 the ratio of the short to the long side of a 
rectangular opening, and D the diameter of a round opening. The units 
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of A f X, and D must be consistent; that is, if A is in sq ft, x and D must 
be in ft. A simple general formula adapted to most types of openings is 


0 . 1<2 
+ 0 . 1 ^ 


Eq (20-3) 


where v is the velocity at the point x in ft per min and Q the volume of 
air flow in cu ft per min. 


Problems 

1. Calculate the value of C^/q for various values of x (in miles) for a stack 250 ft 
in height, assuming a wind velocity of 10 ft per sec. Plot the results and from them 
determine where the concentration will be a maximum. 

2 What are the important variables to be considered in a study of atmospheric 
pollution? 

3. Show why dust suspended in air is generally less than 3 ju in size. 

4. Discuss the procedure used for making a survey of dust conditions in an in- 
dustrial plant. What is meant by '"index of dustiness?’* 

5. What methods may be used to control industrial dust? 

6. Calculate the velocity 6 in. in front of a rectangular opening 5 in. by 10 in., 
if the velocity at the opening is 1000 ft per min. 



CHAPTER 2 1 


COLLECTION AND SEPARATION 
OF PARTICULATE MATTER FROM AIR 

I N THIS chapter v’^arioiis methods for the collection and separation of 
small materials will be discussed. One of the important aspects of 
this problem has already been touched upon in Chapter 1 7, where it was 
shown how particles maintained in suspension by agitation alter the 
specific gravity of the medium as a whole. Thus, given a mixture of 
materials the components may be separated by sinking or floating the 
particular fractions desired. This method merely requires prior knowl- 
edge of the densities of the various components, and that the spread be- 
tween them is suflicient for a sharp separation. Since the basic theory 
has been amply covered in Chapter 17 no further discussion is believed 
necessary. In filtration the character of the filtrate is dependent upon 
so many variables that a prediction of performance in terms of particle- 
size or other properties of the material cannot be given. The degree of 
compaction of individual particles in the filtrate mass influences the be- 
havior of a filter to such a degree that estimates for the most part can be 
determined only by experimentation. For the reasons cited, only the 
collection or separation of particles from an air or gas stream will be 
given. The discussion is limited to dry filters, cyclones, electric pre- 
cipitators, and electrostatic separators. 

DRY FILTERS 

Dry filters considered here are of the cloth type, although in general 
the treatment discussed is applicable to all types possessing a fair degree 
of retention. The theory of filtration given involves the application of 
the Kozeny equation presented in Chapter 13 (see Eq 13-30). The 
use of this equation in this particular problem is due to Williams et al 
(1940). Remembering that we are dealing with a gaseous medium, the 
pressure-drop through the filter is 

k = Eq (21-1) 

gpo V 

where h is the pressure-drop measured in units of air column, k a con- 
stant theoretically equal to 6 when cgs units are used, g the gravitational 
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constant, ju and po respectively the viscosity and density of the air, 
the velocity of the air, b the thickness of the deposit, S^, the sitrfac(‘ per 
unit-volume of particles collected, and d' the fractional voids. Con- 
sidering a unit-area of the filter, we have 

p(5 X 1 X 1)(1 - Eq (21-2) 

where p is the true density of the material collected and zv is the weight 
of the material collected on the filter. Also, if C is the weight of the 
particles per unit- volume of air, 

w = C‘Vt 


where t is the time during which the resistance of the filter increased by 
an amount h. Hence combining the last two equations above with 
Eq (21-1) 


h 


^ C2 1 d' ~h^Ct 
gPo * P 


Eq (21-3) 


since So = k'/d where k' is a constant (Eq lG-2) and d is some average 
particle diameter. Thus Eq (21-3) becomes 


h 


“hi K . 1 "" d-lv^Cf 

^gPo P 


KCvH _ Kwvt 


Eq (21-4) 


where K has been written for the expression in brackets. As a rule the 
value of cannot be determined and it is customary to lump the con- 
stants in the manner shown. If h is expressed in inches of watcT, then 
K becomes another constant, K\ and 


K^wvt _ K'Cv-i 


Eq (21-5) 


Expressing w in lbs per sq ft, t in min, and v in ft per min, Williams ei al 
determined the constant for a number of dusts of different diameters. 
These are given in Table 84. The constant K' may be termed the specific 
resistance and is expressed as in. water gauge per lb dust per sq ft filter 
area per lineal ft per min filtering velocity. The data contained in 
this table show that the resistance coefficient (1) increases with decreas- 
ing particle-size, and (2) does not vary greatly among several materials 
when compared at equivalent sizes. These facts arc quite clear from 
Eq (21-5) since h varies inversely as 
Whether K' is constant for aU values of the time t is not known pre- 
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cisely. It would seem that with increasing time the pores through 
which the clean air passes become smaller and fewer in number, thus 
affecting both d and the constant itself. On the other hand, for short 
intervals of time (the usual practice in industry) iv' may be regarded as 
substantially constant. 


Table 84 — Filter-Resistance Coefficients, K \ for Certain Industrial Ditsts. 
(Industrial Cloth-Type Air Filters) 


Dust 



T'. , . . 



840 

105 

90 45 

20 

2 

Granite 

1 58 

2,20 



19.8 


Foundry 

0 02 

1.68 

. . 

3.78 



Gypsum 




6 30 

18 9 


I^'cldspar 




6.30 

27.3 


Slone 

U.<)5 


6.30 



, , 

Lampblack 






47.2 

Zinc oxide 






15.7'' 

Wood 



6 30 



. , 

Resin 


0.62 



25 2 


Oats 

1.58 


0.60 




Corn 

0 02 


3 78 

1.58 




" Theoretical size. 

* Idocculutcd iiialerial. 8ize actually larger than indicated. 


Actually K in Eq (21-4) is a permeability constant. If we assume 
that it variCvS liueuTly with time such that 

K - A^o + Kit 

and this is substituted in Eq (21-4), we will obtain an expression in 
The term A’o/ will generally be small in comparison with Kif^ for most 
filters and thus may be neglected. In such cases 

Now vt is the rate of flow through a unit area, q, and we see that a pos- 
sible law of resistance for a given dust concentration is one proportional 
to the s<iuare of the flow and inversely proportional to the square of the 
average particle diameter, 

A = Eq(21-t)) 

CYCLONE SEPARATORS 

The cyclone or centrifugal separator is a device utilizing radial ac- 
celeration for separating particles suspended in a gas stream. It con- 
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sists of an outer cylindrical-shell and cone attachment, and is so ar- 
ranged that dust-laden gas enters tangentially. This causes a vortex 
which descends into the cone, and then ascends to an outlet concentric 
with the outer cylinder. The principal details of the usual commercial 
type cyclone are shown in Figure IIS. The circular motion thus im- 
parted to the air stream causes the suspended matter to move toward 
the outer shell, then fall into a collecting bin. 


WEATHER CAP 



Figure 118 . Cross Section of IndUvStrial- 
TYPB Cyclone Separator. 


In spite of a cyclone's simplicity and remarkable cffcctiveuess in 
separating fine particles, few data are available on the combination of 
structural features most conducive to maximum efficiency. It is clear 
that the outer shell and cone may be either long or short, that the outlet 
may be of large or small diameter, and may be cut off in either cylinder 
or cone. The best combinations for a unit of given size can be deter- 
mined only by experiment. As a general rule the outer shell should be 
from two to three entrance-pipe diameters in length, and the cone 
three times the length of the shell. The outlet diameter should have 
the same area as the entrance duct and extend about diameter into 
the cone. An inverted cone placed V 4 outlet diameter below the exit, 
and made somewhat smaller (30 percent) than the outlet, has been found 
to improve efficiency although no theoretical basis for this deflector can 
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be found. Many other combinations of dimensions and designs are 
possible. Those described above apply to a type widely used in this 
country. 

The efTectiveness of a cyclone separator depends upon its size and the 
size of particles to be removed. The smaller the outer shell the more 
effective the sepai'ation ; conversely, the smaller the particle the greater 
the separating force required to move it from the air stream to the outer 
wall. The importance of cyclone size is evident from a consideration of 
the separation factor discussed in Chapter 2, Eq (2-4(5) . If $ denotes the 
separation factor we have 


$ 


Rg 


Eq (21-7) 


where Vt is the tangential velocity of the stream circulating about the 
outer shell, H the radius of the outer shell, and g the gravitational con- 
stant. From this equation we note that the separation factor (or capac- 
ity to cast particles out of the air stream) decreases with increasing size 
of the outer shell. To determine the effect of the inner vortex, we may 
assume that its radius of rotation is half that of the outer one; hence the 
tangential velocity of this vortex is twice that of the outer one, and we 
see that 

^ Rg Rg 

This means that the separating ability of the inner vortex is 8 times that 
of the outer one. 

As to the distance traveled by the particles themselves, it is obvious 
that this varies directly as the diameter. vSince the separation factor 
varies inversely as the diameter, we see that large cyclones are less 
effective in luiiuniiig fine particles than would be expected from considera- 
tion of the separating factors alone. 

Pressure Loss through Cydwe- -Lissman (1930) has shown how 
pressure-drop through a cyclone may be determined. The total drop in 
pressure consists of the following losses: {a) Entrance losses including 
effect of enlargetnent; (&) cyclone friction loss; and {c) exit losses. The 
first and third of these losses entail no difficulty since suitable formulas 
are available iti most texts on ventilation. We are concerned only with 
the pressure-drop or loss within the cyclone from the point of entrance 
to the point of exit. 

At any two radial points, R and JRi, by the principle of conservation of 
angular momentum wc know that vR = viRu where the ?;’s denote tan- 
gential velocities at distances R and jRi, from the center. If the pres- 
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sures at R and i?i are P and Pi, respectively, and the corresponding 
densities of the gas are po and pa' then the following equations hold 


Po = 


Po'P 

Pi 


The distance rate of pressure change for a unit- volume of gas at a 
radial distance R is 

dP ^P^ ^PoZ 
dR Pi ‘ gR Pi' P® 


which, on integrating between limits Po and Pi, and Po and Pi gives : 



If Po is the radial distance of the inner vortex, and Pi that of the outer 
one, then according to Lissman we may put Po = V 2 P 1 (approx.) so that 


In 


■Lo 

Pi 


Pi 


exp 



Eq (21-8) 


Since Pi is very close to Po, this equation may be written as exp (— ») = 
1 —X. Hence 


^ — 1 — —f 

Pi~ 2\Pig) 

Po-Pi = Eq (21-9) 

This equation gives the draft loss and shows that pressure-drop is inde- 
pendent of the dimensions of the cyclone. Expressed in inches of water 
gauge, Eq (21~9) may be written 

K = 0.29^* Eq (21-10) 

(po' =5 PO approximately) 

where po is the density of air in lbs per sq ft, Vi the velocity in ft per sec, 
and g the gravitational acceleration constant in ft per sec per sec. 
The total head to be supplied must also include the velocity head of the 
outer vortex. If this is denoted by ht inches water gauge then the total 
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drop through a cyclone from the point of entrance to the point of exit is 

hxffi “f" 

Shepherd and Lapple (1939) made an experimental study of the losses 
above discussed. By altering the dimensions of the test cyclone and 
studying the velocity distribution within the cyclone, they arrived at the 
following empirical relationship: 

= 7.5~ Eq (21-11) 

where (Sic is the cyclone friction loss expressed as the number of cyclone 
inlet velocity heads, a the height of cyclone entrance, b the width of the 
cyclone entrance, and Do the diameter of the exit duct. Shepherd and 
Lapple criticized Lissman’s equation, pointing out that it assumes a 
variation of tangential velocity along a radial line varying inversely as 
the radius, whereas it should vary as where n is o, suitable ex- 
ponent. Proceeding on this basis they found the theoretical value of (R« 
to be 


(Si. = 




v^, 


Eq (21-12) 


where Re » radius at which the outer vortex velocity is equal to the 
entrance velocity, Ro the radius to the boundary of the inner and outer 
vortex, and i?< is the radius of the inner vortex. 

Lapple and Shepherd (1940) have given the general equations for 
motion of particles in a cyclone. These equations cannot be solved ex- 
cept by the method of approximations. If the tangential and radial 
accelerations are neglected, the radial velocity of the particle is given by 
the equation 

pS ^ 2mg,»(/) - po) 

p^pC^AR 


where m is the mass of the particle, the tangential velocity of the air 
stream at entrance, Cr the resistance coefficient as explained in Chapter 
2, R the radial distance traveled, and A the projected area of the particle. 
For spherical particles in streamline motion 

ISixR 

The above equations hold when v is small and the tangential velocity of 
the particle is dose to that of the air stream. 

As regards the effectiveness of removal of partides Rosin, Ramroler. 
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and Intelmann (1932) give the theoretical equation for the smallest 
particle removed by a cyclone under a given set of conditions 


9jit2)o 

2TroivXp — po){4J^a/Doy 


Eq (2M3) 


where a is the equivalent number of turns of the gas stream in the inner 
spiral of the cyclone, the radius at which the spiral velocity is equal to 
the cyclone entrance velocity Vc, and n an exponent. Other terms are as 
previously defined. Values of a are constant for all cyclones of similar 
proportion and range from 0.5 to 3.0 For n Lapple and Shepherd give 
values ranging 0.5 to 0.7. 


ELECTRICAL PRECIPITATION 

Electrical precipitators are widely used for the collection of suspended 
matter. They are constructed in several forms, but basically they may 
be described as being of the electrode-in-cylinder or the clectrode-and- 
plate t 5 rpe. The former consists of a suspended wire electrode and a 
concentric cylinder which is grounded. The plate type consists of a 
series of discharge electrodes and parallel grounded plates. Between 
the electrode and the cylinder or plates a high voltage is applied. In 
some cases dust-laden air is made to pass through a series of electrodes 
and plates at a relatively low sub-corona voltage for precharging, and 
then made to pass another series of electrodes and plates of higher volt- 
age difference. Whatever the method of collection used, it is necessary 
that the electrodes, cylinders, or plates be spaced accurately and sym- 
metrically arranged; otherwise the electrical field is altered and the 
collection efficiency reduced. 

Motion of Particles in an Electric Field — The motion of a spherical 
particle obeying Stokes’ law in an electric field of strength li is easily 
determined. When the velocity is steady, the resistance it encounters 
just balances the electric force on the particle. Let the diameter of the 
particle be d, and the viscosity of the gas in which it moves, ju. Then 
when the velocity becomes constant, 

:Wpvd ==: = En\ Eq (21-14) 

when ^ is the charge on the particle which is determinable from Eq 
(9-7). The total number of unit charges e which we shall call n' can 
be obtained from the same equation by dividing ^by e. From Eq (21- 
14) we calculate the velocity of the particle 

Sirpd dirpd 


Eq (2W5) 
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The value of n' is not constant, but is a function of time, Eq (9-7). 
The particle is gradually accelerated and must move some distance be- 
fore it is fully eharged, and even more before it reaches its terminal 
velocity. We mav by use of Eq (9-7) and Eq (21-15) determine this 
velocity in air for a 10 a* particle having a dielectric constant k = 2, 
assuming that the particle is 90 percent charged in 10~' sec, and that 
the field it traverses is uniform. Then if £ = 10 esu, u = 600 esu per 
cm per sec, e = 4.S X lO-'" esu and « = 10®, then und = 2.9. Hence, 
substituting the given data in Eq (9-7), we obtain ^ = 27 X 10"' esu. 
Placing this value of ^ in Eq (21-15) and assuming /i = 17S X 10“® 
poises (20 deg C), we obtain a value of v of about 16.2 cm per sec. This 
is the rate at which the particle will move after it reaches its terminal 
velocity, assuming it receives no further charge, though it is obvious 
that a further increase in charge will only slightly alter this velocity. 
Note that the total number of unit charges received by the 10 ju particle 
amounts to «' = ^/e = 27 X 10“V4.S X 10“‘“ = 6520. 

If air or a gas containing particles moves between two charged plates 
or through coaxial cylinders, the motion of some of the particles may be 
complicated by the fact that the motion in the direction of the field 
(assuming the particles are charged) is streamline, while that along the 
air stream is turbulent. As a general rule the former is streamline for 
almost all sixes nonnally found in air. Since the collection of suspended 
particles is accomplished with air in turbulent motion, we must resort 
to another method to calculate the motion of the particle. If we assxune 
that becauvse of air turbulence the motion in the direction of the field is 
also turbulent, the terminal velocity is then given by applying Newton’s 
expression of resistance to motion, Eq (2-2), so that 


V 



Eq (21-16) 


where po (= 1.14 X 10 “^g per cm at 20 deg C) is the density of the air 
and the other tenus are as previously defined. If we now calculate v for 
the problem from this equation, we obtain V = 170 cm per sec, a velocity 
in accordance with experience. 

The path followed by a charged particle in an electric field between 
two parallel plates is easily obtained. Assume that the plates are per- 
pendicular to the »-axis, and that the flow is upward through them in the 
«-direction. Using the above equation and writing V/x for E where V 
is the voltage applied to the plates and v = dx/dt, we obtain for any two 
points » = JCo and x <= xzt corresponding times t ~ 0 and t = t 


1 

3 


(jcV* — »oVa) = 


U3 

^ ipoir 
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or since .\:o is arbitrary and may be taken as the zero point of observation 

,.3 ^ Eq (2M7) 

a - Pott 

Since the distance traveled in the time t along the s-axis is s = Vgf where 
Vg is the air or gas velocity, then 

/ . \ 1 / 

Eq (21 -IS) 


_ dvg /xmVA . 3/, 


which is the equation of a cubic parabola. 

If the particle motion had been streamline along both directions we 
have considered, we would have obtained 


2 

“ 2 ‘ ‘ 


Eq (21-19) 


which is the equation of an ordinary parabola. We note in passing that 
the effect of gravitation on the particles is neglected, which is 



DISTANCE BETWEEN 
PLATES (CM) 

Figure 119. Path of 10 m Parti- 
cle IN AN Electrostatic Field op 30 
KV, Vg - 200 CM PER SEC. 


' 2^ « 0.059 


permissible for short intervals of 
time for fine particles of the kind 
usually suspended in air or in- 
dustrial gases. 

As an example, let us apply 
the data given in connection 
with Eqs (9-7), and (21-lfS) above, 
to determine the path of the 10 
/I particle. Assume that it is 
initially close to the positive 
plate, just at the point where it 
and the air entering meet the 
uniform field. However, let the 
applied voltage be 30,000 ordi- 
nary volts (100 esit), the distance 
between the plates 10 cm, and 
Vg = 200 cm per sec. Substituting 
these and other values known or 
previously determined in Eq (21- 
18) we have 
0 ^ X ^ 10 cm 


Plotting the data as in Figure 119 we obtain the path of the particle 
indicated. Hence, for the conditions stated we see that the particle is 
completely precipitated on the positive plate in a distance of 7.7 cm 
after it has received a charge of 90 percent of the total possible. The 
time required to precipitate the particle is 0.039 sec, or about Via the 
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time required to charge it to that amount. For the same particle, there- 
fore, subject to the conditions of the problem the nuiximuin distance of 
travel along the plate is about 2<S cm. 

Deutsch (1922) has given the following expression for determining the 
efficiency of collection ; For cylinders 


Co — C ^ 1 

ft 

' 2vL\ 

Eq (21-20) 

and for a wire-and-plate system 



Co - C 1 , 

- ^ =l-exp| 

I RvJ 

Eq (21-21) 


where Co is the concentration of suspended matter entering the system, 
C the concentration leaving it, v the drift velocity of the particle as 
given by Eq (21-15), L the length of the collector, R the distance 
between electrodes, and Vg the gas velocity. 

Calculation of z;, the drift velocity, depends on the voltage gradient. 
For cylinders we may use Eq (9-6) or its equivalent JS = V §i/u in esu, 
where i denotes the current per cm of precipitator length. If a value of 
0.01 ma is taken for i ( — 3 X 10* esu per cm) which is a reasonable value, 
and u as before is GOO esu per cm per sec, we obtain a value of £ = 10 
esu/cm or 3000 ordinary volts per cm. The expression to be used for a 
wire-and-i)late system is complicated, and the procedure described 
above for a cylinder may be used as an approximation. 

ELECTROSTATIC SEPARATION 

Electrostatic separation is widely used in the mineral and food indus- 
tries for separating two or more components from a mixture. The 
equipment is generally applied to granular material, although in recent 
years it has been used for separating powders. Separation by electro- 
static methods is dependent only on the charge and electrostatic proper- 
ties of the materials dealt with, being independent of specific gravity and 
shape of the particles. 

The difference in charges or field strength which makes electrostatic 
separation possible may be due to several causes. These charges may be 
described according to origin as contact, conductance, pyroelectric, or 
photoelectric. They are generated by friction and contact with dis- 
similar substances as explained in Chapter 9 or by heat and light. Ap- 
plication of this separation method win be discussed later. Conductance 
charges applied to separation require special sources of electrical poten- 
tial in order to condition the material. These charges arise from contact 
of a mixture with a charged plate or cylinder. By using an electrode of 
opposite polarity, certain particles are attracted and thus separated. 
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Nonconducting particles of the mixture are acted upon by induction so 
that they acquire equal and opposite charges, the total net charge being 
zero. On the other hand, conducting particles present in the mixture 
permit the flow of electricity, with the result that they assume a charge 
of the same polarity as the plate or cylinder. An electrode of polarity 
opposite that of the plate or cylinder will therefore attract the conducting 
particles. 

Pyroelectric charges are generated in certain materials by heating or 
cooling them, or by subjecting them to pressure. The stresses set up 



Figure 120. Illustrating Two Types of I^lkc* 
TRO STATIC Separators. 


in the crystals produce opposite charges at their extremities. When one 
of these charges is neutralized by the charged surface of a plane or cylin- 
der, the particles are left with a charge corresponding to the contact sur- 
face and therefore subject to the attractive force of an oppositely 
charged electrode. Photoelectric charges are produced only on sub- 
stances which react to light radiations of the proper frequency. Up to 
the present time they have not been widely used in electrostatic worL 
Contact Separators — ^Two simple designs for contact separators, de- 
scribed by Fraas and Ralston (1940), are shown in Figure 120. Sepa- 
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rators depending on contact charges require a movement of the con- 
stituent materials. Thus, sketch A of the figure shows a vibrating plate 
on which is placed a thin layer of a mixture of material from a hopper. 
These vibrations cause the particles to move toward a baffle plate F, 
where they are dropped vertically through an electric field and separated 
according to the polarity of their charges. It is known that vibrating 
surfaces enhance the charges on particles. The vibrating plate is elec- 
trically conductive and held at a potential about midway between the 
contact potentials of the materials to be separated. Thus the plate will 
be positive toward one constituent and negative toward the other 
Another form of contact separator is shown in B of Figure 120. This 
type of device is suitable for material of small particle-diameter ( <40 n). 
Particles from the hopper are passed into a stream of dry gas, then 
through a sinuous passageway where they become electrically charged. 




Figure 121. Illustrating Electrostatic- 
conductance Separator. 


On leaving the end of the passageway, the particles move through two 
parallel grids of opposite polarity and are separated according to the 
polarity of their charge. 

Conductance Separator — ^The conductance separator is an extremely 
simple device, as may be seen by reference to Figure 121. A mixture 
flows from a hopper over a charged revolving cylinder C — , the particles 
for the most part being one layer in depth. The cylinder moves so 
slowly that centrifugal forces do not come into play. Cylinder C~ may 
be designated as the material-conveying electrode. The revolving elec- 
trode C+ is oppositely charged so that an electric fidd is set up between 
the cylinders. The C— electrode is usually grounded while C-\- is 
charged with static electricity from a high-voltage vacuum-tube rectifier. 

Equipment in general use has the C— cylinder in a fixed position. The 
strength of the field is varied either by moving C-f closer to C—, or by 
increasing the voltage on C+, or both. The dividing gauge F is ad- 
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justable so that material attracted by C+ falls to the right of the gauge, 
and that which is unaffected falls directly, due to gravity. 

It is obvious that in the contact or other method of separation much 
depends upon the surfaces of the particles. These surfaces may be dry 
or wet, or treated in various ways to alter their electrical properties. 

Not all substances exhibit the same degree of electrostatic behavior. 
However, it is possible to arrange dielectric substances so that ability 
to separate is exhibited in a remarkable manner. For example, it is 
well known that when two different dielectric substances are rubbed 
together one acquires a positive charge and the other a negative charge. 
If these various substances are studied as to properties exhibited be- 
tween any two, it will be found that they may be arranged so that cer- 
tain ones will predominate in acquiring a positive charge. The relative 
characteristics of a selected group of dielectric substances are shown in 
Table 85. The substances are so arranged that when any two are 

Table 85 — Positive-Negative Series of Common Materials" (Buixock, 1941 


1. 

Fur 

8. 

Paraflin wax 

2. 

Flannel 

9. 

Ebonite 

3. 

Ivory 

10. 

The hand 

4. 

Glass 

11. 

Metals 

6 . 

Cotton 

12. 

Sulfur 

6. 

Paper 

13. 

Celluloid 

7. 

sak 

14. 

Rubber tubing 


" The list is so arranged that if any two materials are placed in nibbing contact 
and separated, the first on the list will become positively charged while the other will 
be negative. 

rubbed together, the one higher in the list receives a positive charge and 
the lower one a negative charge. Thus, it is seen that there is a dilTereuce 
in electrostatic intensity between the components of a mixture of par- 
ticles such that separation of these components in a suitable electrostatic 
machine is facilitated. 

Bullock (1941) has carefully examined the applications of electrostatic 
separation and points out that while such separation methods arc sensi- 
tive the electric forces generated in any machine are very small. Hence, 
the applications of electrostatic principles to all phases of the separation 
field are not as universal as might be supposed. Certain substances 
must be dried or chemically treated, and nearly all must be ground to 
an economical size for handling in machines. This latter step entails 
a certain loss in fines. A 6-raesh grind is recommended though 60/120 
mesh material can also be separated. The relative costs of grinding 
and sizing are important considerations in the selection of an electro- 
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static teclitilque if economics of separation are considered. On the 
other hand, electrostatic separation is the only method which can be 
used in many instances, and when successful, can handle large cjuantities 
of material at low cost. The life of an electrostatic unit probably ex- 
ceeds that of any other method of separation. 

Pyroelectric Separator — ^The pyroelectric effect is used mainly for 
the separation of quartz from feldspar. The mixture is heated in the 
hopper feeder by means of steam. On passing to a cold rotating cylin- 
der below, the material causes pyroelectric polarization to appear on the 
quartz. This mineral adheres to the cylinder, while the feldspar is not 
affected. 


Problems 

1. Show how the use of sawdust mixed in an air stream containing dust may be 
used to prolong the use of a filter. 

2. Compute the draft loss through a cyclone separator in inches of water gauge, 
given the entrance velocity as 3000 ft per min. Take the density of air as 0.075 lb 
per cu ft. 

3. The dust load entering a 10 in. diameter precipitator is 8 grains per cu ft. If 
the length of the precipitator is 10 ft and the gas velocity 500 ft per min, compute the 
concentration of dust leaving the device. 

4. Discuss the general theory and limitations of electrical precipitators. 

5. Show that one inlet velocity head of any gas in inches H 2 O is equal to 0.003 
Pi) {Q/A)^ when po is the density of the fluid in lb per cu ft, Q the volume of flow 
in cu ft per sec, and A the area in sq ft of the duct through which the gas flows. 



CHAPTER 22 


THEORY OF FINE GRINDING 


T he purpose of grinding is to subdivide a given substance in order to 
achieve certain results. Thus, in concentration of ore by flotation 
methods the degree of fineness in grinding operation is dcterniined by 
the size of crystals containing a maximum amount of the mineral desired. 
Again, other grinding processes are for the purpose of grinding new sur- 
face either for roasting and oxidation, or for chemical treatment. Fi- 
nally, there are certain materials whose physical properties are of value 
only when they exist in a fine state of subdivision. 

FRIABILITY 

The tendency of certain substances, especially coals, to break into 
smaller sizes in the course of handling is termed friability. Measurement 
of this characteristic has broad economic implications; for instance, in 
handling coals it is important to know what may be expected to happen 
in the course of treatment from the mine, through the washing and screen- 
ing processes, in shipment, and in other stages of handling until reaching 
the consumer. Measurement of this property gives an a priori estimate 
of the severity of treatment to which a given substance may be sub- 
jected. 

Friability depends upon a number of factors, among which are age, 
degree of weathering, temperature, and moisture content. In geological 
formations, local faulting and earth pressures may seriously affect this 
property. It must be remembered that friability and grindability arc not 
identical properties; in the first instance we are concerned only with 
fragility in normal handling, while in the second case we must consider 
the extent of forces necessary to produce a given size-distribution. 

While friability is a property that may be attributed to crystals and 
many chemical compounds, tests devised thus far pertain only to coals; 
however, the same tests may be used on other materials having the same 
relative degree of friability. Several methods have been used to deter- 
mine friability, and are based on two procedures: (fl) Measurement of 
work done in reducing coal of a given size to a smaller size, or {b) subject- 
ing the coal to a definite amount of work and measuring the reduction in 
coal size due to such work. 
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The first procedure, developed in England by Stopes and Wheeler 
(1923), consists in grinding a certain weight of coal in a ball mill, run 
under fixed conditions and for a stated length of time. The coal is then 
removed from the mill and the weight of the coal passing a 200-mesh 
used as a measure of friability. In this country the second procedure has 
been more widely used, resulting in two more or less widely accepted 
tests. 

The first of these tests was developed by the University of Illinois 
Engineering Experiment Station, and formsone of the tentative A.S.T.M. 
standards (Tentative method of drop shatter test for coal — ^A.S.T.M. 
Designation D 440 - 37 T). The drop shatter test, as developed by the 
University of Illinois, consists in dropping 60 pieces of 3- to 2V2-in. coal 
on a concrete floor from a height of 10 ft. The shattered product is care- 
fully collected, screened according to a fixed procedure, the material on 
each screen counted and weighed, and the size and weight of each frac- 
tion reported. 

The second lest, known as the * ‘tumbler-test'' method, also forms one 
of the tentative A.S.T.M. standards (A.S.T.M. Designation D 441 - 
37 T). The apparatus for this test consists of a 7V4-iii- diameter pebble 
mill in which a 1000-g sample is rotated at a speed of 40 rpm. No pebbles 
or balls are used in the jars. Three lifting shelves 120 deg apart, mounted 
on a removable circular frame, are provided; the frame is fastened to the 
jar during the test. The jar (four jars containing the same sample are 
usually run simultaneously on one machine) is turned for one hour at the 
speed indicated. ^ 

In conducting the tumbler test for friability, great care must be taken 
in selecting and preparing the sample. Since the procedure for friability 
determinations requires the use of 1.5- to L05-in. coal, it is necessary that 
samples be selected from this size range. It is also necessary that each 
lump be free from cracks or any indications of faults which might bias the 
results. The lumps selected are carefully screened through a 1.5-in. 
screen and those sizes retained on the 1.05-in. screen to the amount of 
1000 g are placed in the pebble mill and turned as described above. 

After being subjected to 2400 revolutions in the course of an hour the 
material is screened on a series of square-meshed sieves, 8 in. in diameter, 
with the following size openings: 1.05 in., 0.742 in., 0.525 in., 0.371 in., 
0.0469 in., and 0.0117 in. The particle-size of the material remaining on 
a given screen is assumed to be the average of size openings in two suc- 
cessive screens— the one through which the material passed, and the one 
on which it is retained. In the A,S.T.M. procedure, the average size of 
two successive screens is divided by the average size of the coal before 
the test, e.g., (1.50 + 1.05) /2 = 1.276* This gives a factor which is then 
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multiplied by the weight of coal in its size range. The result of each 
multiplication performed in this way is termed the * ‘effective size sta- 
bility’' and is usually expressed as a percentage. In turn the sum of 
these effective size stabilities for all seven screens used is called the “total 
size stability.” Friability is then defined quantitatively as follows: 

Friability (percent) = (100 — total size stability) 

A. typical tabulation of a friability test is shown in Table 86. 


Table 86 — Results of Friability Tests on a Certain Coal 


Retained on 
sample 

1 05 in 

Passing 

sieve 

size 

1.5 

Weight 

(percent) 

(1) 

100,0 

Average of 
screen openings 

In. Factor 

(2) (3) 

1 275 1.0 

Effective 
stability 
(1) X (3) 

100 

Tumbled coal 
1.05 

1.5 

35 3 

1.275 

1 0 

35.30 

0 742 

1.05 

19.1 

0.890 

0.7 

13.37 

0.525 

0.742 

9.2 

0.G34 

0.5 

4.60 

0.371 

0.525 

8.0 

0.448 

0 35 

2.80 

0.469 

0.371 

5.2 

0.209 

0.15 

0.780 

0,117 

0.469 

3.1 

0.029 

0.025 

0.078 

0.0 

0.0117 

20.1 

0.006 

0.005 

0.100 

Total size stability 

Friability = 

(100 - 57.03) 

= 42.97 percent. 

57.028 


The percent of fines passing the 0.0117-in. screen is considered break- 
age due to attrition or abrasion rather than shattering, and is rej)orted as 
“dust index.” In the above example this is 20.1 percent. Note that 
the higher the friability value, the more easily the material under test 
degradates. 


GRINDABILITY 

The relative grindability of a material may be defined as the work 
necessary to produce a given amount of new surface. So far a general 
method for determining grindability is lacking. The A.S.T.M. recog- 
nizes two methods for determining grindability of coals. These are: 
Test for Grindability of Coal by the Ball-Mill Method (Tentative) 
D 408-37 T, and Test for Grindability of Coal by the Hardgrove-Ma- 
chine Method (Tentative) D 409 - 37 T. These methods are based on 
the principle of perfonning a constant amount of work. We shall briefly 
discuss the details of the A.S.T.M, ball-mill method only, which appears 
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to have received a greater acceptance than the Hardgrove method. 

The ball-mill method consists of a porcelain or steel jar with three 
lifters spaced at 120 deg. The mill is charged with 100 polished steel 
balls, each 1 in. in diameter, and a 500-g sample of coal which has been 
carefully screened on a U. S. standard No. 12 sieve, 10 in. in diameter 
(aperture openings 0.0661 in.). The mill is rotated at 40 rpm for 60 
revolutions; the contents are then emptied into a 4-mesh riddle screen to 
separate the steel balls from the coal. The coal is carefully screened 
through a 200-U. S. sieve, 10 in. in diameter, until not more than Ys g 
passes in 1 min of sieving. The weight of the undersize is determined and 
the number of revolutions required to increase its weight to 50 g or 10 
percent of tlie sample is calculated by direct proportion. The total 
number of revolutions required for grinding 10 per cent of the sample fine 
enough to pass 200-mesh is considered one cycle. The oversize and 
undersize are returned to the mill and another cycle completed. The 
mill is again emptied, the contents screened as before, the undersize 
discarded, and the oversize returned to the mill for another cycle. These 
cycles are repeated with due regard to maintaining correct number of 
revolutions per cycle until at least 80 percent (or 400 g) of the original 
sample has passed the 200-mesh sieve. The grindability criterion is 
based on the number of revolutions required to grind exactly 80 percent 
of the sample so as to pass a 200-mesh sieve. Grindability is defined as 
50,000 divided by tire number of revolutions required to grind 80 percent 
of the charge fine enough to pass a 200-mesh sieve. Thus, a coal sample 
requiring 500 revolutions to produce this result would have a grindability 
index of 100 percent. The factor 50,000 is arbitrary, and founded on 
accumulated experience that no coal can have a grindability criterion as 
high as 100 percent. Thus, by the technique outlined, the higher the 
grindability value the easier the substance is to grind. 

The technique outlined above gives reproducible results and for this 
reason is widely used. No such simple method has been devised for the 
harder rocks and minerals. There are some data in the literature on the 
ellicacy of certain mills and the grinding of various substances, but so 
much depends upon such factors as design of mills, speed of rotation, size 
of load, grinding media, packing of fines, etc., that comparison, of the 
grindability for two different materials seems out of the question. For 
a given material, however, the difficulty is lessened and a standardized 
procedure is possible as in the case of coal above described. Where it 
is desired to determine grindability of a given rock, mineral, or other 
substance under various operating conditions it should be home in mind 
that the basic unit of comparison is the amount of new surface created 
per unit-weight per hp, per given unit of time. 
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TYPES OF MILLS 

Many different forms of equipment are used for fine grinding. One of 
the oldest types, and still the most successful, is the ball mill : A cylinder 
mounted horizontally with separate heads or trunnions attached to the 
ends and resting on suitable bearings. The trunnions are hollow for the 
introduction and discharge of material; the cylinder is partially filled 
with steel balls and a charge of the material to be ground. The indi- 
vidual balls may vary from V 2 to 5 in. in diameter and may occupy from 
one-third to one-half the mill volume of the shell. The material is fed 
to the ball mill through one of the hollow trunnions by means of a chute; 
the material and balls are then rotated. The power required for driving 
a ball mill depends on the peripheral speed of the mill, the weight of the 
total charge, the contour of the cylinder lining, and the load level within 
the mill. Horsepower requirements for most commercial types ate ex- 
pressed in terms of the length of the cylinder. In general, the amount of 
power varies from approximately 2 hp per ft of cylinder length for a 
3-ft diameter mill, up to 30 hp per ft of length for a mill 8 ft in diameter. 

Another type of mill commonly used for fine grinding is known as the 
“rod mill.” In general construction the rod mill is similar to a cylindrical 
ball mill, except that the cylinder length is approximately twice the 
diameter. The grinding medium consists of steel rods from 2 to 5 in. in 
diameter and a few inches shorter than the length of the mill cylinder. 
Rod mills are operated at speeds varying from 25 rpm for a 4-ft diameter 
mill to 13 rpm for an 8-ft mill. The power requirements range from 5 to 
20 hp per ft of length, depending upon the diameter of the mill. The rod 
mill produces a more uniformly sized product than the ball mill. It is 
considered a good granulator when grinding friable ores or minerals, and 
when grinding 10- or 20-mesh material it produces a minimum quantity 
of fines. 

Classification of Grinding Operations — Grinding may be accom- 
plished either wet or dry, and in what are called “open” or “closed” 
circuits. When grinding wet, sufficient water must be added to give the 
mixture a cream-like consistency. In dry grinding the moisture must be 
maintained at a minimum so the ground material will not stick. Open- 
circuit grinding may be used with either wet or dry methods; it consists 
in feeding material at one end of the mill and discharging the ground 
product at the other. This is a simple procedure and is generally em- 
ployed for relatively coarse products; its efficiency for fine grinding is 
considered low. As the name implies, closed-circuit grinding consists in 
conveying the finished material to some type of sizing or collecting device 
and returning the oversize to the mill for regrinding. With constant re- 
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moval of fine materials* in this fashion the mill has increased capacity. 
Closed-circuit grinding can also be applied to either wet or dry grinding. 
The fines in closed-circuit grinding may be removed continuously and 
passed on to screens, the oversize being returned to the mill; or an air 
stream may be fed through the mill at such velocity that particles 
smaller than a desired size are carried off to a separator or classifier. 
Thus, if extremely fine particles are desired the oversize may be returned 
to the mill for further crushing. 

CRITICAL SPEED OF BALL-^MILL GRINDING 

X he speed of grinding operations is determined by the diameter of the 
mill, the size of the material entering the mill, the size of the product de- 
sired, and whether the material is being ground wet or dry. It is cus- 
tomary to express the speed of a ball-mill grinder in terms of a “critical 
speed/* at which the centrifugal and centripetal forces, acting on a small 
particle traveling on and with the breast of the mill, are equal. Under 
this condition the particle remains in position and becomes a part of the 
grinder cylinder. The critical speed (rpm) is given by the formula: 

^ Eq (22-1) 

where R is tlie radius of the mill in ft. Critical speed is independent of 
the density of the material. Some criticism has been expressed regard- 
ing the use of this formula; many practical engineers feel that the theo- 
retical speed can rarely be applied in practice because of the variables in- 
volved in every case, Neverthdess, in testing equipment and evaluating 
power requirements, critical speed is a valuable index for determining 
the performance of a given machine. In fact, there is no other means 
of safely comparing grinders of different size. 

Ball Loads — Davis (1919) devdoped a method for sdecting the 
proper types of balls to attain a given grind. He took into account the 
rate of wear of different sizes of balls and derived a load balanced against 
such wear when the renewal or rejection of various sizes was known. 
Davis’ formula made no allowance for the nature of the material being 
ground. Coghill and DeVaney (1937) devdoped a so-called “rationed” 
load based on a consideration of particle-size of the original material to 
be gromid and particle-size of the final product. 

Davis assumed that the rate of wear for the different sizes of balls in a 
mill was proportional to the weight of each ball. The formula devdoped 
by Davis has wide application, and has been used by operators to de- 
termine the quantity of new balls which must be put in a mill to replace 
those which are worn., The formula requires that the largest ball size 
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and the size to be rejected be determined, and after that the other sizes 
are set. Some differences of opinion exist regarding the Davis formula, 
particularly in grinding material to an extremely fine size. Tests by 
various experimenters resulted in methods for determining optimum size 
of balls for grinding a material with given size characteristics. Figure 122 
indicates what may be achieved with grinding media of different sizes. 
All elements of the tests, from which the curves shown in the figure were 
obtained, were held constant. It will be seen from the figure that the 
largest balls failed in the coarsest sizes due to the few points of contact 
with the grains. On the other hand, when they did contact a particle the 
larger balls imparted such a strong crushing impulse that some sub-sieve 



Figure 122 vSizing Diagram of Ball-mill Products 
From (1) Oversize, (2) Undersize, and (3) Optimum 
Size Ball. Feed 28/35-mesh Chert. 


sizes resulted. This was not true of the smallest balls although they had 
many more points of contact. However, a few of the particles were re- 
duced in size and again comminuted to sub-sieve sizes. It is clear that 
between the two extremes there is one size of ball which gives a uniform 
gradation through all sizes of material. The optimum ball size, as de- 
termined by Coghill and DeVaney for closely sized ore, may be expressed 
by the following equation: 


Kd Eq (22-2) 

where D is the diameter of the ball, d the diameter of the particle to be 
ground, and K a constant depending on the character of the material to 
be ground. When D and d are expressed in inches, the value of K for 
chert is 55, and for dolomite 35. Starke (1935) had previously obtained 
an expression similar to the foregoing equation. 

It must not be assumed that the power requirements will remain con- 



'rHEORV ()¥ FINE GRINDING 


457 


stunt for a ^iveii size ball. Figure 12o taken from data obtained by 
Cogliill and DeVaticy illustrates the variation in net horsepower with 
time, when different balls are used. The data arc for a i4/20-mesli dolo- 
mite. Results with 2.75-iii. balls show that less horsepower is required 
than with any other grinding medium, but for the particular material 
used the balls were too big, and as grinding continued the material tended 
to stick to the balls, with attendant reduction in power consumption. 
The final material showed very poor particle-size distribution. While 
this effect with large balls is noteworthy, it must be remembered that 
certain materials frequently cause the same results even with what 
might be considered optimum 
ball size. The reason for this is 
the formation of a tenacious 
coating which acts as a buffer 
and tends to reduce grinding 
efficiency. This buffer may be 
removed in many instances by a 
suitable wetting agent, although 
care must be used with such 
agents so that the physical 
properties of the final product 
will not be harmed. 

In a series of tests on grad- 
ing cement clinker with various 
types of mills, vStarke arrived 
at the following major conchx- 
sions: 

1. During the early periods 
of grinding in batch mills, the 
specific surface of the charge increases approximately as the time, but 
during later periods the rate of increase of specific surface tends to 
diminish. 

2. Mill efficiency is influenced by the rate at which material is fed in a 
continuous-discharge mill 

3. A mill is most efficient in producing surface when the ratio 
initial diameter of the particle/ (ball diameter)^ is approximately 600 X 
10*®, the diameters being expressed in microns. The optimum value 
of this ratio depends upon the characteristics of the material ground. 

With regard to the first of these conclusions, namely that the surface of 
a product is increased in proportion to the length of period of grinding, 
Starke found a straight-line relation for particles of large mesh. For 
smaller-mesh sizes it was found that as time increased the lines had a 



TIME IN SECONDS 


Figure 123. Power Change During 
Grinding Period for Batch Grinding 
WITH Various Bald Sizes. Charge, 50 
LB 14/20-mesh Dolomite. Pulp Con- 
sistency 60 Percent, Critical Speed 
50 Percent. 
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tendency to curve slightly downward. Starke also found that the grind- 
ing effectiveness of a given size of balls is markedly affected by the initial 
size of the particles being ground. While the initial surfaces of the finer 
meshes were very high after prolonged grinding, the specific surfaces 
for this size varied appreciably, in comparison with the product of the 
larger screens. 

With reference to development of the proper size of ball diameter to be 
used, Starke found that the relation given by Eq (22-2) holds over a wide 
range of conditions. The curve shown in Figure 124 indicates the relation 



Figure 124. Starke's Curve op the Relation Brtw krn 
Surface Produced and Ratio op Particle to Ball Diame- 
ter. Curves Are for Batch Grinding of Cement 
Clinker. Mill Diameter 3 ft, Length 3 ft, rpm 33, 

Total Revolutions 800. Ball Sizes Vs, IV2 inches. 

obtained by plotting the surface produced against the vStarkc ratio law. 
Regarding the analysis of particle-size distribution, it was found that 
grinding at Starke ratios greater than the optimum results in products 
with very small weights of particles between onc-half and onc-tenlh the 
original size. In other words, for large values of tlie Starke ratios the 
product is composed essentially of the original-size materials and very 
fine particles. On the other hand, in grinding at small ratios, values of 
100 X 10"^^ or less yielded products with appreciable weights of particle- 
sizes smaller than the original size. In every case, as may be seen by 
reference to Figure 124, the specific surface of the total product is essen- 
tially greatest when the optimum Starke ratio is used. Materials of 
equal specific surfaces produced at different grinding ratios will not neces- 
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sarily have similar distributions of weight to partide-size, but materials 
ground to equal spedfic surfaces at equal Starke ratios will probably have 
similar distributions of weight to partide-size. The products of the 
smaller balls at the smaller ratios differ widely from those produced by 
larger balls at the same Starke ratios. 

RELATIONSHIPS BETWEEN GRINDING-MILL VARIABLES 

Relation between Grinding Medium and Material Ground — In a ball 
mill operating at a given speed it is natural to assume that the results ob- 
tained will depend on the kind of ball material used. As the mill revolves 
the grinding medium is set in motion and assumes an oval position at the 
ends. One part of the load is pulled under the mass, and another part 
travels on the outside of the batch. The part rising to the top drops or 
cascades and is folded into the mass. Thus, reduction in particle-size is 
attained by a combination of rubbing, attrition, and impact, set up by 
contact of the balls with themselves, the material, and the outer cylinder 
of the mill. In general, smaller balls grind faster because there are many 
more contacts. 

Coghill and DcVancy (1937) investigated the effect of density of grind- 
ing media on power requirements, and size-distribution of material pro- 
duced through use of pipes stuffed with different materials so that specific 
gravities varying from 2.S9 to 7.30 could be obtained. These pipes 
measured P/s by 35 in. and were placed in a mill 19 by 35 in. The 
charge was Tri-vState chert, and the grinding was done wet at a fixed con- 
sistency (60 percent solids). The investigators found that for a given 
speed the ratio of total weight of ore plus water, plus grinding medium, 
was constant, leading to the conclusion that the power varied as the total 
weight of the contents of the mill. The relation between total weight of 
charge per horsepower and the critical speed may be shown to be given 
by the following equation 

W^K 

E <t>e, 

where W is the total weight of the charge, E the power required, 
the percent critical speed, and K a constant. When the same set of con- 
ditions was analyzed as to partide-size for a 50 percent critical speed, it 
was found that the media luiving a lighter density were not as effective 
as the heavier media. Results of the study were not as striking as might 
be expected, but did show that for chert the heavier grinding media (all 
other factors being the same) yidded a finer product. This may not be 
the case for softer materials and the results should not be generalized. 
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When tests were made to compare large balls and small rods (both 
having the same volume) it was found that although the rods required 
more power they gave a much better (more uniformly fine) product. 
This is in accordance with results generally obtained in rod mills. In- 
dividually the rods were heavier than the balls, the rods weighing 7 lb 
and the balls 5 oz each; on the other hand, the diameter of the rods was 
smaller, the rods measuring 35 in. in length. Finally, we must consider 
various types of media, nonferrous and ferrous. Nonferrous media in- 
clude pebbles, generally consisting of quartzite. The pebbles are irregu- 
lar in shape but are considered effective and economical in many opera- 
tions. Pebbles have a relatively low density, and while not as effective 
as denser media the power requirements are proportionately lower since, 
as has been shown, the power varies as the weight of the medium, plus 
the charge, plus water (if used). The hardness of various media affects 
fineness of grind and power requirements. Coghill and DeVaney showed 
that for chert and dolomite approximately 10 percent less power is re- 
quired for annealed balls having a Brinell hardness of 150 than for nickel 
balls having a Brinell hardness of 548. With regard to fineness, the 
nickel balls gave slightly better grinding. 

Charging rates of ball and mix are important inasmuch as grinding is a 
function of the number of ball contacts. If the charge does not exceed 
the volume of voids in the ball mass, optimum grinding conditions are ob- 
tained. Grinding conditions in excess of this volume may markedly de- 
crease the efficiency of the mill. On the other hand, a charge smaller 
than the volume of the balls has only slight advantage. The total charge 
of balls or pebbles and mix in relation to volume of the mill is important 
chiefly as it affects the motion of the charge. A mill completely filled 
does no grinding. The height from which the balls may fall or cascade 
affects the optimum grinding conditions. Ball charges consisting of mix- 
tures with two or more sizes have a purely additive effect. The rate of 
grinding is proportional to the number of ball-surface contacts and is 
greatest with very small balls. When two or more sizes are used there is 
also a tendency for the balls to classify. 

As might be expected, the wear of the balls is in proportion to the 
number of contacts and to the nature of the material being ground. 
When grinding pigments in a viscous medium best results are obtained: 
(1) When the balls are permitted to cascade freely; (2) when the charge 
approximates the volume of the ball space of the grinding medium; (3) 
when the mill is operated at approximately 50 percent critical speed; 
and (4) when the grinding operation is started with a charge and vehicle 
of slightly higher viscosity than considered desirable for maximum ball 
mobility. 
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In general, the viscosity of a ground pigment and vehicle increases in 
proportion to the increasing degree of dispersion. In this connection 
Fischer (1941) states that the change in viscosity may be considered a 
measure of the new surface exposed at the higher pigment interface. 

Effect of Grinding Speed — ^Too much emphasis cannot be placed on 
the fact that the peak of a power curve comes at a lower speed than that 
which centrifugalizes the outermost layer of balls. It may be shown that 
the power peak comes when the outer circle of the balls reaches the breast 



ORE IN MILL (POUNDS) 

Figurb la.'j. Comparison of Wbt and Dry 
Batch Grinding of Chert at 50 Percent Critical 
Speed. Wet Grinding at 60 Percent Pulp Con- 
sistency. 


of the mill, in what may be called the eight o’clock position. The power 
curve drops when the balls are higher or lower than this position. Tests 
have shown that the maximum power is consumed at a much lower speed 
than necessary to centrifugalize the balls. In general, however, ball-mill 
efficiencies do not vary greatly between speeds ranging from 30 to 80 
percent critical speed, although in the case of rod mills the efficiency 
drops off markedly at high speeds. . 

Wet and Dry Grinding — On the basis of experiments made with 
chert, Coghill and DeVaney concluded that for best capacity and effi- 
ciency dry grinding should be done with small ore charges and at high 
speeds. The same is true with wet griiiding in regard to capacity, but 
the efficiency is best with a large ore load at low speed. However, the 
values for capacity are more significant than those for efficiency since 
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efficiency values do not indicate the nature of the grind. Figure 125 gives 
the characteristics of wet and dry grinding for a set of conditions indi- 
cated. The lower figure shows that in wet grinding the power decreases 
with increased amount of ore charge, whereas in dry grinding the power 
increases. In wet grinding also the capacity is best with a moderate ore 
charge, but a large ore charge is required for good efficiency. In Figure 
126 in which the speed varied, the capacities increased with speed and the 

efficiencies changed but slightly. 
As indicated previously the effi- 
ciency in dry grinding is slightly 
better at a high speed. The power 
curves in Figure 126 show that 
there is a break in the dry-grind- 
ing curve. The relatively high 
powers in dry grinding at from 
40 to 60 percent critical speeds 
show that the balls are thrown 
high and reach the eight o’clock 
position at a lower speed than in 
wet grinding. The eight o’clock 
position in dry grinding is at- 
tained at 8Cf percent critical speed. 
The effect of grinding the same 
material in wet and dry condi- 
tions with varying load for a fixed 
critical speed is shown in Table 87. 

With regard to this table, 
Coghill and DeVaney stated as 
follows: 

. . The conclusions to be drawn are not in harmony with some of 
those in the literature where experimental evidence was too scanty to 
justify the broad statements that were- made. Such statements have 
prompted the compilation (of the table) now to be discussed. . . 
Throughout the table it holds true that with the heavy ore charge the 
coarse particles were reduced more in wet than in dry grinding. The 
reverse is true when the ore charge is light. Midway, that is, at about 
75 pounds of ore, the degree of selective grinding was about the same. 
With that charge closed-circuit work would be expected to develop the 
same type of circulating load, whether wet or dry. 

‘Tn wet grinding the heavy ore dharge in the mill would give a closed- 
circuit product with the minimum amount of coarse particles, but in 
dry grinding the advantage would be in favor of the small ore charge. 
Hence, it is seen that the writer who said that *the me^an diameter of 
the circulating load is larger when grinding wet than when grinding dry' 
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PERCENT CRITICAL SPEED 

Figure 126 . Comparison of Wet and 
Dry Batch Grinding at Various 
Critical Speeds. Load 75 lb Chert. 
Wet Grinding (broken lines) at 60 
Percent Pulp Consistency. 
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did not realize that the median diameter did not depend on the ainonnt 
of ore in the milL*’ 

As to an outright comparison of wet and dry open-circuit ball milling, 
wet grinding is much more efficient and capable of greater capacity than 
dry grinding. 

Effect oj Classifier — Since in many kinds of grinding it is found that 
fines impede the efficiency of grinding, it is desirable to have some method 
for their continuous removal. This is done in dry grinding with an air 
classifier or water classifier. The former is more widely used and is 
described here. The method consists in forcing an air stream through 
the mill in such a volume that the fines are conveyed out of it to a sepa- 
rator device. The volume is so adjusted that only particles below a 
given size are removed. 

The operation of an air classifier in a closed circuit may take place in 
either of two ways: (1) The product of the mill may be conveyed to the 
classifier as produced; or (2) the air classifier may be placed in circuit 
with the mill in such a way that the fine particles are carried off as soon 
as produced. The latter procedure is preferred in many cases. By 
operating in either way, a product can be turned out by closed-circuit 
grinding with an air classifier that has a variety of characteristics con- 
trollable at will, though the fineness of the particles remains constant. 
It is possible to obtain an extremely fine-grained product by operating 
the mill and classifier in one way, while a slight change can produce gran- 
ular material with an absence of fine particles. If it is assumed that a 
certain grain size and a uniform gradation of fineness are desired so that 
the voids may be filled, the closed-circuit grinding system is fed with such 
a volume of air that more material is taken out than is actually 
ground. Thus, the grinding medium is made more efficient and the 
product taken from the mill (containing a quantity of oversize) is classi- 
fied, the larger particles being returned for further grinding. On the 
other hand, if a granular product is required to pass a specified screen test 
and the amount of fines has to be kept at a minimum, the grinding me- 
dium is of large size and the mill is operated at high speeds. The air 
is moved through the mill at a very high speed to remove the particles 
desired as soon as they are formed. In this way fines are kept at a 
minimum and the material passing through the classifier may be as 
closely sized as desired. 

Effect of Grinding on Density of Materials — ^When quartz is sub- 
jected to continuous grinding so that particles are constantly reduced to 
finer and finer sizes, the density of the product is reduced. As a matter of 
experimental observation there is a tendency for the density of quartz 
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to increase slightly during the first hour and then gradually to decrease. 
The general trend of the change is indicated in Figure 127. Martin 
(1926~1927r) gives the following explanation for initial increase in den- 
sity by assuming that cracks, gas-holes, and other pores of microscopic 
and submicroscopic dimensions are eliminated in the first stages of 
grinding. As the grinding continues an amorphous form of silica is pro- 
duced. The amount of amor- 
phous silica produced with pro- 
longed grinding may be consid- 
erable. Ray (1923) states that 
a sample of quartz after 15 hrs’ 
grinding contained 25.7 percent 
amorphous silica. Martin’s 
results were previously borne out 
by Dale (1923-1924). 

Martin’s work with quartz, 
which was carried out in consid- 
erable detail with a vacuum pycnometer, led to the following con- 
clusions : 

1. The densities of the 17 carefully graded sands studied were the 
same or slightly higher than that of unground sand. 

2. Grinding of a sand, whose particle-size initially averaged 0.75 mm, 
for a period of 25 to 50 min caused an increase in density of approxi- 
mately 0 . 1 percent (that is, the gravity changed from 2.650 to 2.653). 

3. Reduction in the particle-size of quartz from 0.75 to 0.3 mm 
did not affect its density. 

4. Reduction In particle-size from 0 . 3 to 0 . 03 mm caused an increase 
in density of approximately 0.2 percent. 

5. Further reduction of particle-size from 0.03 mm downward 
caused the density to decrease slightly by an amount equivalent to 
0.07 percent. Martin estimated that grinding a standard sand for a 
period ranging from 25 to 50 min caused production of 0.46 percent 
amorphous silica and that this form of silica was confined to particles 
below 0 . 03 lutix in size. 

6. Prolonged grinding of quartz caused a further reduction in den- 
sity, amounting to as much as 4 percent after 15 hrs in one series of 
experiments. 


2 70 

265 
5) 

S 2.60 

o 

255 

Figure 127 . Variation of Density of 
Quartz with Duration of Grinding. 
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THEORY OF CRUSHING 

The random fracture of brittle solids was studied by Griffith (1920), 
Sunatuni (1922), Hirata (1931), Terada (1931), Licnau (1936), and 
others. The problem is complicated by many factors and a satisfactory 
theory is lacking, especially with regard to ultimate distribution of sizes. 
Lienau^ while devoting considerable attention to the nature of the force 
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distribution and properties of a solid which determine fracture and ulti- 
mate shapes, fails to prove generally what size distribution may be ex- 
pected on random fracture. To state that the distribution is according 
to the Poissonian law requires no analysis of the physics of fracture but 
purely statistical assumptions of random distribution whose choice is 
optional as long as it is consistent with observations. As we know 
today, a logarithmic distribution which is the consequence of Poisson's 
law is but one form of possible distribution. There are others, for ma- 
terials are heterogeneous in the elements which compose them, not only 
as to size but as to composition as well. In general, a homogeticous 
material of one component will fracture in accordance with Poisson’s 
law, and undoubtedly for some forms of heterogeneous materials which 
are not too finely crushed the law will hold. 

Nevertheless, Lienau's analysis constitutes an important contribution 
and his theorem, that the mean fragment of a homogeneous crushed 
material tends toward a configuration having maximum surface per unit 
volume, is fundamental to crushing theory. 

Mechanics of Fracture~Wt shall here proceed to discuss the condi- 
tions under which fracture takes place. We shall assume a solid made 
up of small irregular elements and we shall define a * ‘point" as being 
some average of these elements. The linear dimension of this point is A, 
its surface A^, and its volume A^. We need not consider shape factor as 
the shape of the element cannot be specified. The elements of the solid 
form a closely bound aggregate and considering the macroscopic scale, 
the composition of the solid is uniform and homogeneous. In every 
respect, for purposes of discussion, the behavior of the solid under stress 
is considered to be governed by elastic parameters, /?, the bulk modulus 
having dimensions of force intensity [ML~^T“'^] and the ultimate 
tension reckoned as positive for outward displacement of an clement 
ready for fracture, and reckoned on the same units as id. 

If now a solid of volume Fo with no elastic stresses within it initially 
is subjected to an amount of work Wo prior to fracture of the solid, we may 
by dimensional analysis reckon the average density of clastic energy, 
Let PFo/Fo represent this average; then, assuming that this energy is a 
function of p and above, we have 

Wo/Vo -MAV) 


whence 
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Since we arc dealing with an average over the duration of the stress, h = 
Va and 


Wo 1 Eu^ 

Vo 2 ^ 

Eq (22-3) 

If So is the surface of the solid, and if the boundary is displaced an 
amount 5 by an average pressure p^. 

== Pav^S^ 

Eq (22-4) 

Hence 


. 1 
~ 2 ^ZSo 

Eq (22-5) 


i'he measure of S is easily derived from definitions of the parameters E„ 
and if we assume that neither the surface So nor the volume Vo is 
changed up to the point of fracture; then 


E„ 


F* 


Eq (22-6) 


Combining Eqs (22-6) and (22-6), we obtain as the average tension 


Pav 



Eq (22-7) 


and for a “point’' A, as defined above 

p' = constant = Eq (22-8) 

A 

We have here written p' for pat, since the forces acting on the point source 
are several in number. These are oriented in every direction so that, in 
so far as the point is concerned, these forces exist as though it were a 
sphere. If the diameter of this representative solid is taken as d, then 

1^0 = So — rd\ and g Eq (22-9) 

Now it can be shown that at least four forces are necessary to act on a 
sphere before deformation or rupture can take place, that is, if n is the 
number of forces 

« ^ 4 Eq (22-10) 

Let us now consider the units of probable fragmentation. If the 
physical point is A, then the number of fragments on the average is of 
the order d®/^* “ f* Whatever deformation takes place in the solid 
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must be at a rate less than the velocity of propagation of the forces. For 
a homogeneous solid, the transvense velocity of force propagation which 
is less than the longitudinal is given by the expression \/ ju/p where /x is 
the shear modulus and p the density of the solid. Hence, for one point 




If T represents the duration of n forces of intensity*;^', we also have 


E, 1(22-12) 

or since 

= S, Wo = Sp'n Eq (22-13) 


Thus, from Eqs (22-4), (22-7), (22-S), and (22-12) we obtain 


and since w ^ 4 


J7 = 



Eq (22-14) 


Eq (22-15) 


We are now in position to obtain equations of the lower limits of magni- 
tude of p', pav, S, T, and Wo, and to discuss the significance of some of 
these quantities. From Eqs (22-4), (22-9), and (22-15), we have 


P'^ 


Eud^ 

2|'/« 


< 

= 8 


Eq (22-16) 


Also, the velocity of normal displacement from Eqs (22-11) and (22-15) 
is 

f S Eq (22-17) 

and the average prefracture period t becomes from Eqs (22-6), (22-17), 
and (22-9) 


S ^ EuV o ^ E^ j 27 p 
(dS/dt) pSo Qp 


Eq (22-18) 


Efficiency of Crushing — It is recognized that the creation of new sur- 
faces involves certain explicit energy relationships. These have been 
investigated by Lienau (1936). Let denote the surface of an average 
grain of crushed material, whose total surface is S. Then if m, denotes 
the number of these average elemental surfaces 


dS Soodn^i 


Eq (22-19) 
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Since the boundary surface of any interior particle is in contact with 
an equivalent surface contributed by other particles, the work done in 
separating the elemental surface is 

dW = 8U‘dS/2 Eq (22-20) 

where the terms are as defined above. The term dW represents the 
work directly attributable to fracture of the element. If dW' denotes 
the work done at the boundaries of the element and dW' the random 
strain energies which do not contribute to new surface formation, then 
the energy-balance equation is 

dW = dW^ + dW^' 

At the instant fracture occurs, the boundaries separate and within a 
time very short as compared with the prefracture period the new surface 
has been formed. Thus, equilibrium takes place under the' following 
conditions : 


t = T 

dW = dW' = dW^' = 0 

dS “ Sd^dft^ ~ 0 
dus ~ 0 

Integrating over the time r which represents the interval from the time 
of application of the fracturing pressures to the time of fracture, we get 

S ~ Safjfis Rq (22-21) 

W=^hu-Sl2 Eq (22-22) 

W" Eq (22-23) 

Combining, we obtain the absolute amount of new surface 

^ 2(W' - 

^ du 


The random non-surface producing energy is comparable in magnitude 
at the time of fracture with the energy actually required to produce new 
surface. Moreover, since crushing efficiency is defined as 


W _ W' - W" 
TY' W' 


Eq (22-24) 


it is not difficult to comprehend the low efficiency in producing new sur- 
face by mechanical methods. Now consider n particles wholly within 
the mass at the moment of crushing, and let the diameter of any random 
particle be d. Since we are concerned with rupture surface, we may 
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write the geometrical probability, P, of n particles {n = within the 
volume Fo as na.sd'^-d/Va. From Eqs (22-21), (22-22), and (22-24), this 
becomes 


a,eW'd^ . 
23m5„Fo 

where as is the surface shape factor. But Sat 

p = i fE.' i. 

^ 2 Fo ■ Su 


Ugd^ and we obtain 

Eq (22-25) 


Since P is dimensionless it is not difficult to show that this expression 
reduces to 


1 iW' d _ d 

2 Fit Sm dat 

where we may identify 2 VaSu/tW as equivalent to an average diameter 
of particle da,. Hence, we obtain explicitly 

das = Eq (22-2(5) 


Lienau’s Theorem — If d is taken as the random mean diameter of a 
fractured element, the mean volume of an equivalent sphere is 

where is the volume shape factor and No the number of elements mak- 
ing up the original volume Fo. The mean elemental vSurface is therefore 

S + S{) 

s = 

no 

Since the production of new surface is improbable once fracture has 
taken place and there is a relaxation of strains, we have on the scale of 
observation for a small element that 

dS^O Eq (22-27) 

It may be shown by the methods of geometric probabilities that a pair 
of opposite faces of a fragment are parallel on the average, but the chance 
that these faces are sensibly out of parallel is more than certain in 98 out 
of 100 cases. The chance that these faces do not intersect is negligible, 
although, as in the previous case, it may be shown that on the average 
they are orthogonal. 

The chance that {n + 3)-planes intersect at a definite point is greater 
for heterogeneous material, and it can be shown that the probabilities are 
a maximum for w = 1. The probabilities of {n + 3)-edge vertices di- 
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niinish as n increases. The general tendencies of particle shape are 
toward a plane, convex, equidimensional polygon. The vertices are 
largely three-edged, with opposite faces parallel and adjacent faces orthog- 
onal — or simply, a cube.* The condition of high specific surface is also 
attained for 4-, 5-, 6- and 7-sided hedra, any of which can be produced by 
a single plane — cut through the cube.f These display 3 three-edge ver- 
tices. The faces are 3-, 4-, and 5-sided polygons, and these are the most 
probable fragments of a slieet. The hexagon and octagon are unlikely 
because they depend on improbable vertex conditions. 

If the surface per unit volume of the mean fragment is s/ V, we have 
from Eq (22-27) that 



Consequently, the mean element tends toward a configuration having a 
maximum surface per unit volume, and since the crushed element tends 
to be equidimensional, the average element is an equidimensional irregu- 
lar polyhedron whose form approaches that of a cube. This is Lienau’s 
theorem. 

PARTICLE-SIZE DISTRIBUTION OF GROUND MATERIAL 

Theory of Particle-Size Distribution, in Grinding — ^Martin (1923) 
explained the basis for the type of distribution obtained as follows: 
If we have given a set of particles of mean diameter and these par- 
ticles are ground to a series of smaller particles in grades whose mean 
diameters are dz, d^t etc., statistically speaking, we may state that 
each particle crushed generates a family of smaller particles of the same 
number as another particle the same size. Thus, if we start with one 
particle and it is crushed into two particles, then each of the two particles 
in turn is crushed into two more so that at the end of the second stage of 
crushing we have four particles, and eight particles at the third stage. 

* The sides were counted on 396 pieces of crushed granite, mesh. Edges 

and sides were sharp and well defined. Following is the frequency distribution of the 
sides of the various pieces counted : 

4 sides 88 

5 sides 122 

6 sides 174 

7 sides 12 

t It may be shown that the probability of a vSection of a random plane cutting a 
citbe Is a hexagon given by the expression 

l/4r(V5cot“^ v5 - V5cot-t V5) ^ 0.046 
or that the chances are approximately 6 in every 100. 
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This is entirely a statistical assumption, but is a means of explaining the 
type of distribution that has been obtained. 

Particle-Size Distribution — ^The size-frequency distribution of ground 
materials differs from the usual type of frequency-distribution in 
chance sampling. As a general rule the number of particles increases 
with decreasing particle-diameter. Martin (1923) has shown that fre- 
quency-distribution follows the law of compound interest, namely 

nd — iV’-exp (~ ad) 

where nd is the number of particles of diameter d, and N and a are con- 
stants. Actually N is the number of particles when d becomes* infinitely 
small.* 

The problem of size-frequency distribution has been the object of 
numerous investigations. Particle-size determinations of ground ma- 
terial are important because they give the manner of subdivision and 
because it is possible to obtain a measure of the energy requirements 
from them. Figure 128 indicates a typical size-distribution obtained in 
the course of crushing a given material. The curve is a plot of number of 
particles versus size. The method for making size-distributions of this 
kind was explained in Chapter 3. However, in practice we must resort to 
screen sizes for particle-size determinations and in these instances it is 

customary to express the percent- 
age of total material screened 
remaining on each of the screens 
of the series used. The type of 
distribution obtained by gravi- 
metric methods does not differ 
from the frequency-distribution 
shown in Figure 128. The reason 
for the parallel nature of the 
distributions was explained in 
Chapters 3 and 5. When weights 
and counts are made of the same 
material, size by size, the slopes 
of the resultant distributions are 
the same. 

While it is generally accepted 
that the size-distribution’s of 

* However, much depends upon the initial size-distribution of the material being 
ground and the time of grinding. If at the start of grinding the sizes are more or less 
uniform, the relation given generally follows. With varying conditions such as time 
of grinding, ball sizes used, nature of the material, etc., almost any type of frequency- 
distribution may be obtained. 



Figure 128 . Type of Frequency- 
distribution Obtained in Grinding. 
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ground material follow an exponential law, this is not always precisely the 
case. Generally, as particle-size decreases the distribution passes through 
a maximum and decreases to zero. After screening, there is always a 
residue which constitutes a percentage less than the maximum. Martin 
(1923) discussed the significance of this type of distribution. He raised 
the question whether the maximum value corresponds to a true physical 
reality, or whether it is due to the fact that when the size of particles 
falls below a certain magnitude the microscope does not detect them 
(assuming the particles are measured by means of a microscope). 
These points were tested by using different microscope magnifications 
and making counts on the same sample. On the basis of these experi- 
ments Martin concluded that the maximum point shifts to smaller and 
smaller diameters as the magnifying power of the microscope increases. 

When summation curves are made of the particle-size distribution 
obeying the exponential law, it is found that the curve follows an ex- 
ponential relationship similar to that obtained when the frequency dis- 
tribution is plotted.* 

Gaudin (1926) reported details on jaw crushers, rolls, rod mills, and 
ball mills using quartz, galena, and granite, in terms of graded sieve 
openings and percentages included in the sieve intervals. When per- 
centages of a sieve interval and sieve openings were plotted on a logarith- 
mic scale he found a constant paraboloid loop in the coarse range, and a 
straight-line relation in the fine range. He noted a constant exception 
to the straight-line relation when the materials were not homogeneous, 
and in such cases assumed that breakages take place preponderantly at 
crystal size. Gaudin checked these observations by measuring the 
crystal size in the original rock. 

The statistical studies of Lienau cited above have amply supported 
the work of Martin and Gaudin. In general the probability of obtaining 
ni particles of diameter di, Ui particles of diameter ck, etc., is given by the 
binomial law, but when the possible number of particles of any diameter 
is large and their probability P small, as is the case in crushing, the bi- 
nomial distribution reduces to Poisson's law 

Subject to this law the chance that no diameter less than d will be found 
is 

m - exp - (I) 

* This follows from a cotisideration of the integral of the equation: Number of 

/ N 

exp (— ad) did) » —.exp (— ad) 
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and for a finite but large number of elements N, we have that the number 
n of elements greater than d is simply 

which is Martin’s equation. 

SURFACE-AREA AND ENERGY 

The energy necessary to grind a given material depends upon the 
ease with which the material may be broken, the fineness of the product 
desired, and the design characteristics of the equipment. For a number 
of years there were two schools of thought as to the energy required for 
production of particles with a given size-distribution. Rittinger (1867) 
stated that the energy necessary for size reduction of particles is directly 
proportional to the increase in surface. Martin (1925-192Ca.) cites 
Kick, who stated that the energy required for producing identical 
changes of configuration in geometrically similar grains of the same com- 
position varies as reduction in the volume or weight of those grains. * 

As a matter of fact it is common opinion that Rittinger’s law applies 
very closely to the actual performance of ball mills and other mills used 
to grind very fine material. Kick’s law seems to measure the perform- 
ance in coarse grinding. In recent years Martin (1925-1926a) and Gross 
and Zimmerley (1928o, b, c) re-examined the relation of energy input to 
surface produced. These investigators made careful measurements of 
the surface of crushed material and utilized different methods for meas- 
uring the energy required to produce known amounts of surfaces. The 
results indicate that, as far as the crushing of quartz is concerned, the 
new surface produced is in direct proportion to the work input, in accord- 
ance with Rittinger’s law of crushing. However, there still remains 
some question whether the work done by Martin and by Gross and 
Zimmerley is correct. Some exception has been taken to the method by 
which partide-surface was measured. It was pointed out (1) that quartz 
becomes amorphous when subjected to crushing action, and (2) that 
chemical methods of producing surface are subject to error when the 
rate of solution of the amorphous forms of quartz are not known. In 
spite of these critidsms, however, it would seem that the careful work 

I have been unable to verify the reference given to Kick’s paper, cited by Martin 
and many others, in any of the libraries in New York City. In view of recent in- 
vestigations indicating that the work involved in crushing varies as the amount of 
surface produced. Kick’s law is tenable only in the first stages of the crushing process, 
that is. when the number of new particles produced is very low. 
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done by Gross and Zimmerley on surface measurement deserves general 
acceptance. 

The surface measurements made by Martin and by Gross and Zim- 
merley are absolute measurements. In practice it is necessary to re- 
sort to the use of parameters based on particle-size distribution, as ex- 
plained in Chapters 3 and 16. At the present time there is no standard 
for absolute surface measurement and consequently no uniformity in the 
expression of grinding efficiencies and power requirements. 

Martinis Experiments — In a series of comprehensive tests with 
quartz, Martin (1925“1926a, h) arrived at the following conclusions with 
regard to the relation between grinding and surface produced: (1) In an 
ordinary tube mill the surface produced is directly proportional to the 
work done; (2) approximately 61 ft-lb of work are required to increase 
the surface of sand 1 sq ft when 1-in. balls are used for grinding in an 
IS-in. X 18-in. mill; (3) with prolonged grinding, the fine particles tend 
to cushion the grinding somewhat and alter the proportionality between 
surface produced and work done. In ordinary tube-mill grinding it was 
found that only a small amount of power saving could be effected by 
removing the dust with an air stream, but this was not true in prolonged 
grinding. 

If ^2 is the final surface of the material ground in sq ft, and Si the 
original surface, then on the basis of the foregoing the work done in foot- 
pounds equals a{S 2 — where a is a constant which is peculiar both to 
the grinding apparatus and material used. The constant is actually the 
work required to increase the material surface by 1 sq ft. An example 
serves to illustrate the use of this simple formula. Assume it is desired 
to calculate the power needed to grind 1 ton of quartz per hr from a 
fineness equivalent to 25 sq ft per lb to a fineness represented by 1000 sq 
ft per lb. Assume further that the grindability constant a = 61 and that 
the material is ground in an IS-in. X IS-in. mill, using steel balls. The 
calculations are as follows: Since 1 ton = 2000 lb, the final surface is 
2000 X 1000 = 52 = 2,000,000 sq ft. The initial surface is 2000 X 25 — 
Si = 50,000 sq ft. Therefore, work = 61 X (2,000,000 — 50,000) = 
119,000,000 ft-lb. Since one hp == 33,000 ft-lb per min = 1,980,000 ft-lb 
per hr, the theoretical hp required will be 119,000,000/1,980,000 = 
50.6 hp. 

Experiments oj Gross and Zimmerley — Gross and Zimmerley (1928c) 
made very careful measurements of the work required to crush quartz. 
These investigators determined the energy needed to crush particles by 
dropping weights on pieces of quartz from different heights. Since the 
weight rebounded immediately after impact (representing a loss of work 
done), it was necessary to determine the work done in terms of the de- 
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formation of aluminum wires placed beneath the anvil holding the 
quartz. Aluminum was found to be relatively inelastic, and suitable for 
this purpose. After the surface of the crushed quartz was determined 
(the initial surface having been measured previously), the work neces- 
sary to crush a given surface was calculated. Gross and Zimmerley 
found that the work done was proportional to the surface produced, but 
that the actual amount of work needed to crush quartz was 3.83 ft-lb per 
sq ft of surface produced. This amounts to 6.3 percent of the value of 
61 ft-lb per sq ft determined by Martin in his ball-mill experiments. 


Table: 88 — Explosive Shattering Experiments on 3/48-MEsn Dolomite (Made 
ON Continuous Machine on 2000 G in 200-G Charges) 


Steam 

con- 


Steam- 

ing 

time 

(sec) 

densed 

(Ib/ton 

of 

charge) 

Btu of steam 
condensed 
per ton 
of charge 

8/14 

Lb produced from 1 ton of charge 
14/48 48/100 100/200 <200 

Condition oi 
experiment 

180 

864 

991,900 

395 

368 

244 

163 

112 1 


120 

748 

858,700 

368 

352 

226 

150 

100 1 

Wet, cold 

60 

546 

626,800 

442 

354 

232 

154 

106 1 


16 

423 

485,600 

504 

376 

252 

170 

118 J 


16 

291 

334,100 

504 

372 

276 

186 

128 


8 

261 

288,100 

464 

336 

242 

164 

114 

Dry, cold 

4 

226 

259,400 

454 

338 

214 

144 

100 


2 

206 

236,500 

468 

364 

216 

144 

100 J 


15 

377 

432,800 

482 

370 

246 

166 

114 1 

1 Wet, heated 

8 

337 

386,900 

474 

358 

254 

172 

120 , 

1 (90 deg C) 

15 

142 

163,000 

410 

312 

234 

154 

106 ] 


8 

102 

117,100 

430 

306 

224 

150 

104 

Dry, heated 

4 

77 

88,400 

458 

354 

218 

140 

94 

(181 dcgC) 

2 

57 

65,400 

410 

314 

190 

124 

84 J 



When we consider efficiency of grinding, there is no general agreement 
as to the true magnitude. Gross and Zimmerley computed efficiency of 
grinding in terms of surface energy. Their method of crushing was 
found to have an efficiency of 3 percent, and Martin’s ball-mill method 
0.06 percent. The efficiency is seen to be very low. Gross and Zim- 
merley question these efficiencies since the surface energies of solids on 
which they are based are at present unsatisfactory. When it is con- 
sidered that more than 97 percent of energy supplied is dissipated in the 
form of heat, it is natural to inquire into other more suitable methods. 
This was done by Dean and Gross (1932, 1933) who in a series of remark- 
able papers outlined a wholly new attack on the problem of producing 
fines. 
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EXPLOSIVE SHATTERING 

Dean and Gross, and subsequently Gross (19;I4), described a method 
for crushing particles by means of steam. This method of producing 
fines may be considered similar to that of ball milling except that the 
shattering force is furnished by the sudden expansion of water filmg be- 
tween the ore particles rather than by balls falling under gravity. When 
a dry material is subjected to the action of saturated steam under pres- 
sure, a film of water is deposited on the particles. Within a very short 
time the film becomes overheated and when the pressure is released the 
resulting sudden expansion of the overheated water throws the particles 
together so violently as to produce shattering. Gross and Wood (1936) 
stated that the efficiency of such a system would be theoretically practical 
with sufficiently large charges. Expansion is so rapid as to be adiabatic, 
so that the efficiency would be substantially the same as that for a steam' 
engine. Some data taken from Gross and Wood's report are given in 
Table SS. It will be seen that the costs for crushing by this method are 
very low. Gross (1934) arrived at the following conclusions with regard 
to explosive shattering of minerals: 

1. Minerals are now considered far from solid and impermeable 
substances. They may not only have cracks, cleavage planes, pores, 
and cavities, but according to our present concepts, are built up of 
small unit “blocks” somewhat like a brick wall. 

2. Subjection of minerals to an explosive wave will break up the 
mineral along this secondary structure. 

3. The cost of accomplishing such rupture is theoretically so low 
that the possibility of economic application is very promising. 

4. All minerals are by no means equally shatterable, due to different 
degrees of permeability and variable tenacity between the individual 
blocks. The probability that the individual blocks constituting a 
mineral are in themselves impermeable leads to the conclusion that ex- 
tremely fine material will not be produced in the explosive method to 
the same extent as in ordinary crushing or grinding. 

5. Rupture conceivably takes place by detonation of an explosive 
within or on the mineral, or by sudden release of pressure on a super- 
heated liquid. 

6. No liquid or solution has been found more efficient than water 
for producing an explosion by suitable release of presstire after super- 
heating. 

7. Only two conditions have been found to affect shattering: (a) 
Increased pressure, and (&) increased quantity of water present at the 
time of the explosion. Prolonged soaking of the material was found to 
have no beneficial effect. No preliminary treatment before wetting, 
or wetting with substances other than plain water, had any tendency to 
produce better shattering. 
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Problems 

L Discuss the essential differences between friability and grinding. 

2 What are the essential differences in the product ground by ball mills and 
tube mills? 

3. Calculate the critical speed of a mill 28 in. in diameter. What is the signifi- 
cance of critical speed in grinding operations? 

4. What is the best ball size for grinding clinker initially averaging 0.2 in. in 
diameter? 

5. Explain the conditions which determine whether wet or dry methods should 
be used for grinding a given material. 

6. What is the effect of a classifier? 

7. Discuss the limitations of Martin’s general theory regarding size-distribution 
obtained by grinding. 
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SAMPLING 


A lmost every problem of micromeritics concerns itself with samples. 

Conclusions are drawn from a study of these samples and infer- 
ences made as regards the properties or behavior of the material in ques- 
tion. It is clear that much depends upon the degree to which one 
sample, or many samples, actually represents the bulk of material under 
investigation. A generalization is warranted only if we know that the 
composition of the sample is identical with the bulk of the material and 
that the properties and behavior revealed apply irrespective of the 
amount considered, or at least within specified limits. Thus, the sample 
is the first and most important element of micromeritics since the accu- 
racy of the results, however obtained, depends upon the goodness of the 
sample and how closely it represents the bulk of the material of which it 
is a part. 

A sample is an aliquot approximating the attributes of the whole. 
If it is known that a mixture of fine particles is uniform throughout, one 
sample is generally sufficient to yield the necessary information. If the 
mixture is tiot homogeneous, then several samples must be taken. 
These samples should be drawn at suitable places within a given bulk 
of material so that an average of the analyses obtained corresponds 
closely to an analysis of the whole bulk, asstiming this were possible. 

It is one of the major problems of micromeritics to ascertain what 
sampling procedures should be used to obtain a true representation of a 
given material. To do this in the absence of any information about the 
material we must resolve the following questions: (1) What sampling 
method should be used? (2) What method of analysis should be used? 

In the following sections we shall not discuss personal errors regarding 
these items, but only those which may be characterized as inherent in 
the methods themselves. 

SAMPLING PROCEDURE 

The selection of the proper technique of sampling is one of judgment 
and experience; the test of the selected technique lies in its reliability 
for estimating a given attribute for the universe under consideration. 
Thus, the attribute measured from the sample should approximate the 
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true contents of the universe,* or at least estimate within known limits 
what it is likely to be. We may a assume the following : (a) 
That the more heterogeneous the material, the more samples arc neces- 
sary to measure a given attribute; and (b) that as the number of samples 
is increased, the amount of added information gained about a measured 
attribute diminishes. It is the function of statistics to determine when 
a sufficient number of samples has been taken, so that our results repre- 
sent, with some stated degree of accuracy, the contents of the universe. 
Furthermore, it is axiomatic of all sampling techniques that we must pre- 
sume nothing about the universe until samples have been drawn and the 
attributes determined from them. 

Random and Orderly Sampling — Wliile the mathematics of statistics 
is based on the random selection of samples--- that is, that the likelihood 
of drawing a representative aliquot from one place in the universe is no 
different from another — in practice samples are usually drawn according 
to an orderly fixed scheme. As a general rule the final results using cither 
method should approximate each other closely. Randomness is rarely 
achieved for we are influenced by the previous sample as to where we 
shall take the next. Orderly prearranged sampling, provided it covers 
representative portions of the universe and is not biased as to quantities 
taken, is preferable, all things considered. The significant difference in 
either method lies in the fact that random procedures ignore the volume 
or mass of the universe, whereas orderly sampling must take these items 
into account. 

Having obtained samples (the number of samples necessary will be 
discussed elsewhere) we must next determine what should be done with 
them. The following procedures may be used: (a) Each sample may 
be analyzed separately, or (6) the samples may be combined and ana- 
lyzed, or (c) the combined samples may be mixed thorouglily and an 
aliquot taken for analysis, or (d) each sample may be thoroughly mixed 
and an aliquot of each analyzed. Any of these methods may be used, 
provided we note that in the case of (c) and {d) the amounts combined 
should be of the same weight or volume. Otherwise, if the universe is 
not homogeneous, the amoimts of the individual samples will influence 
the results of analysis. 

As to the quantity of the sample which should be taken, no fixed rule 
can be given. We may, if we choose, select individual particles at ran- 
dom (assuming this is possible)^ or we may take as much as a pound or 
more from each of the places where the single particles were taken* In 

* The temi universe as here used means the whole mass of material from which 
the sample is drawn. An attribute is regarded as some component, as, for example, 
particle size or chemical analysis. 
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the latter case the final results are tnore reliable in so far as the calculated 
chance of any one sani])le falling within specified limits is concerned ; the 
same degree of reliability with single particles can be obtained by in- 
creasing the number of particles selected for the sample. 

Errors of Sampling — Whatever device or method is used, sampling 
requires a complete understanding of all its characteristics. Consider, 
for example, the pipette method of particle size measurement as com- 
pared with the microscopic procedure using a pinch of the same particu- 
late material. In the first instance the location of the pipette tip at a 
given point in a graduate of suspended material does not yield accurate 
information relative to the particle size to be expected above that point.* 
The pipette tip when the pipette itself is being filled causes a flow of 
particlcvS from regions above and below the level at which it is placed. 
Usually, tlie particles drawn into the tip are those from a spherical vol- 
ume approximating that drawn into the pipette. Thus, pipette volume 
influences the particle-size determination. 

In the case of microscopy, our chief concern is with the representative- 
ness of the sample itself, and hence the uppermost consideration is with 
its iDTcparation. The amount of sample measured affects only the 
accuracy of the final average, whereas the pipette volume actually alters 
the true level from which computations are made. 

The above are mere distinctions of procedure. The necessity for uni- 
formity of procedure has long been recognized, so that except for com- 
parative j)urposes the above discussion may appear -to be only of aca- 
demic interest. However, method of procedure is important and must 
be carefully stated whenever specified techniques are under discussion. 
In the cases under divseussion either technique yields a particle-size 
distribution. It is when we compare their relative merits that knowl- 
edge of every step of procedure must be had, since the persons who are 
to judge these merits must be informed of every detail. Obviously there 
will be differences in the results obtained by either technique, but if pro- 
cedures are standardized we are more certain that these differences are 
peculiar to the techniques and may be expected to occur consistently. 
If these diffcrcnccvs arc then admitted and their reasons understood, we 
may then ask what determines the choice of eltlicr sampling procedure 
in a given instance. 

Let us review briefly the meaning of the two procedures. The pipette 
tnethod furnishes a means for measuring the diameter of particles settling 
at the same rate in accordance with Stokes’ law.. The diameter is calcu- 

We assume for the sake of discussicwi that all the particles have the same shape 
and density,, but are graded as to size. 
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lated as though the particles are spheres. Hence, the method divsrcgards 
the shape of the particles and in every sense is a gravimetric measure. 
The microscopic method measures the length of the projections of super- 
ficial particle termini along any random line. It assumes that all orienta- 
tions are represented, and that particle-depth need not be accounted for. 
This method is best described as statisticaL If the density of the parti- 
cles is known and all are of the same density, this method permits the 
evaluation of a volume shape factor, thus rendering it comparable to the 
pipette technique, theoretically. However, the procedure is tedious and 
constitutes a serious defect of the microscopic technique. On the other 
hand, in so far as the pipette method is concerned, we must appreciate 
that particle shape has a bearing on the settling velocity so that in either 
case particle shape is not satisfactorily accounted for, although it can be 
measured by the microscopic method as we have indicated. However, 
we may conclude that for particles other than extreme shapes such as 
mica or needle-like particles, the pipette method yields at once a direct 
gravimetric measure. The microscopic method in such cases is likewise 
unsatisfactory. 

Our analysis thus far reveals significant differences in attributes of 
the sampling techniques discussed.* As regards applications which 
often determine the procedure to be followed, we must consider (a) 
whether the particles are soluble, in which case if the pipette is used we 
must find a liquid other than water; (b) whether shape factors are impor- 
tant, thus ruling out the pipette on heterogeneous material; (c) whether 
gravimetric or volumetric distribution by size is desired, thus ruling out 
microscopy; and (d) the maximum and minimum sizes to be covered. 
As a general rule, the pipette method is more satisfactory for fine sizes 
(< 5 m) than the microscopic, and conversely for the larger sizes. 

We have dealt in detail regarding the inherent errors of two sampling 
procedures. The discussion, however, applies generally to all kinds of 
sampling and is intended to indicate three things of importance, namely, 
a knowledge of the fundamental theory underlying various methods, 
limitations in their practical use, and the ultimate purpose to which the 
data obtained are intended. 

Mechmical Aspects of Sampling — ^We have thus far discussed sam- 
pling methods in a general way. There are certain situations in which it is 
desired to predetermine exactly the influence of sampling devices them- 
selves on the universe under consideration. For example, it is relatively 
easy to deal with particles in a fluid medium so long as the fluid is still, 

* For an excellent critical analysis of the differences in various particle-size meas- 
uring methods, reference is made to Schweyer’s studies (1942^), discussed briefly in 
Chapter 4. 
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but quite difficult if the fluid is in motion. To understand what happens 
in the latter case, we must know precisely what happens at the tip of a 
pipette when a sample is drawn from a static medium. 

The theory of sampling of particles in a moving suspension especially 
when the fluid is moving at high speeds has never been treated in a 
satisfactory manner. The problem is complicated not only by the fact 
that in horizontal flow we have stratification and saltation of particles, 
but also by the fact that not all the particles move with the speed of the 
fluid, which in itself may not be uniform. The extent of errors involved 
in determining the concentration of particles in a moving fluid can only 
be approximated, especially if a probe device is used. For we must not 
overlook the possibility that the probe itself often affects the nature of 
the flow and may favor the collection of only those particles whose 
momentum is sufficient to thrust themselves into the probe opening. 
Thus, there may arise situations in which the probe exhibits a certain 
degree of selectivity. 

Static Suspension — Let us analyze the effect of drawing a sample 
from a suspension which was originally homogeneous through- 
out. It docs not matter what property we are to measure since, as 
shown in Chapter 4, the density of the suspension and particle-size are 
related to time and position. Let us assume that we are considering a 
suspension contained in a glass cylinder and that at a stated point x and 
time t after the suspension was rendered homogeneous we insert a pipette 
and withdraw an amount V in seconds. We wish to find the effect 
of the pipette in selecting particles not at the position of the tip but over 
a volume of influence created in drawing the sample. What is intended 
here is that the act of sucking a volume V in the* time M draws fluid and 
suspended material not alone from the plane of the pipette tip but from 
a certain region above and below it as well. 

First of all it is clear that by defining both x and h we can eliminate 
particles which obey Newton *s law, and thus confine ourselves only to 
such particles as obey Stokes* law. In the first case (Newton’s law) 
we observe that 

F{d) = L_ . ^ 

^0 — |B0 ® 

and in the case of Stokes’ law we again have Eq (4-8) 


m 


^ 1 ^ 

— Po dt 


where the terms, except i/, Newton’s effective diameter, are the same 
as those tised in Giapter 4. Both of these equations apply to a fixed 
point »o- The question we must answer is as follows : What is the pre- 
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cise region sampled so that we can correct for eitlier of the laws of settling 
we may apply? 

The simplest procedure is to regard the time of sampling as negligible 
in comparison to the distance traveled by the largest particle from the 
point Xi, through Xo and to X 2 , | xi — X 2 ] defining the limits of the zone of 
influence. The latter may be approximated by drawing an imaginary 
sphere of volume Q about the center of the tip. This then represents ap- 
proximately the volume of the fluid sampled. 

From the standpoint of applying Stokes’ law this procedure is suffi- 
ciently accurate since the rate of settling is actually small enough to 

result in only a slight error. 
On the other hand, if we are 

f concerned with particles fall- 
ing according to Newton’s law, 
both Q and the time At are of 
great importance . Let us now 
determine what really happens 
about the tip of the pipette. 

The distribution of flow 
about a circular opening under 
suction has been investigated 
by the author (19:39) ancl tlie 
flow pattern is as shown in 
Figure 129. The various con- 
tours are expressed as percent- 
ages of the velocity at the tip. 
Furthermore, when the coordi- 
nates are expressed in tenns of 
the tip diameter, the contours 
0.151- for all openings arc identical 

Figure 129. VELocixy Contours about and their absolute values are 
Tip op Pipette during Sampling. Velocity functions of the velocity at the 
at Tip = 500 M PER sec; Opening Area = opening. Thus, what is im- 

0.01 SQ CM. VOLXJMB OP LIQUID MOVBD IS ^ ^ - 1 • 

Contained within Contour Representing """“Slder IS the ratio 

0.5 Percent op the Velocity at the Open- CM ' where A is the area 
iNG, Contours in Figure Expressed a Per- of the pipette opening. Let us 
cent of Velocity at the Opening. assume for the sake of a con- 

crete example that Q « 10 cu 
cm, A = 0.01 sq cm, and At ^ 2 sec. Then the flow at the pipette tip 
is 500 cu cm per sec. It may be shown that this volume is confined 
within the 0.5 percent velocity contour. This conforms with a velocity 
contour surface of 0.005 X 500 - 2.5 cm per sec. Henc6 all particles 


Figure 129. Velocity Contours about 
Tip of Pipette during Sampling. Velocity 
AT Tip = 500 cm per sec; Opening Area = 
0.01 SQ CM. Volume op Liquid Moved Is 
Contained within Contour Representing 
0.5 Percent op the Velocity at the Open- 
ing, Contours IN Figure Expressed A Per- 
cent of Velocity at the Opening. 
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below the lip of the pipette which can be lifted at that velocity will be 
drawn tip to the pipette but will not actually enter it. No particle, 
wherever it may be within the dotted contour, will enter the pipette 
tip if it is settling at a rate greater than the velocity contour at which 
it resides at the moment of sampling. Furthermore, particles at the 
sides of the contours need not even move at the speed of the contour in- 
dicated, but because the effect of the contour is a lateral one, they will 
continue to accelerate downward and may never be brought to the tip 
during the time of sampling. All these are important considerations in 
sampling rapidly-settling particles, and exhibit the selectivity of the 
pipette method in such instances. 

Returning now to the above example, we note the following: (1) In 
Figure 129 all particles are displaced toward the tip. (2) Particles for- 
ward from the tip, except those whose settling rates at any specified con- 
tour are greater than the value expressed by the contour, will be brought 
into the pipette. (2) Particles at the sides of the contour surfaces will 
be displaced, and many may continue to accelerate downward and pass 
completely below the dotted contour, even though these particles have 
settling rates less than the contours at which they find themselves dur- 
ing the interval A/. (4) In general, the space sampled (10 cu cm) lies 
about 1 cm above the tip and about 3 cm below it. (5) More large 
particles will come from below the tip than laterally. (6) If the space 
inside the 0.5 percent contour is divided into two equal areas, the mean 
depth sampled below the surface is actually 0.8 cm. 

We may remark in passing that the contours shown in Figure 129 are 
ai)plicable to any circular opening and that the procedure outlined here 
may be used for conditions other than those given in illustration. 

Suspension in a Fluid Stream — ^While diffusional and eddy processes 
tetid to keep a stispension more or less homogeneous, there are many 
occasions when in spite of these processes conveyed material tends to 
stratify or distribute itself in a non-uniform manner. This difficulty is 
not present when particles are conveyed vertically, and yet we must ap- 
preciate the fact that the movement of a fluid in any duct creates a 
velocity gradient which is a maximum along the axis and decreases to 
very low values next to the duct surface. Thus, all the particles do not 
move at a uniform rate and in the case of vertical motion the largest 
particles tnay move only along the duct axis. Those near the duct sur- 
face may, in fact, tend to fall unless projected by eddies and particle 
impacts toward the duct axis. In any case, it is generally easier to 
sample a suspension flowing in a vertical dnet than in a horizontal 
duct. 

Perhaps it is best to begin our analysis with the effect of the sampling 
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probe on the flow pattern. We shall rep^ard the flow as uniform, and the 
probe the only obstruction encountered. 

Let us first assume that the probe is a solid plate of thickness 2a and 
so as to reduce our problem to simplest terms let it be of infinite length. 
Then our problem is two-dimensional. As the fluid moves past such a 
probe, it breaks away from the edges somewhat as shown in Figure 1 80. 

The flow along the plate does 

REE STREAMLINE 





PROBE 


20 


Figure 130. Action of Sampling Probk 
IN Deflecting Particle to Be Sampled. 


not become uniform until a 
distance of some 6a down- 
stream. A particle P at one of 
the leading edges having a 
mass greater than the fluid, 
and hence more monienlitm, 
departs from the main vStreatn 
line and follows the course 
shown by the dotted curve. 
Suppose now that the end 
facing the stream is open and maintained under suction. Thecondi- 
tion of flow will then be somewhat as sketched in Figure l.'ll, which 
shows the reinforcing effect of a fluid velocity directed toward the 
opening of oOO cm per sec when superimposed on a flow into the probe 

opening of 2500 cm per sec. If the 
probe were under suction in a still fluid 
the velocity contour would be as shown 
by the dashed line in the figure. Thus, 
the effect of the probe under suction 
in a moving air stream increases the 
intensity of the velocity contours 
forward from the opening and decreases 
them in the rear. The effect noted 
in Figure 131 is diminished, so that 
in general, sampling is improved, es- 
pecially as regards large particles. 
The development given actually per- 
mits determination of the path of a par- 
ticle to the point where it either comes 
into the zone of probe influence or else misses it and goes on unaffected. 



Figure 131. Illustrating 
THE Effect op Superimposing a 
Fluid Velocity op 500 cm per 
SEC IN Direction of Opening of 
Sampling Probe. Fluid Veloc- 
ity AT Opening op Sampling 
Probe Is Initially 2500 cm per 

SEC. 


DISTRIBUTIONS AND THEIR MEASURES 

If we examine a number of particles which are not uniform as to size, 
and if these particles are measured by any of the methods described in 
Chapters 4 and 5, one size will be found to occur with more frecjttency 
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than the others. The frequency of sizes above and below that of maxi- 
mum frequency will diminish by varying degrees. In general, if we plot 
frequency against size, the resulting curve will resemble the outline of a 
bell, though it will not always be as symmetrical. The shape of the dis- 
tribution that is, the curve fitting the data — can be ascertained mathe- 
matically from the frequency data themselves. We shall show that only 
two constants need be determined in order to describe most distribu- 
tions completely. These are (1) some mean or average of the size meas- 
ured, and (2) some method of calculating how the various sizes are dis- 
persed, Needless to say, while we shall consider size distributions in the 
following paragraphs, it must be understood that for ''size" we may sub- 
stitute any other attribute in which we are interested. 

Let us assume that we have at our disposal a sample containing N- 
particles to be measured. Let p denote the fraction (expressed deci- 
mally) of particles falling below a stipulated size and q the fraction ex- 
ceeding this size ; then Np denotes the number of particles less than the 
stipulated size and Nq those which are greater. Let this process be re- 
peated ?z-times. Then since each event is independent of the previous 
one, the frequency of 0, 1, 2, . . .particles being less than the stated size 
must be given by the binomial expansion 

N(p + = + + ^r~V+ •■•] Eq (23-1) 

Symmetrical Distribution — Since /> + g = 1, we see that the above 
series is weighted to the left or right depending upon whether p is greater 
or loss than g. In other words, if the terms of tiie series are plotted we 
obtain dilTereut bell-shaped curves which for values oi p > q> are 
peaked to the left and iox p < q< are mirror images of the first set 
l:)ut peaked to the right. When. ^ = g ~ we have a symmetrical 
curve. For this case the above series becomes 


MV2+ 




1 + w + 


n{n — 1) 
2! 




Eq (23-2) 


so that the frequency m, that particles less than a stated size will occur, 
is siven by the general term 

nQ/iY ■ — — -- 

m\{n — m)[ 

Since the curve for ^ g = V 2 is symmetrical, we may put n = 2k (for 
simplicity) and derive the midterm or maximum of the series. If we 
denote this midterm by iVo, we obtain 


iVo » 




Eq (23-3) 
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The general binomial expansion, Eq (23-1), can be fitted to most size 
distributions encountered in micromeritics. The special expansion Eq 
(23-2) can be simplified somewhat. Provided neither p nor q is small, it 
may be shown that when n becomes very great the frequency of particles 
less than a stipulated diameter d is 

F{d) = iVo-exp (-d^^/k) Eq (23-1) 

It may further be shown by means of Sterling’s formula that the value 
of Nq in Eq (23-3) is equivalent to 


The significance of k is easily derived. Let m-particles be measured and 
let the departure of each from the average be denoted by x. Then, since 
each measurement is independent of others, the frequency of this system 
is 


Fid) = 




(Tk) 


m /2 


exp I 


Xi^ + X-i^ + 


+ 


£2i!) 


The most probable value of k is that which renders k a maximum. Let 
us write 1/k == then 


dF(d) ^ 
dh X”* 

whence 



or 


Now the summation 




m 

m 




m m 

J:idr- 

-i = 1 Eq (23-0) 


and if there is a stated frequency »' for every d, we may write 

m 

5!l = ^wid-d,,)^] 

m 2«' 
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and this is called the standard deviation squared (S.D.)“, and is usually 
denoted by the symbol The S.D. is a measure of the dispersion of our 
data avS we shall show later. 

Having thus determined the significance of k, we may write Eq (23-4) 
so that the maximum frequency is taken at the zero of the abscissa as 
follows, reinembering that now N, 


N 


(-£) 


Eq (23-7) 


If we shift our maximum to the right or left of our zero abscissa, then. 

m 




Area under Curve— It is obvious that the integral of either Eq (23-7) 
or (2f^-S) gives the area under the curve. Since all eventualities are in- 
cluded within the abscissa and the curve, the area must be equal to unity. 
Similarly the integral to any value of the abscissa yields the frequency of 
particles up to that diameter (if we remain concerned with -particle 
measurement). 

In Eqs (23-7) and (23-8) we note that the distribution represented 
applies to a size range which is infinite. Generally speaking, particle- 
size measurements (provided, of course, that the measurements yield a 
symmetrical curve) are confined to particles having well-defined limits 
of size, and the distribution given by the above equations does not fit 
extremes very well. In other words, our ideal curve tapers off asymp- 
totically at both extremes, whereas our experimental observations are 
limited. Thus, we have a significant departure,* but not one which 
results in serious errors (for example, see Yule, 1927, pp. 304-'305). 

If we write t for \dav - d\/(r’\/2 in Eq (23-S) we then have the prob- 
ability integral 



Eq (23-9) 


which represents the area under the curve to the upper limit. If i == oo 
the value of the integral is unity, so that for any value of t the integral 
merely gives the chance of an observation being greater (or less) than 


As a matter of fact, the kind of distribution of interest to us is actually repre- 
sented by a Type III Pearsonian curve (sec Elderton, 1938). We have, however, 
chosen to omit discussion of Pearson’s distribution since it is simpler to deal with 
the forms of equations we developed. There are few situations where rigorous ad- 
herence to distribution types is required in micromeritics. In our developments the 
ease of obtaining parameters has governed our sdection of formulas, (See Chapter 
4 .) 
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Tables oi\daji — d\/<r = to be found with most mathematical 

tables. In Appendix VIT we reproduce such a table, where x is the diiTer- 
ence \dav -- d\. Note that only one-half of the area under the curve is 
given in the table. Since the curve is symmetrical, twice the values listed 
gives the total area. In particular, we should remember that x / <t is the 
distance from the mean to any particular ordinate of the curve in terms 
of standard deviations. We see from the table cited that 


when X = 0 -, 68.26 percent (2 X 0.3412 X 100) arc contained 
within the limits 

when X = 2o*, 95.46 percent are contained within the limits 
when X = 3o-, 99.73 percent are contained within the limits 


Thus, the table forms a convenient reference to check observed data * 
that is, to test what would be expected if the normal law of errors ap- 
plied. Note, too, how a measures the dispersion of our data. 

Asymmetrical Distributions — These are included in our binomial 
expansion Eq (23-1). However, it is more convenient to use another 
equation similar to Eq (23-8) for such distributions by merely changing 
variables. Many frequency distribution data which plot asymmetrically 
on arithmetic grid become symmetric if the independent variable is 
plotted logarithmically. When a normal distribution results by this 
method we may apply Eqs (23-8) and (23-6) by taking the logarithms 
of the variables, thus* 


F{d) = 


N 


log erg's/ 2ir 


exp 


{logd - log do)^ 
2 log^ <7,, 


Bq (23-10) 


log 




(log d - log d,y] 


Eq (23- U) 




where d, now refers to the geometric mean defined as in Eq (3-4) and 
(Tff is the geometric S.D. 

Poisson Distribution — When either or g is small but n very large, 
the binomial expression 

+ g)’‘ 

may be written thus 

N{p + g)« = iV'(l — g + g)** 


since ()f> + g) = L Thus, if we write nq ^ \ 

N(p + g> = iV(l - g)V« . (l + 

As 2 becomes indefinitely small, we have that 

,Ar(l - 2)V« = JV.exp(-X) 


*See Chapter 3. 
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and the second bracket to the right can be expanded and it may be 
shown that it becomes 


i + x+|’+...,+ |; 


Hence, for the special case under discussion 


Ar(/) + (-X) + + 

(for g 0, ^ 00 , but ng finite) and this equation is called Poisson’s 

distribution. 

If p denotes success and g failure, we see from this equation (writing 
P{m) for the probability of w-successes in w + m' trials, that 

P(/«) = exp (-X) • (l + X + + . . . . + ^j) Eq ( 23 - 12 ) 

If = 0 the chance that the event succeeds every time is exp (— X). 

m' = I the chance that the event cannot fail more than once is exp 
(— X) • (1 + X), so that X- exp (— X) is the chance of exactly one failure. 
The last term in parentheses therefore gives us the frequencies of 0, 1, 2, 3, 
etc., failures. 

The Poisson distribution has been used several times in this text in 
connection with problems involving small independent probabilities. 
For example, suppose we desire to find the distribution of v random 
particles on an iV-square uniform grid, N being large and each square 
equally accessible ; the distribution will then be given by the expression 



The expansion of this equation reduces in the limit to Eq (23-12). 
Thus, we arc enabled to predict the frequency distribution of 1, 2, 3, 
etc., particles in the squares constituting the grid. 

It may be shown that the mean of the Poisson distribution is X and 
the standard deviation VX- Hence, in any set of observations conform- 
ing to the distribution, mean « (S.D.)®. 

Relationship between Various Means — In Chapter 3 we discussed 
various averages or means commonly used. There are a few simple 
relationships between these means which though approximate are often 
useful. If M denotes the arithmetic mean, G the geometric mean, and 
n the harmonic mean of any set of data for which the deviations x are 
small in comparison with the arithmetic mean < < x/M), then 

G - lf(l - gjgj) 
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where <r is the arithmetic S.D. To a comparable degree of approxima- 
tion 


so that 


= MH 


NUMBER OF SAMPLES REQUIRED 

Earlier in this chapter a general description of sampling procedure was 
discussed. It was there recognized that the number of samples taken 
markedly affected the accuracy of the result and hence the reliability of 
the result as a measure of extent of a particular attribute in the universe. 
We shall here consider two cases, the first of which applies to samples 
which represent a sizable portion of the universe. In the second in- 
stance we shall deal extensively with the “random law” of sampling 
and show how the standard deviation of the universe is derival)le from 
the standard deviation of the samples and the number of samples. 

Limited Universe — If in the case of a finite universe n represents tlie 
number of samples taken from a universe of N samples, and if p repre- 
sents decimally an attribute observed or measured, and g tlie decimal in 
which the attribute is lacking ip + g = 1), then the standard deviation 
(as a decimal) of the samples is expressed by the relationship 

n ' N - 1 


Hence the number of samples needed to assure a standard deviation of 
a stipulated amount <t (expressed as a decimal) is 


Npg 

<r^{N — 1) + pg 


Kq (2:i-13) 


If we select <r, which we are at liberty to do, and if p can be approximated 
as to order of magnitude, then the number of samples required to ob- 
tain the degree of dispersion measured by o- is readily obtained from this 
expression. For example, suppose iV is a universe of 1000 g and we de- 
sire to determine the number of 1-g random samples needed to yield a 
standard deviation of 10 percent. Assume further that the attribute p 
measures roughly 5 percent of the sample. Then p =* 0.05, q = 0.95, 
and <r = 0.1, and we obtain by substitution in Eq (23-13) that five 1-g 
samples are required. 

If we know nothing about the universe, and the probabilities of an 
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attribute being present or absent can be assumed equal, then p — q — 
0.5 and pq = 0.25. By substituting in Eq (23-13) any one of three vari- 
ables may be computed, provided, of course, the other two are known. 
Note that for a given N and cr, n is a maximum for the condition dis- 
cuvssed. 

The Random Law — We now arrive at a discussion of one of a series of 
cases developed by Landry (1944) which are of great importance to the 
sampling of particulate matter. Suppose we have a sample of W-pieces, 
each of weight and let ow" be tlie standard deviation squared (S.D.)-of 
the curve of variability of any attribute, as, for example, diameter or a 
chemical constituent, taking each piece singly. Then it may be shown 
that the (S.B.)- of the gross sample is given by the relation 


0'*V(u))“ = 



Kq (23-14) 


Thus, given N and wc may at once determine we desire 

to set a tolerance, that is, a stated deviation in the attributes from the 
average in a given percentage of the sample, we may determine the 
number of pieces, N, having an observed necessary to tneet it. The 
determination of cw^ is given in the section on distribution curves, Eq 
(23-0). 

There is no direct way of computing when N is not known. 

However, we may overcome this difficulty by using the symmetric 
(normal) probability curve, assuming that the kind of distribution we 
are dealing with is random. Suppose, as an example, that we desire 99 
percent of gross samples to be within 1 percent of the average of a 
determinable attribute whose (S.D.)‘^ is 20, what will be the value of 
a^iw) N? In this case, using the probability table in Appendix VII, 
we obtain or .r/o-jv («,), 

— = 0.495 
2 

and 




2.5G 


Since » = 1, wc have CN(.vt) — 0.39, and crsrtw)® 


0.15. Hence 


N « 




20 

0.15 


144 


Thus, in order tluit 99 percent of the gross samples will be within =*= 1 
percent of the average of the determinable attribute we must have a 
total of 144 random samples. 
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Problems 

1. Small samples are to be taken from 100 lots of fine material. ThCv^e samples 
are to be analyzed into two fractions, A and B, How many samples must bo taken 
to give an S. D, of 0.5 if the value desired of the fraction A occurs live times out of 
ten? 

2. The center of a glass slide has 100 ruled squares. Over the area occupied by 
these squares was placed a small amount of xylene suspension containing particles. 
After drying the distribution over the rulings was examined. The following count 
distribution was obtained: 


Number of particles 

Number of squares having 
this count 

1 

2 

2 

10 

3 

21 

4 

52 

5 

63 

6 

77 

7 

62 

8 

46 

9 

41 

10 

11 

11 

8 

12 

5 

13 

2 


Show that the distribution follows the law of large numbers (Poisson distribution). 


Note: The Poisson distribution may be derived as follows (sec chapter 23)- Let 
the number of ruled squares be N and let n be the number of particles. Then the 
probability of a particle entering a square is 1/N and the probability of its not en- 
tering (1 — 1/N), The probability of any r particles entering is therefore 




nl 

(n — r)\r\ 


(■ 



This is the (r + l)th term of the binomial 




Let m be the mean number of particles per square and write n » m/(l — 1/N), 
Now if (1 — 1/iV) is small and m not large the terms of the binomial above maybe 
expanded as follows: 

' ' * 
The first term gives the probability of 0 particles, the second the probability of 1 
particle, the third the probability of 2 partiides, etc. The standard deviation of this 
distribution is given by v =» v^. The above expansion is known as Poisson's series. 

In solving the problem given compute the probabilities for each numbcT of particles 
In a given square and multiply by the total number of squares under observation. 
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3. A sample of uniform particles is drawn from a universe and is to be analyzed 
as to properties A and B. If }n particles have the attribute A and 7t the attribute 
Bf determine the probability that the ratio of the numbers having each attribute lies 
between specified limits. 

Note: Suppose the particles are arranged in a line 00', those having the attri- 
bute A being to the left of a point X (whose position is unknown) and all those having 
the attribute B to the right. Then, of m -f w particles taken at random in 00', n will 
be found to fall on OX and m on XO', If the distance X measured from 0 is denoted 
by X, the number of cases for .Y between x and x + Is measured by 

— (1 — xY dx. 

Hence the probability that the ratio of particles having the attribute A to the whole 
number of particles lies between given limits a and fl is 

X'" (I — x)” dx 

^ 

Here a and arc fractions of the whole number of particles. 

Suppose, for example, of 10 particles selected for analysis 7 had the attribute A and 
;j the attribute B, we are to determine the chance that the proportion of those having 
attribute A is between 0.6 and 0.8 of the whole, that is, that it differs by =»= 0.1 of its 
expected value 0.7. Thus 

The frequency distribution for the point x is, of course, 

F{x) 5* (1 — xY‘ 
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APPENDIX 


Useiiil Constants and Conversion 
of Frequent Occurrence 


I. Constants 

Densities (g per cu cm) 

Water (3.08 deg C) 

Air (20 clog C) 

Nitrogen (—196 deg C) 

Viscosity (poises) 

Water (10 deg C) 

(20 deg C) 

(30 deg C) 

Air (0 dog C) 

(10 deg C) 

(20 deg C) 

(30 deg C) 


II, Conversion Factors 


Diiiieimon 

To convert 

To 

Length, {L] 

ft 

cm 


in. 

cm 


cm 

ft 


cm 

in. 

Area, [L®1 

sq ft 

sq cm 


sq in. 

sq cm 


sq cm 

sq ft 


sq cm 

sq in. 

Volume, [L®] 

cu ft 

cu cm 


cu in. 

cu cm 


cu cm 

cu ft 


cu cm 

cu in. 

Velocity, [LT-M 

ft per sec 

cm per sec 


ft per min 

cm per sec 


cm per sec 

ft per min 

Acederatiou, {LT"’ 

'*] ft per sec per sec 

cm per sec per sec 


cm per sec per sec 

ft per sec per sec 


539 


Factors 


1.000 

0.00114 

0.803 

0.01308 

0.01005 

0.00801 

171 X 10*-® 

172 X 10“« 
178 X 10-”« 
183.6 X 10-« 


Multiply by 

30.48 

2.540 

3.28 X lO--® 
0.3937 
929.0 
6.452 

1.076 X 10-“» 
1.066 

2,823 X 10^ 
16.39 

3.531 X 10’”» 
6.102 X 10“* 

30.48 
. 0.508 
1.969 

30.48 

3.281 X 10'-® 
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Mass, [M] lb 

lb 

grains 

grams 

grains 

grams 

Force, [MLT“*] dynes 

dynes 
grams 
lb 

Pressure, [ML“^T“2] dynes per sq cm 
dynes per sq cm 
dynes per sq crn 
dynes per sq cm 
lb per sq in. 
lb per sq in. 
lb per sq in. 
cm Hg 
cm Hg 
cm Hg 
cm Hg 
in. H 2 O 

Energy, [ML^T”*] Btu 
Btu 
Btu 
Btu 
ft-lb 
ft-lb 
ft-lb 

joules (abs) 
joules (abs) 
joules (abs) 
joules (abs) 
gram cal 
gram cal 
erg 
erg 
erg 

Viscosity, poise 

fps-unit 


grams 

453.6 

grains 

7000.0 

grams 

6,481 X 10“^ 

lb 

2.205 X 10-» 

lb 

1.429 X 10--* 

grains 

15.43 

grams 

1.020 X 10“ » 

lb 

2.2*48 X 10“« 

dynes 

980.7 

dynes 

4.448 X 10*^ 

lb per sq in. 

1.450 X Hr» 

lb per sq ft 

2.0S9 X 10“3 

atm 

9.809 X 10-7 

cm Hg 

7.60 X 10"® 

dynes per sq cm 

6.896 X 10* 

atm 

0,068 

cm Hg 

5.17 

dynes per sq cm 

13.33 X W 

atm 

1.32 X 10“® 

lb per sq in. 

1.934 X 10-3 

in. HgO 

5.354 

cm Hg 

0.187 

ft-lb 

777.97 

joules (abs) 

1064.8 

gram cal 

25L08 

erg 

1.055 X 101® 

Btu 

1.285 X 10“ 3 

gram cal 

0.3239 

erg 

1.356 X 107 

Btu 

9.48 X 10“* 

gram cal 

0.239 

erg 

107 

ft-lb 

0.738 

Btu 

’3.969 X 10-* 

ft-lb 

3.087 

Btu 

0.481 X 10“»i 

gram cal 

2.389 X 10“8 

ft-lb 

7.376 X 10“8 

fps-unit 

0.0672 

poise 

14.88 


III. Temperature Conversion Equations 


5 

Deg C «« - (deg F — 32) 

17 

9 

Deg F « - deg C + 32 
o 

Deg K - deg C + 273.18 = deg F + 469.4 
1 Btu = 453.69 gram calories 
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IV, Electrical Conversion Units 

I volt = ^ X 10"^ volt (esu) 

1 ampere » 3 X 10* amperes (esu) 

1 coulomb » 3 X 10* units of charge (esu) 
1 electron charge « 4 8 X 10“'* esu 


V. CoNSTANTvS FOR HYDROMETER COMPUTATIONS, CHAPTER 4 (BaUER, 1937) 
DENSITY AND VISCOSITY OF WATER 

Detisilios and viscositicvS arc taken from Smithsonian Physical Tables, Sth edition. 


Temperature (cleg C) 

Density (g./cc ) (po) 

Viscosity poises (ju) 

10 

O.OOH 9705 

0.011 111 

17 

8029 

0.010 828 

18 

0244 

559 

10 

4347 

299 

20 

2343 

060 

21 

0233 

0.009 810 

23 

0.907 8019 

579 

23 

5702 

358 

24 

3280 

142 

25 

0770 

0.008 937 

20 

0.990 8158 

737 

27 

6451 

545 

28 

2652 

360 

29 

0.996 97G1 

180 

30 

6780 

007 


VALXTES OF 


i 


30 M 
980 p **• po 


FOR VARIOUS VALUES OF TEMPERATURE AND SPECIFIC GRAVITY 
OF PARTICLES 




ture 

jAnC) 

*2.36 

18 

.01687 

17 

.01666 

18 

.01646 

19 

.01627 

20 

.01609 

21 

.01490 

22 

,01473 

23 

,01468 

24 

.01438 

26 

.01422 

26 

.01406 

27 

.01390 

28 

.0X376 

29 

.01360 

30 

.01346 


- - ■ “ ■■Spoclflc gravity of soil particles, p 

2.40 2.46 2,60 2.66 2.60 2.66 2.70 2.76 2.80 


2.86 2.90 


.01668 ,01631 .01606 

.01638 .01611 .01486 
.01619 .01492 .01467 
.01499 .01474 .01449 
.01481 ,01466 .01431 
.01463 .01488 ,01414 
,01446 .01421 .01397 
.01429 .01404 .0X381 
,01412 .01388 .01366 
.01398 .01372 .01349 
.01381 ,01367 .0X334 
.01366 .01342 .01319 
.01360 .01327 .01304 
.01836 .01312 .01290 
.01321 .0X298 .01276 


.01481 .01467 .10436 
.01462' .0X439 .01417 

.01443 .01421 .01399 
.01426 .01403 .01382 
.01406 .01386 .01366 
.01391 .01369 .01348 
.01374 .01363 .01332 
.01368 .01337 .01317 
.01342 .01321 .01301 

.01327 .01306 .01288 
.01312 .01291 .01272 
.01297 .01277 .01268 
.01283 .01264 .01244 
.01269 .01249 .01230 
,01266 .01236 ,01217 


.01414 

.01394 

.01374 

.01396 

.01376 

.01366 

.01378 

.01369 

,01339 

.01362 

.01342 

.01323 

.01344 

.01326 

.01307 

.01328 

.01309 

.01201 

.01312 

.01294 

.0X276 

,01297 

.01279 

.01261 

.01282 

.01264 

.01246 

.01267 

.01249 

,01232 

,01263 

.01236 

,01218 

.01239 

.01221 

.01204 

.01226 

.01208 

.01191 

.01212 

.01196 

,01178 

.01199 

.01182 

.01166 


.01366 .01338 
.01338 .01320 
.01321 .01303 
.01306 .01287 
.01289 .01272 
.01273 .01267 
.01268 .01242 
.01233 .01227 
.01229 .01213 
.01216 .01199 
.01201 ,01186 
.01188 .01172 
.01176 .01169 
.01162 ,01148 
.01149 ‘01134 
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VALUES OP FOR VARIOUS VALUES OF SPECIFIC GRAVITY, p, OF PARTICLICS 

p — Po 

Table is computed for values of po at 20 deg C. The effect of tcMUperatuiv on values 


of is exceedingly small and may be neglected 

P Po 


specific gravity 
tp) 

p 

p — pn 

Specific gravity 
(P) 

p_ _ 

p — />o 

2.35 

l 73K 

2.65 

l.OOt 

2 40 

1 712 

2.70 

1.587 

2.45 

1 688 

2 75 

1.570 

2 50 

1 665 

2.80 

1.554 

2 55 

1 643 

2.85 

1.539 

2.60 

1 623, 

2.90 

1.525 


VI. Elecirostatic and Electromagnetic Units Dimensions 





Ratio of 

^ —Praclicnl unit 




electro 


Ratio of 




magnet ie 


size to that of 


, 'Dimensions — 

to eleelro 


electro * 

Unit 

Electrostatic 

Electromagnetic 

static 


magnet io 




unit 

Name 

iinil. 

Charge 



c 

coulomb 

10 > 

Electromotive force 


2^, ,1/2 

0 1 

volt 

10** 

Electric intensity 



c ^ 



Electiic 






displacement 



f. 



Electric current 


jy[l/2i^l/2p 1^0' l/» 

6 

ampere 

10 ‘ 

Electric resistance 

L-'Ti-o-* 

LT-V) 

C ^ 

ohm 

10'' 

Capacity 

LiSro 


r* 

farad 

to » 

Inductance 

L-‘T“feo-l 

Lpo 

c * 

henry 

10« 

Magnetic field 



c 

gauss or 

1 





oersted 


Magnetic induction 






Magnetic flux 


MI/2l8/2tp.4^1/2 

c ^ 

maxwell 

1 

Magnetic moment 






Intensity of 






magnetization 






Magnetic pole 

MlflLl/Sfto-l/S 





Dielectric constant 

kt 

L-«TV 




Magnetic 






permeability 


/*0 




Energy * 

ML*T-* 

ML*T~* 


joule 

10» 

Rate of working 

ML®T-' 

ML*T”» 


watt 

101* 
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VTI . Normal Probability Curve Area Table 


\'/(r 

.00 

.01 

02 

.08 

.01 

.05 

.06 

07 

.08 

09 

0.0 

. 0000 

.0010 

.0080 

0120 

.01.50 

.0100 

.0239 

.0270 

0319 

.0359 

0 I 

0808 

.0488 

.0178 

0517 

.0557 

.0590 

.0080 

.0075 

.0714 

.0753 

(). i 3 

.0708 

.0882 

.0871 

0010 

.0948 

0987 

,1020 

1046 

.1103 

.1141 

(),:t 

.1170 

.1217 

, 12.55 

. 1208 

.1331 

. 1.808 

. 1400 

.1443 

.1480 

1517 

0. 1 

. 10.51 

. 1,501 

. 1028 

.1001 

.1700 

.1730 

1772 

.3808 

.1844 

.1879 

o.n 

.101.5 

. 10.50 

. 1085 

.2010 

.20,54 

.2088 

.2123 

.2157 

.2190 

.2224 

0 0 

. 22.57 

.2201 

.2821 

.28,57 

.2,889 

.2122 

.2454 

,2486 

2518 

.2549 

0.7 

. 2.580 

.2012 

.2042 

, 2078 

.2704 

.27,81. 

.2704 

. 2704 

.2823 

.2852 

0 8 

.2881 

.2010 

.2080 

.2007 

.200,5 

.8028 

8051 

3078 

,3100 

,31.83 

0.0 

.81.50 

.8180 

.8212 

.8288 

.8201 

.3280 

.,8.815 

.3.840 

,3,805 

.3389 

1.0 

.8.118 

.8488 

.8401 

.8485 

.8508 

.3,581 

.3.551 

.3577 

.3599 

.3021 

1 1 

.8018 

.800.5 

. 8080 

,.8718 

,3720 

. 3740 

.3770 

3700 

..8810 

,3830 

1 2 

8810 

8800 

8888 

, 8007 

,8925 

.304 1 

3902 

.3980 

.3997 

.4016 

1.2 

.‘1082 

4040 

.4000 

.4088 

4009 

.4115 

41.81 

.4147 

.4102 

.4177 

1 .-1 

.1102 

.4207 

.4222 

.4280 

. 1251 

.4205 

.4279 

.4292 

.4,800 

.4319 

t . T ) 

.4882 

.484.5 

.48.57 

.4,870 

4882 

4801 

,4100 

.4418 

4430 

.4141 

l.O 

,4 1.52 

.4408 

.4474 

.4485 

4495 

. 1,505 

.4515 

4525 

.46.85 

.4,545 

1.7 

. 1.5.51 

,4.504 

.4,578 

4.582 

.4,591 

.4.500 

.4008 

.4010 

.4025 

.4633 

1 8 

.4011 

.4010 

.40.50 

.4004 

,4071 

.4078 

.4080 

.4093 

.4000 

.4700 

l.O 

. 1718 

,4710 

4720 

. 1782 

.4788 

.4744 

.47.50 

4758 

.4702 

.4707 

2.0 

.4778 

. 1778 

4788 

4788 

. 1798 

.4708 

.4808 

.4808 

.4812 

.4817 

2 1 

.4821 

.4820 

4880 

. 18,84 

. 1888 

. 1812 

.4840 

.4850 

.4854 

.4857 

2 2 

.4801 

. 180.5 

. 1808 

1871 

.4875 

. 1878 

.4881 

.4884 

4887 

.4890 

2,2 

. 1808 

1800 

4808 

.4001 

4904 

. 1000 

.4909 

.4911 

.4913 

.4910 

2.4 

. 1018 

4020 

.4022 

.402,5 

.4927 

. 1920 

.4981 

4932 

.4034 

.49.80 

2. r > 

4088 

.4040 

.4041 

. 1018 

. 1915 

. 1040 

.4948 

.4949 

.4961 

.4062 

2.0 

. 10.58 

. 10.5,5 

. 40,50 

.4057 

.49,59 

.4000 

.4901 

.4002 

.490,8 

.4964 

2.7 

.400,5 

.4000 

. 4007 

4008 

.4009 

. 1070 

.4971 

.4972 

,4973 

.4974 

2.8 

,4074 

.407.5 

. 4070 

.4077 

.4977 

.4978 

.4079 

.4980 

.4980 

.4981 

2.0 

.4081 

.4082 

.4088 

.4084 

.4984 

.4981 

.4085 

.4985 

.4980 

.4980 

;t,o 

.4087 

.4087 

.4087 

.4088 

,4988 

.4088 

.4089 

.4989 

.4980 

.4990 

8.1 

,4000 

.4001 

.4001 

.4091 

.4092 

.4092 

.1092 

.4092 

.4993 

.4993 
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particle-size measurement, 88 
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Combustion 
carbon particles, 252 
rate of, 254 
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capillary, 315, 318 
capillary units of, 317 
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relation to diameter, 213 
relation to temperature, 218 
Consistency {see Suspensions, viscosity 
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Conveying of particles {see Transporta- 
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Crushing of particles {see Grinding) 
Crystals, growth of, 249 

Darcy, definition of, 264 
Darcy’s law 
applications of, 266 
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Density 
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maximum, of packings, 135 
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average, 43 

correction for thickness, 49 
critical, 21 
definition of, 41 
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equivalent, 41, 73 
fibrous, 51 
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SUchter’s, 269 
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Diffusion 
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dimensional approach, 176 
drag velocity, 171 
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equation for smoke clouds, 390 

experimental investigations, 176 
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size-frequency distribution, 420 
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Boning’s results, 183 
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particle-size measurement, 88 
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propagation of, 259 
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Flow 
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theory of, 465 
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of absorption, by particles (light), 233 
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adsorption, determination of, 235 
theory of, 229 

behavior of particles in field, 209 
dust-free space, 209 
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flow of, experimental, 210 
ill packings, 214 

radiation of particles (light), 100 
relation to partiele-siz.e, 218 
spccitic, of packings, 214 
transfer in packings, 213 
of wetting, 233 
nieasuremcnt of, 235 
Humidity 

elTecl, on electric charge, 184 
of silica gel, 235 

I lydraulic ni(lius, of packings, 274 
Hydrometer 
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l.M.M. sieve series, 98 
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efleel of particle mixtures, 200 
photospheric particles, 204 
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reflection by particles, 197 
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bysimetry 
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ground water, 290 

Magnetization 
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coercive force, 192 
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experimental results with particles, 191 
of particles, 191 
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circularity, 43 
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<lust concentration, 421 
effective diameter, 42 
elutriation, 87 
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friability, 450 
grindability, 452 
heat of wetting, 233 
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Oden balance, 42, 84 
particle-size, 4, 68 
permeability, 263 
pipette method, 74 
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preparation of samples, 90 
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of suspensions, 9 1 
pressure-change method, 77 
sedimentation methods, 75 
sieve methods, 113,329 
sieving, 96 
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statistical surface, 328 
surface, adsorption methods, 234, 337 
optical methods, 339 
permeability methods, 334 
sieve methods, 329 
solubility methods, 330 
surface-shape factor, 330 
tensiometry, 300 
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U. S. Dept, of Agriculture method, 76 
viscosity of .suspensions, 345 
Wiegner sedimentation tube, 78 
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ameters) 
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Moisture 
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capillary movement, 306 
equivalent, 282 

factors affecting percolation rate, 295 
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hygroscopic, 285 
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rate of, 295 

noncapillary porosity, 291 
in packings, 281 
percolation of, 292 
physical basis of, 287 
rate of rise by capillarity, 312 
relation of infiltration constants, 293 
soil constants, 287 
tensiometry, 309 
total, 286 
unfree, 286 
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Allen's law, 20 
Brownian, 164 
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continuous centrifuge, 36 
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equations of, 24 
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Ladenburg’s correction, 22 
maximum height of rise, 32 
Newton’s law for falling bodies, 16 
relative, 39 
resistance to, 19 
Stokes’ law, 16 
streamline, 16 
turbulent, 16 
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coagulation, 355 
cohesion, 354 
dispersion of particles, 343 
effect, of particle size and shape, 352 
of specific gravity, 351 
of stirrer height, 360 
Einstein equation for viscosity, 349 
extrusion apparatus, 353 
factors affecting viscosity, 351 
flow in pipes, 382 
gravimetric properties, 344 
measurement of consistency, 350 
mixing of suspensions, 362 
settling, 359 
rate of, 361 
stability index, 343 
viscosity and plasticity, 345 
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Optical properties, 196 
Order of magnitude, 3 
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combustion rate of carbon, 354 
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angle of repose, 150 
apparent density, 131, 134 
average pore-diameter, 130 
bulkiness of, 143 
closest arrangement, 126 
computation of voids, 131 
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determination of, 132 
diffusion through, 261 
diffusion under pressure, 160 
effective free area, 133 
effect, of pressure, 149 
of settling, 146 
of size gradations, 142 
experimental data qn pressures, 167 


factors affecting, (> 
flow of heat in, 2 14 
fluid flow through, 261 
heat conductivity in, 2i;» 
heat tratisfer in, 218 
heterogeneous systems, 13 1 
hydraulic radius of, 274 
intermediate arrangements, 127 
length of pore, 13 1 
limitation of pressure equations, 156 
maximum density, 135 
measurement of permeability, 278 
mixtures of spheres, 134 
moisture in, 281 
most-open arrangemetit, 127 
normal, 134 

number of particles in, 133 
penetration of pressure waves, 296 
permeability of, 263 
piles of uniform spheres, 12*1 
porovsity of, 125 
prCvSwSure distribution in, 152 
relation, of particle-shape to porosity, 
147 

of pressure to porOvSity, 152 
of voids to pore-size, 145 
resistance to impact, 158 
structure of, 148 

systematic arrangement of spheres, 125 

unit-cell, 125 

void pressure, 162 

voids, special treatment of, 129 

voids in, 120 

wall effect, 140 

Particles 

absorption of light, 197, 209 
applications, to chemical engineering, 
8 

to geology (ground water and pe- 
troleum), 9 
to mineral physics, 8 
miscellaneous, 12 
to powder metallurgy, 0 
to silting of streams, 10 
to soil physics, 7 
to wind storms, 11 
atmospheric dust, 417 
behavior in heat field, 209 
classification of, 65, 92 
collection and separation, 435 
condensation processes, 240 
diffusion, d3mamic, 164 
of sunlight, 196 
dispersion of, 343 
distribution in silting, 367 
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of luimidily on electrical charge, 184 
of sound, dS, 205 

electrical conductivity of, 187, 19J1 

electric, charge by moving air, 182 

electric charge on, 182 

evaporation from, 241 

friability of, 450 

gas, volume adsorbed, 229, 337 

grhulability of, 452 

heat absorption, 234, 237 

industrial dust, 417 

magnetization of, 191 

motion in electric field, 185, 188, 242 

optical properties, 190 

oxhlation of, 352 

particle measurement, 08 

photospheric, 204 

physiological action, 420 

rate of charge, 188 

reflection of light, 197 

relation of shape to porosity, 147 

sampling, 479 

scattering of light, 197 

set)aralion of, 445 

shape, 41 

shape*factors, 43, 04 
sorting phenomena, 307 
specific heat determination, 214 
surface properties, 223 
thickness of adsorbed film, 237 
transport of particles, 365 
Particle-size 
dust explosions, 257 
effect, on silica gel, 230 
on viscosity, 352 
measurement of, 68 
relation, to bulktness, 143 
to magnetic effects, 191 
to solubility, 245 
to thennal properties, 209 
Percolation (sec Moisture) 

Permeability 
absolute, 310 
capillary, 272 
magnetic, 192 
measurement of, 278 
of packings, 263 
relative, 275 
units of, 265 
Pipes 

distribution of solids in, 382 


flow, of muds and slurries in, 382 
of sami in, 378 

Plasticity (s(U* Suspensions, viscosity of) 
Poiseuille eciuation 

Hmilations of, in capillarity, 2()8 
relation to Darcy’s law, 268 
relation to voids, 145 
Polarization 

measurement of particle-sizc, 203 
of light, 202 
Porosity 

definition of, 126 
relation of particle shape to, 147 
Precipitation 
by electric field, 188, 442 
experimental data in heat field, 211 
in heat field, 209 
Pressure 

angle of repose, 150 
Boussinesq equation, 152 
diffusion, 163 
distributed load, 155 
distribution in packings, 152 
effect on porosity of packings, 152 
experimental data on packings, 157 
limitation of equations, 156 
loss, through cyclones, 439 
through filter, 435 

particles loaded under own weight, 151 
point application on packings, 152 
reciprocal theorem, 149 
void pressure, 162 
Weiskopf equations, 154 

Reynolds number, 19 

Samples 
dust, 421 
preparation of, 90 
slides, 90 
Sampling 
errors of, 481 
mechanical aspects, 482 
number required, 492 
procedure, 479 

random and orderly, 480, 493 
Sands, movement of, 378 
Sand storms 

angle of particle fall, 396 
effect, of particle movement on drag, 
402 

of roughness change, 401 
of wind, U 

formation of ripples, ridges and dunes, 
411 
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impact and fluid threshold, 307, 405 
saltation, 395, 404 
sand flow, 407 

superficial motion of particles, 395 
surface roughness, 398 
suspension of particles, 409 
Sedimentation 

Cummings' method, 85 
curve of, 79, 86 
hydrometer method, 80 
measurement of particle-diameter, 86 
Od4n equation, 73 
pipette method, 74 
pressure-change measurement, 77 
theory of, 73 
Wicgner tube, 78 
Separators 
cyclone, 437 

electrical precipitators, 442 
electrostatic, 445 
filter, 435 

pyroelectric, 442, 449 
Settling of suspensions 
effect, of container diameter, 360 
of stirrer height, 360 
rate of, 361 
ultimate height, 361 
Sieves 

average size of particles, 1 14 

calibration of, 116 

count and weight distributions, 115 

effect of motion, 104 

efficiency of, 104 

equivalent round and square openings, 
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fineness modulus, 119 
German and French scries, 100 
I.M.M. and B.E.S.A. scries, 98 
nominal dimensions, 99-103 
particle-size distribution, 113 
size ratio of openings, 102 
transformation equations, 116 
Tyler series, 98 
types of, 98 
U. S. series, 98 
Sieving efficiency 
effect of screen motion, 104 
factors affecting, 104 
Fagerholt's analysis, 110 
Silt 

distribution of particles, 366 
movement of, 10, 365 
relation to flow, 366 
sorting phenomena, 367 
tractive force theory, 373 
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velocity theory, 370 
Yellow River problem, 1 1 
Sizc-frcqucncy dislribul ion 
atmospheric dust, 419 
combination of, (53 
determination of const atits, 57 
Fairs* graticules, 70 
graphical determination, 55 
grinding, 472 

Hatch- Choate equations, 59 
hydrometer, 80 
hyperbolic type, 55 
industrial dust, 420 
Kramcr*s modulus, 58 
mathematical represeiitalion, 51, 480 
measure of asymmetry, 58 
miscellaneous distributions, 54, OtS 
iiormal-probahilily curve, 53, 487 
plotting of, 55 
Poisson equation, 490 
relation, between count and weight, 
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of cotistauts, 65 
Roller’s equations, 60 
Rosin-Ramtnler equatiotis, 02 
sieving, 113 

skew-probability curve, 53 
standard deviation, 54 
summation curve, ,40, 50 
uniformity coefficient, 57 
Skew dislributions, 53 
Slurries 

EiiivSlcin equation for viscosity, 319 
factors affecting viscosity, 351 
flow in pipes. 382 
gravimetric piopcrlies, 344 
measurement of consistency, 350 
Smoke 

dispersion, 390 
effect of particles (light), 19(5 
vSoil 

Atlerbcrg classiflcalion, 93 
caiDillarity in, 302 
classification of, 95 
infiltration of water, 293 
influence on climate, 7 
international clavssification, 95 
moisture constants of, 382 
noncapillary porosity, 291 
penetration of pressure waves iti, 296 
percolation of water, 292 
tensiometric lucasuretneuts, 300 
Solubility 
Fick’s law, 246 
rate of, 245 
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rock-salt crystals, 248 
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particle nooculaliot I, theory of, 38, 2()() 
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vStability index, 347 
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vStokes’ law, 10 
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measurement, adsorption method, 234, 
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optical methods, 339 
permeability methods, 334 
solubility methods, 339 
relation to energy, 474 
shape -factor, 04, 330 
sieve methods, 329 
specific, 0(5 

statistical nudhods, 328 
Surface tension 
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units of, 15 
Susiiensions 
coagulation, 355 
factors affecting viscosity, 351 
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measurement of consistency, 350 
Iireiiaration of, 91 
settling of, 359 
viscosity of, 350 
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Transportation 
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tractive force theory, 373 
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Tyndall meter, 201 
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Viscosity 

effect, of particle density, 351 
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Einstein equation, 340 
measurement of suspensions, 350 
Poiseuillc’s equation, 305 
Voids 

average pore diameter, 130 
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computation of, 131 
definition of, 125 
intermediate arrangement, 127 
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special treatment of, 129 
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Wall effect, 221 
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